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Abstract

In this thesis we study the invariant rings for the Sylow p-subgroups of the finite clas-
sical groups. We have successfully constructed presentations for the invariant rings for
the Sylow p-subgroups of the unitary groups GU(3,F,2) and GU(4,F,2), the symplectic
group Sp(4,F,) and the orthogonal group O*(4,F,) with ¢ odd. In all cases, we ob-
tained a minimal generating set which is also a SAGBI basis. Moreover, we computed
the relations among the generators and showed that the invariant ring for these groups
are a complete intersection. This shows that, even though the invariant rings of the
Sylow p-subgroups of the general linear group are polynomial, the same is not true for
Sylow p-subgroups of general classical groups.

We also constructed the generators for the invariant fields for the Sylow p-subgroups
of GU(n,Fp), Sp(2n,F,), O*(2n,F,), O~ (2n + 2,F,) and O(2n + 1,F,), for every n
and ¢. This is an important step in order to obtain the generators and relations for

the invariant rings of all these groups.
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Introduction

Invariant theory is a subject with a long history in mathematics, motivated by the
study of general symmetries in the widest possible sense. Thus, one of the earliest
observations in invariant theory is the theorem of symmetric polynomials, expressing
the coefficients of a polynomial equation as elementary functions of its roots.

Later a major motivation arose from the natural sciences, in particular physics,
where certain configurations are expressed geometrically in terms of numerical functions
and coordinates, which may depend on chosen viewpoints and coordinate systems. The
change of coordinate systems can then be described by a transformation group, acting
on those functions, and the “true, objective” physical entities turn out to be symmetry
classes or “orbits” of those functions under the action of the transformation group.

A geometric motivation for studying invariant rings arises in connection with alge-
braic geometry. If X is an algebraic variety over an algebraically closed field, with a
ring of regular functions A, and G is a reductive algebraic group acting on X, then
the categorical quotient X//G is isomorphic to Spec(A%). Now, if G is a finite group,
then X//G is geometric, i.e., X//G is in bijection with the G-orbits of Spec(A).

The main problem of invariant theory in the nineteenth century was proving the
finiteness of the invariant ring. The first results were obtained by Gordan [11] and
Hilbert [14]. Gordan in [11] proved that the invariant ring for the special linear group
SL(2,C) acting on a symmetric power of the natural representation is finitely gener-

ated. In 1890 D. Hilbert in [14] proved this was also true for the general linear group



GL(n,C). Hilbert’s first proof was not constructive and involved the “Basissatz” that
today is know as the Hilbert Basis Theorem. Later in the beginning of the twentieth
century Emmy Noether in [23] proved the finiteness of the invariant ring for finite
groups. To solve this problem, Noether introduced the concept of stationary ascending
chains of ideals, which we now call the Noetherian condition.

In this thesis we consider finite groups acting on a finite dimensional vector space
over a finite field, whose order is divisible by the characteristic of the field. Thus we
are working in what is usually called Modular Invariant Theory.

We study the invariant rings for the Sylow p-subgroups of the finite unitary, sym-
pletic and orthogonal groups. Dickson in 1911 proved that the invariant ring IF,[V] GL(n.q)
for the general linear group is a polynomial ring (see [8]). The group of upper trian-
gular matrices with ones along the diagonal is a Sylow p-subgroup of GL(n,q) and its
invariant ring is also polynomial (see for example Theorem 3.2 in [6]). Our results,
stated in Chapter 4, show that this is not the case for Sylow p-subgroups of general
classical groups. This adds more difficulty in getting results in the general case and
motivates further investigations.

As a first step in determining presentations for the invariant rings of the Sylow p-
subgroups of the finite classical groups, we constructed generators for all the invariant
fields. This is an important contribution for the computation of generators and relations
for the invariant rings for the Sylow p-subgroups. For example, Carlisle and Kropholler
before determining the invariant ring for the symplectic group first constructed the
generators for the invariant field.

Although it is known that invariant fields for p-groups are rational and there is even
an algorithm to compute its generators (see [4]), it is still quite difficult to apply this
algorithm in practice. Also, no bound in the total degree of the generators is given by
the algorithm. However, in [10] it was proved that the invariant field for a finite group

G is generated by invariants of degree less or equal to |G|, i.e., the Noether bound



holds. Our results in Chapter 3 show that the generators for the invariant fields for
the Sylow p-subgroups of the finite classical groups have degree much smaller than the
order of the group.

We also would like to note that our results about the invariant fields and rings for
the Sylow p-subgroups of the finite classical groups, support the conjecture that in all
cases invariant rings might be generated by “natural invariants” such as orbit products
and Steenrod images of special forms.

The thesis is organised in four chapters. The first two are introductory chapters,
although in the first one we used a different approach from what is usually found in
the literature. In the last two chapters all the results obtained by us are stated and
proved.

The first chapter is used to introduce Sylow p-subgroups of the finite unitary, sym-
plectic and orthogonal groups. Our approach is somehow different from what one
might find in the literature. The reason for this is because Sylow p-subgroups are usu-
ally studied in the framework of algebraic groups where, using Lie Theory, they appear
as roots subgroups, but this does not give us immediately the matrix representations
we need.

The second chapter is an introduction to the basic notions and results on invariant
theory of finite groups. However, we decided to focus our attention in the properties of
the invariant rings that are needed in Chapters 3 and 4. We also would like to stress
that the results at end of Section 2.5 on SAGBI basis will play an important role in
the proofs of our results.

In the third chapter we show how to construct the generators for the invariant fields
for the Sylow p-subgroups from Chapter 1. We apply the algorithm from [4], which is
described in Section 2.3. The first section of this chapter is technical but its results
will simplify the proofs in the subsequent sections.

Finally, in Chapter 4 we construct a generating set and relations for the invariant



rings for the Sylow p-subgroups of the unitary groups GU(3,¢?) and GU (4, ¢?), the
symplectic group Sp(4, ¢) and the orthogonal group O* (4, ¢) with g odd. In all of them
we proved that the invariant ring is a complete intersection and that the generating

set is a SAGBI basis.



Chapter 1

Sylow p-subgroups of Finite

Classical Groups

The purpose of this chapter is to construct Sylow p-subgroups for the finite unitary,
symplectic and orthogonal groups. When possible, we construct them as subgroups
of the group of lower triangular matrices. Only for some orthogonal groups in even
characteristic we will not do this. Nevertheless, for these ones we construct a Sylow
p-subgroup generated by a subgroup of lower triangular matrices together with an
appropriate element of order two.

We define the classical groups by taking vector spaces over finite fields only. For
a more general approach see [27], [1] and [12]. It is known that we can construct
these groups in terms of roots subgroups and roots systems through the use of Lie
theory. However, an explicit matrix representation is better suited for calculations of
polynomial invariants, which is why we choose to construct the Sylow p-subgroups by
solving matrix equations. It should be noted that this description cannot be found in

the standard literature, such as [27], [1] and [12].



1.1 Sylow Subgroups

In this section we define what a Sylow p-subgroup is and we finish it by stating Sylow’s
theorem without a proof. It is this theorem that justifies our choice to construct, when
possible, the Sylow p-subgroups as subgroups of the group of lower triangular matrices.

Let GG be a finite group of order n, i.e, G is a group with n elements. Suppose that

n = p*m where p is a prime number such that p does not divide m.
Definition 1.1 A Sylow p-subgroup of G is a subgroup of order p°.
A Sylow p-subgroup is an example of the following class of groups.

Definition 1.2 Let p be a prime number. We call H a p-group if its order is a power

of p.

We can easily see that a Sylow p-subgroup of G is a maximal p-group contained in

G. We write Syl,(G) for the set of all Sylow p-subgroups of G.

Theorem 1.3 (Sylow) Let G be a finite group and p a prime divisor of its order.
Then:

(i) The set Syl,(G) is non-empty.

(11) Any two Sylow p-subgroups H, and Hy are conjugates in G, i.e., g 'Hyg = H,

for some g € G.

(11i) Every p-subgroup of G is contained in some Sylow p-subgroup of G.

Proof: See Sylow’s Theorem in [1], pag. 19. O



1.2 Bilinear, Quadratic and Hermitian Forms

Throughout this thesis, p will always be a prime number and ¢ a power of p. We
denote by F, the finite field with ¢ elements. It is well known that F, is a finite
algebraic extension of Z,, the field of integers modulo p. Thus p is the characteristic
of F, and a? = a for all a in F,.

The finite unitary group is defined in a similar way as it would if we were working
with complex numbers. In the finite field case the role of complex conjugation is played
by the Frobenius map. To make it more precise we consider an algebraic extension F
of IF, in degree 2, which is a field with ¢* elements. The Frobenius map ¢ : F 2 — F
defined by ¢(a) := a? is then an automorphism of order 2 which leaves the elements of

IF, fixed. For this reason and also for simplicity of notation we write @ instead of af.

Definition 1.4 Let V' be a finite dimensional vector space over F,.. An hermitian

form on Vis a map f:V x V — Fp such that
(i) flu+v,w) = fu,w)+ f(v,w) and f(au, w) = af(u,w)
(ii) fu,v+w) = f(u,v) + f(u,w) and f(u,aw) = af(u, w)
(iii) f(u,v) = f(v,u)
for all u,v,w € V and a € Fpe.

In order to define the symplectic groups we shall need the notion of alternating

bilinear forms.

Definition 1.5 Let V' be a finite dimensional vector space over F,. The map f :

V xV — T, is called a bilinear form if it is a linear map in each component, i.e.,
(1) flutv,w) = f(u,w)+ f(v,w) and f(au, w) = af(u, w)

(ii) f(u,v+w)= f(u,v)+ f(u,w) and f(u,aw) = af(u,w)

7



for all w,v,w €V and a € F,,.
A bilinear form f is called alternating if f(v,v) =0 for allv € V', and it is called

symmetric if f(u,v) = f(v,u) for all u,v € V.

Now, we can say what we mean by a quadratic form on a vector space. Quadratic

forms will be used to define the orthogonal groups.

Definition 1.6 A quadratic form on V is a map Q : V — F, such that

(i) Q(av) = a*Q(v) for allv €V and a € F,
(i) f(u,v):=Q(u+v)—Qu)— Q) is a bilinear form on V.

The bilinear form f associated to the quadratic form () is either symmetric or
alternating depending on whether the characteristic of F, is or is not 2. In the latter

case, we can recover  from f by setting Q(v) = % f(v,v) and therefore f and G are

2
uniquely determined by each other. But in characteristic 2 different quadratic forms
can have the same bilinear form.

We are not interested in all possible hermitian, bilinear or quadratic forms on a

vector space. We shall restrict ourselves to a special class of them.

Definition 1.7 Let f be a bilinear or an hermitian form on'V. Given vectorsu,v € V,
we say that v is orthogonal to u if f(u,v) =0 and in this case we will write u 1 v.
If S is a subset of V', then the orthogonal complement of S, denoted by S*, is
defined by
St:={veV:vLsforallsc S}

The radical of V, written radV, is V+, and f is non-degenerate if the radical is
zero and degenerate otherwise.

A quadratic form Q is said to be non-degenerate (sometimes in the literature this
is referred as being non-singular) if the only vector v € radV such that Q(v) = 0 is the

zero vector.



Note that when the characteristic is not 2 the non-degeneracy of the quadratic form
and the bilinear form associated to it are equivalent conditions.

From now on we only consider non-degenerate forms. A vector space V with a
non-degenerate alternating bilinear form will be called a symplectic space. If V' has a
non-degenerate hermitian form, we say that V' is a unitary space. Finally, we call V' a
quadratic space or an orthogonal space if it has a non-degenerate quadratic form on it.

Let GL(V) represent the group of all linear invertible transformations on V. We
want to study the elements of GL(V') that preserve the form in any of the above defined

spaces.

Definition 1.8 Let (V, f) be a symplectic or a unitary space. An element o of GL(V)
is called an isometry of V if f(o(u),o(v)) = f(u,v) for allu,v € V. In the case of a
quadratic space, with a quadratic form @Q, we require that Q(o(v)) = Q(v) for all v in
V.

It is easy to check that the set of isometries for a given form is a group. So one
could ask if it is possible that two forms of the same type can have the same group of

isometries. The answer is yes if they are equivalent.

Definition 1.9 Let f1, fo be either bilinear or hermitian forms on V. We say that f,
is equivalent to fy if there exist 0 € GL(V) such that fi(u,v) = fo(o(u),o(v)) for
all u,v € V. And we also say that two quadratic forms Q1 and Qo are equivalent if

Q1(v) = Qa(0o(v)) for allv e V.

By studying the geometric structure introduced by the non-degenerate forms of

each type, we can classify them up to equivalence.

Definition 1.10 Let v be a non-zero vector in V. and W,U subspaces of V. Then:

(i) v is an isotropic vector if f(v,v) = 0.



(ii) W is a totally isotropic subspace if W C W+,
(i) W is non-degenerate if W N WL = 0.

(iv) We say that V is the orthogonal direct sum of U and W if V. =U & W and
flu,w) =0 for allu € U and w € W. In this case we write V=U L W.

(v) v is a singular vector if Q(v) = 0.

(vi) W is a totally singular subspace if Q(w) =0 for all w in W.
Lemma 1.11 If W is a non-degenerate subspace of V then V. =W 1L W+,

Proof: Let {ey,...,ex} be a basis for W and extend it to a basis
{e1, ... ex epi1,...,en} of V. Now, a vector v = >_"" | v;e; belongs to W+ if and only

if

n

0= f(e;,v) = Zf(ei,ej)vj, for all i € {1,...,k}.

j=1
Define the k& x n matrix A = [a;;] by setting a;; = f(ei,ej). Thus v € W if
and only if v is a solution of the homogeneous system of equations AX = 0. Hence

dimW+ >n — k. Since W N W+ =0 we get

dim(W @ W) = dimW + dimW* > k + (n — k) = n.

Hence V=W 1L W-+. O

Definition 1.12 Let (V, f) be a simplectic or a unitary space. A subspace H of V is
called a hyperbolic plane if dimH = 2 and H has a basis {v,u} such that f(v,v) =
flu,u) =0 and f(v,u) = 1. If instead (V,Q) is a quadratic space, then we require
Q) = Q(u) =0 and f(v,u) = 1, where f is the bilinear form associated to Q). We
call (u,v) a hyperbolic pair.

10



It is important to notice that a hyperbolic plane is always non-degenerate. We are
going to prove that if V' has a non-zero isotropic or singular vector then it contains a

hyperbolic plane. The following lemma will be used on its proof.

Lemma 1.13 Consider the map Tr : F 2 — F, given by Tr(a) = o+ &. Then Tr is a

F,-linear map onto F,. Moreover, the kernel has dimension 1.
Proof: See Lemma 10.1 in [27]. O

Lemma 1.14 Assume that V' is a vector space with a non-degenerate form. If v is an
isotropic or singular vector, then there exist a non-zero vector u such that {v,u} is a

basis of a hyperbolic plane.

Proof: Let f be hermitian, alternating or the bilinear form associated to a quadratic
form ). The non-degeneracy of the forms guarantee the existence of a non-zero vector
w such that f(v,u) # 0. Furthermore, u can be chosen so that f(v,u) = 1.

Note that for any «, f(v,u — av) = 1. Therefore, for each form it is sufficient to
show that there exist an « such that f(u — av,u —av) =0 or Q(u — av) = 0.

If f is alternating then we can just take « to be zero. For the quadratic form @)
choose a = Q(u).

Finally, let f be an hermitian form. Then

flu—av,u—av) = f(u,u) — Tr(a),

By Lemma 1.13 there exist an « such that Tr(«) = f(u,u). This completes the proof.
O

We finish this section with Witt’s theorem and its consequences. This is probably
one of the most important theorems in the theory of vector spaces with forms. The

version of Witt’s theorem here included holds for degenerate forms.

11



Theorem 1.15 (Witt) Let U be a subspace of V and o : U — V an isometry. There
there is an isometry v : V. — V such that v(u) = o(u) for all w in U if and only if
o(UnNradV) =o(U) NradV.

Proof: See Theorem 7.4 in [27] O

There are several consequences of this theorem. First, if V' is a symplectic or a
unitary space, then all linear isometries of a subspace can be extended to an isometry
of V. Also, any two maximal isotropic subspaces of V' have the same dimension. The
dimension of a maximal isotropic subspace is called Witt index of V.

Finally, let V' be a quadratic space. Here radV can be non trivial. But if U is a
totally singular subspace, then an isometry o of U can be extended to an isometry
of V. To see why this follows from Witt’s theorem, just note that o(U) will also be
a totally singular subspace and (U + o(U)) NradV = {0}. Once more, the common

dimension of the maximal totally singular subspaces is called the Witt index of V.

1.3 Auxiliary Lemmas

The lemmas here presented will play an important role in the construction of the Sylow
p-subgroups for each finite classical group.

Let F be either the finite field F, or Fg2. Define the matrix A := [a;;] where @;; = af;.

Notation 1.16 We represent by U(n,F) the group of n x n lower triangular matrices
with entries in F and with ones along the diagonal. Also we shall write M (n x m,TF)
(or just M (n,F) when m = n) for the set of all n X m matrices whose entries belong
to F. When we want to make clear which field we are working with, we write U(n,r)

and M(n x m,r) (or M(n,r)) instead, r being the number of elements in F.

12



Let Xy, X5 € GL(n,F) and X, € M(I,F). Consider the following matrix

0 0 | Xy
X = 0 X5 0
X3 0 0

in M (2n + [,F). Then the set of all invertible matrices N satisfying NTXN = X is a

group and we want to determine its intersection with the group U(2n + [, F).

Let N € U(2n + [,F) and write it as

Al10]0
B|F|O
C|D|FE

where A, F € U(n,F), F € U(,F),C € M(n,F), B€ M(Ixn,F)and D € M(nxl,TF).
Hence NTXN = X if the system of equations

is solvable.

If we assume that X? = I, X3 = £X7 and

p

ATX,C+ BT X,B+CTX3A=0
ATX,D+ BTX,F =0

ATX\E = X,

FTXoB+ DTX3A =0

FTX,F = X,

ETX3A = X,
X, = X7
X, =-XT

system (1.1) is equivalent to

(D= —X,(A)TBTX,F
FTX,F = X,
E=X(AY)X,

| c=x(A)7s

13

(1.1)

~, then
if X3 =—XT

(1.2)



where S + S‘T = —BTXQB if X3 = XlT or S — ST = —BTXQB if X3 = —XIT
Now, we consider the following subgroups of U(2n + [, F):

e Let X3 = X{ and X, = XJ. Then we denote by &% . the group of matrices
N € U(2n + [, F) which satisfy NTXN = X.

e Let X3 = —X{ and X, = —XJ. Then we denote by & the group of
matrices N € U(2n + [, F) which satisfy NTXN = X.

In the following lemma we show which elements of U(2n + [, F) belong to each one

of the previous groups.

Lemma 1.17 Let N be an element of U(2n + I, F). Then
(i) N € 8% «, x, if and only if the system (1.2) holds, with S + ST = -BTX,B.
(i) N € &, «, x, if and only if the system (1.2) holds, with S — ST = =BT X,B.

We want to determine the order of Qﬁ}h x.x, and &% + ., when the following
assumption holds:

Hypothesis (H): If F = [F, with g even, then we assume that the diagonal entries
of BT X, B are equal to zero for every B € M(l x n,TF).

Lemma 1.18 Under Hypothesis (H), the number of matrices S satisfying:

n(n—1)

q " U F=TFp
(i) S+857=-BT"X,B is{ ¢"="  ifF=F,andqodd ;

n(n—1)

qg 2 g

n

if F =F, and ¢ even

¢ Dgr i F = Fg

n(n—1)

g = ¢ ifF=F,

(ii) S — ST = —BTX,B is

14



Proof: We prove (i) and (ii) at the same time. Let Y := —BTX,B. Then Y = YT
in (i) whereas for (ii), Y = —YT. Hence the number of choices for S in (i) or (i)
is the same as the number of solutions for M + MT = 0 or M — MT = 0. For both
equations the number of solutions only depend on what happens to the diagonal entries

of M when we consider different fields. In fact, for the remaining ones the number of

n(n—1)

possibilities is always r— 2, where r is the number of elements in F.

When F = FF,, a simple argument give us the result. However, if F = [F 2, then we
need to be more careful. Here the equation M — M7 = 0 implies that m; = m,; for
all 7. Hence m;; € IF;, and there are ¢" choices for the elements in the diagonal of M.
Now, from M + M”T = 0 we obtain m;; + m;; = 0, i.e., each m;; belongs to the kernel
of the linear map Tr. By Lemma 1.13 there will be ¢" different ways of choosing the
elements in the diagonal of M. [J

Note that for &% , , and & X,.x, the number of choices for A and B are the
same. If r is the number of elements in F, then there are "5 choices for A and 7t

for B. Let s be number of matrices ' € U(I,F) satisfying FTX,F = X,. Applying

Lemma 1.18 we obtain the orders of % y \ and &% \ .

Lemma 1.19 Let s be as above. Then:

Sq2n2+(2l—1)n ifF = qu
(i) The order of &%, y, x, 15 § s¢” TV if F=F, and g odd ;

n2+in

5q it F =T, and ¢ even

5q2n2+(21—1)n ifF = Fq2

(11) The order of & . . 1S
e sq” T ifF=F,

We finish this section with two technical lemmas. They will be used in Section
1.6 to determine which elements in &% y . preserve the quadratic forms when the

characteristic of the field is 2.

15



Lemma 1.20 For q even and S € M(n,q) there are unique matrices S" and C, with

S" symmetric and C' upper triangular, such that S =S+ C.

Proof: Define the symmetric matrix S" = [s,] by sj; = sj; for i < j and the upper
triangular matrix C' := [¢;;] by

Sij + Sji if ¢ <]

0 ifi>

Cij =

Then we have S = S’ + C. The matrices S" and C' are unique because S = S| + Cy =
Sy + Cy implies that S] + 5, = C1 + Cy, = 0. O

0 1

1 0

Let J5 be the matrix

Lemma 1.21 Let S € M(n,q) and B € M(2xn,q). We also consider the row vectors
X =(a1,...,an), Z = (21,22), Y = (y1,y2) whose entries belong F,. Then
(Z) XSXT = Z SiiOéiQ + Z Z (Sij + Sji)OéZ'Oéj.
i=1 i=1 j=1,j#i

(1) If q is even, S+ ST = BT J,B and Z =Y + XB" then

2129 = Y1Y2 + XBTJQYT + XCXT + Z blibgia?

=1

where C' is the matrix defined in Lemma 1.20.

Proof: The result in (i) is obvious. Let us prove (i¢). It is not hard to check that
BT J,B is a symmetric matrix and its entries are biibaj + bijba, 4,5 = 1,...,n. From

Z =Y + XBT we get

2129 = <yl + Z bh‘%‘) (?/2 + Z b2jaj>
i=1 j=1

y1yo + XBTLYT + Z Z biibajoar;.

i=1 j=1

16



Since

Z Z blibgjOéiOéj = Z blibQiOé? + Z Z (bliij + bljbgi)aiaj
i=1 j=1 i=1 i=1 j=1,7>1
= ibh‘bgia? +XCXT
=1

this completes the proof of (iz). O

1.4 A Sylow p-Subgroup for the Unitary Group

Throughout this section V' will be a finite dimensional vector space over a finite field
F, and f will be a non-degenerate hermitian form on V. Also, all the matrices and
vectors considered will have entries in Fg..

We have mentioned in Section 1.2 that the set of isometries for f is a group. We

call it the unitary group of V' and we write it as GU(V'). In other words,
GU(V)={oce GL(V): f(c(u),c(v)) = (u,v) for all u,v € V}.

We can look at the elements of the unitary group as being invertible matrices. Let
{e1,...,e,} be a basis for V and let J := [f(e;,e;)]. J is called the matrix of f with
respect to the basis {ey,...,e,}. If M is the matrix of ¢ € GL(V') with respect to this
basis, then ¢ € GU(V) if and only if

MYJM = J. (1.3)

Thus GU(V) is isomorphic to the group GU(n, ¢?) of n x n matrices, with entries in
IF 2, satisfying (1.3).

We shall show that up to isomorphism there is only one unitary group in each
dimension. This is the same as saying that all non-degenerate hermitian forms on V
are equivalent. This will be the case if for each hermitian form f we can find a basis

for V' such that f is represented by the same matrix as any other hermitian form.
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Define the map N : Fp2 \ {0} — F, \ {0} by N(a) = aa for all a € Fp2. This is a

surjective homomorphism (see for example Lemma 10.1 in [27]).
Lemma 1.22 [fdimV > 2 then V' contains isotropic vectors.

Proof: First we note that f(v,v) € F,. If v # 0 is not isotropic, then, after possible
rescaling, we can assume that f(v,v) = 1. Indeed, since the map N is onto we can find
an element a € F 2 such that N(a) = f(v,v)"" and for v/ = av we get f(v/,v') = 1.

Assume that V' does not contain isotropic vectors and pick a non-zero vector v with
f(v,v) = 1. Lemma 1.11 allow us to choose a non-zero vector u such that f(v,u) =10
and f(u,u) = 1. By taking an element b € F 2 with N(b) = —1 we can easily see that

u + bv is isotropic. This contradicts our assumption and the proof is complete. [

Proposition 1.23 IfV is a unitary space then

V=H LHy | - LH, LW

where each H; is a hyperbolic plane and W has dimension 0 or 1. Moreover, if
dim W =1, then W does not contain any isotropic vector and admits a basis w such

that f(w,w) = 1.

Proof: The proof is done by induction on the dimension of V. If dim V' = 1 then
V = W and V can not have isotropic vectors because the form is non-degenerate.
Now, assume that dimV = n > 1. Applying Lemmas 1.14 and 1.11 we obtain V =
H, 1 Hi where H, is a hyperbolic plane. We obtain the desired decomposition by
induction applied to Hi-. The second part of the proposition is a consequence of the
non-degeneracy of the form and the map N being onto. [J

Let {u;,v;} be a hyperbolic basis for H; with ¢ = 1,...,m. Then the subspace

generated by the vectors vy, ..., v, is a maximal isotropic subspace and so the Witt
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index of V' is m. By Witt’s theorem V' is determined up to isomorphism by m and W.
Therefore, all non-degenerate hermitian forms are equivalent.

There is another important consequence of Witt’s theorem. If S is the set of all
bases for which the decomposition in Proposition 1.23 holds, then the unitary group
GU (V) acts transitively on S. We determine the order of GU(V') by computing the
number of isotropic vectors and hyperbolic basis in V' (see [27], pag. 118). If V has

dimension n over Fy then

Gu(V)| =¢" 7 [[(@ - (-1)"). (1.4)

i=1
The dimension of W must be 0 or 1 according to Lemma 1.22. We consider the
even and the odd dimensional unitary spaces separately.

The following n X n matrix

0 0 1
0
T = (1.5)
0 1

will be repeatedly used throughout the rest of this chapter. Note that J? = I.
Assume that V' has even dimension. Then dim W = 0 and by Proposition 1.23 we

can choose a basis for V' such that the matrix of a non-degenerate hermitian form is

0 0 | Jm-1
J = 0 Jo 0
Jm—11 0 0

Therefore, the unitary group GU(2m, ¢*) is the group of all invertible matrices M
that satisfy (1.3) with J as above.

Proposition 1.24 Let A be an element in U(m — 1,¢*) and F € U(2,¢*) such that
FTLF = J,. Also let B be a 2 x (m — 1) matriz, D = —Jp_1(A")TBT LF and S
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is a (m — 1) x (m — 1) matriz such that S + ST = —BTJ,B. Then the set G of all
matrices of the form
A 0 0

B F 0
Jm_l(A_l)TS D Jm_l(/_l_l)TJm_l

is a Sylow p-subgroup for the unitary group GU(2m, ¢*).

Proof: Applying Lemma 1.17 (i) we can conclude that G = 6};71’{]2’(]7”71.

According to formula (1.4), the Sylow p-subgroup has order ¢*° =™ We show that
this is in fact the order of G.

_ 1 0
A matrix F satisfies FTJ,F = J, if and only if it is of the form with
a 1

a+ a = 0. Hence there are ¢ different possibilities for F. Applying Lemma 1.19 (i) we
obtain that the order of G is equal to ¢>™ ™. O
We are left with the case when dimW = 1. Again, by Proposition 1.23 we can

assume that the matrix of the form f is

0 |0 Jn
J = 0O 1|0
Im | 0] 0O

2m2+m

According to formula (1.4) a Sylow p-subgroup has order ¢ . The next propo-
sition shows how to choose a Sylow p-subgroup of GU(2m + 1,¢*) as a subgroup of

U2m+1,¢%.

Proposition 1.25 Let A be an element of U(m, ¢?), v € M(1xm, ¢*), w = —J,,(A~H)ToT

and S a m x m matriz such that S+ ST = —vT%. Then the set G of all matrices of
the form

A 0 0

v 1 0
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is a Sylow p-subgroup for the unitary group GU(2m + 1,¢?).

Proof: If before applying Lemma 1.17 (i) we assume that F' is the 1 x 1 identity
matrix, then one can easily show that G is equal to the group Q5}rm717 7,,- Then its order

will be ¢+ by Lemma 1.19(i) and this completes the proof. [

1.5 A Sylow p-Subgroup for the Symplectic Group

Let V' be a finite dimensional vector space over a finite field F, and f a non-degenerate
alternating form. The group of isometries of f is called the symplectic group of V'

and we denote it by Sp(V'). In other words,
Sp(V)={oce€ GL(V): f(o(u),o(v)) = (u,v) for all u,v € V'}.

Fix a basis {e1, ..., e,} for V. Let J := [f(e;, e;)] be the matrix of f with respect to
this basis. If M is the matrix of 0 € GL(V), then o € Sp(V) if and only if MTJM = J.
Hence Sp(V) is isomorphic to the group Sp(n, q).

We shall see that up to isomorphism there is only one symplectic group in each

dimension.

Proposition 1.26 IfV is a symplectic space then
V=H 1Hy, 1. ---1H,

where each H; is a hyperbolic plane.

Proof: Since the form is alternating, V' will always contain isotropic vectors. Now,
the result follows by an induction argument as in Proposition 1.23. [J
An immediate consequence of this proposition is that V' must have even dimension.

Also, the Witt index is m and by Witt’s theorem V' is determined up to isomorphism by
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m. Therefore all alternating forms on V' are equivalent because they can be represented
by the same matrix.

We say that {uq, ..., U, Un, ..., v} is a symplectic basis if (u;, v;) is a hyperbolic
pair for ¢ = 1,...,m. It follows from Witt’s theorem that the symplectic group is
transitive on the set of all symplectic bases. By counting how many there are, we

obtain (see [27], pag. 70):

1Sp(2m, q)| = ¢ [ [(¢* (1.6)
=1
Consider the matrix J, := . Then by Proposition 1.26 the matrix of
-1 0
fis
0 0 | Jma
J = 0 Jn 0
“Jm—1 0 0

and M belongs to Sp(2m, q) if and only if MTJM = J.
We construct a Sylow p-subgroup of Sp(2m, q) as being a subgroup of U(2m, q).

Proposition 1.27 Let A be an element of U(m—1,q) and F € U(2,q). Let also B be
a2 x (m—1) matriz, D = —J,, 1(A"YIBTJ,F and S is a (m — 1) X (m — 1) matriz
such that S — ST = —BTJ,B. Then the set G of all matrices of the form

A 0 0
B F 0
I 1 (ANIS | D | T i (AHT
is a Sylow p-subgroup for the symplectic group Sp(2m, q).

Proof: Apply Lemma 1.17 (ii) to show that G =&,  , ;.

Now, any matrix F' € U(2,q) satisfies F7.J,F = J,. Hence the number of choices
for F'is q. Applying Lemma 1.19 (i7) we conclude that G has order qmz. By formula
(1.6) this is the order of a Sylow p-subgroup and the proof is complete. [J
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1.6 A Sylow p-Subgroup for the Orthogonal Groups

Throughout this section V' will be a finite dimensional vector space over I, with a
non-degenerate quadratic form () and f will denote the bilinear form associated to Q.
The group of isometries of @ is called the orthogonal group of V and we denote it

by O(V). In other words,
OWV)={oceGL(V):Q(c(v)) =Q(v) for all u,v € V}.

If we fix a basis for V', then we can represent each element as an invertible matrix.

Hence, O(V) is isomorphic to the group O(n,q).

Remark 1.28 For any finite field, if an element of GL(V') preserves the quadratic
form then it must also preserve the bilinear form. The converse is only true if the field

has characteristic not equal to 2.

Lemma 1.29 Let a,b € F,\ {0}. Then for all ¢ € F, there exist x,y € F, such that

c = ax® + by
Proof: See page 138, Lemma 11.1 in [27]. O

Lemma 1.30 Let V be a quadratic space with dimV > 3. Then V' contains a singular

vector.
Proof: See page 138, Theorem 11.2 in [27]. O

Proposition 1.31 Let V' be a quadratic space. Then there is a basis for V such that

V=H LH 1l - LH, LW

where each H; 1s a hyperbolic plane and W does not contain any singular vector. More-

over, the dimension of W is 0, 1 or 2.
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Proof: Apply Lemma 1.30 and use induction as in Proposition 1.23. The statement
about the dimension of W is a consequence of Lemma 1.30. [J

The number m in the previous proposition is the Witt index and by Witt’s theorem
V' is determined up to isomorphism by m and W.

Since we want to include fields with characteristic 2, we do not classify the quadratic
forms by looking at the matrix of the bilinear form associated to it. According to
Definition 1.9, we can say that two quadratic forms are equivalent if we can find bases
in such a way that they become equal when we write each one of them in terms of the
vector components with respect to these bases.

Bearing in mind Proposition 1.31 we make the following important remark. Some

claims are not hard to prove and for the less trivial ones, see for example [27], page

139.

Remark 1.32 Let V' be a quadratic space. We have:
(i) If u;,v; is a basis for the hyperbolic plane H;, then Q(a;u; + Biv;) = uf3;.

(ii) If dimW = 0, then there is only one quadratic form and in this case we write

O*(2m,q) for the orthogonal group.

(11i) Assume that dimW = 1 and that w is a basis for W. Then there are two non-
equivalent quadratic forms on'V' depending whether Q(w) is or is not a square in
F,. Howewver, the orthogonal group is the same for both quadratic forms since we
can interchange them by multiplying by a non-square. Therefore we can denote

the orthogonal group as O(2m +1,q).

(i) Finally, if dimW = 2, then by Lemma 1.29 we can choose a basis wy,wy for
W such that Q(wy) = 1 and f(wi,we) = 1. Therefore, Q(aywy + apwsy) =
a? + ajan + aad where a = Q(ws) and is such that the polynomial X? + X + a is

irreducible in F,[X]. It can be proven that in this case there is only one quadratic
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form in 'V up to equivalence (see for example [27], page 139). The orthogonal
group will then be denoted by O~ (2m + 2, q).

The next proposition is a consequence of the previous remark and Proposition 1.31.

Proposition 1.33 Let V' be a quadratic space. Then:

(i) Ot (2m,q) is the group of invertible matrices preserving the quadratic form
Qv) = Z Q2m—i+10-
i=1

(11i1) O~ (2m + 2,q) is the group of invertible matrices preserving the quadratic form

m

2 2
Q(U) = E Qom42—i+10G + O g+ Q1 Qg + Q05,9
i=1

where a is such that X* + X + a is irreducible in F,[X].

(11i) O(2m + 1,q) is the group of invertible matrices preserving the quadratic form

m

Qv) = Z Qgmi1-i410 + Qo

=1

Proof: In each case we take the hyperbolic bases u;, v; for the hyperbolic planes in
Proposition 1.31 and the corresponding bases for W, described in Remark 1.32. Then

it is just a matter of writing down the components of v as

(Qt; + Qom—ip1v;) in ();

M

1

(2

(it; + Qomt2—it1V;) + Qi1 W1 + QppoWe in (40);

M

=1

(gt + Qomi1—is10;) + Quprw in (447).

M-

=1

Now, we apply Remark 1.32 to finish the proof. [
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From now on, we only consider bases like those described in the proof of the previous
proposition. The following remark will be useful when constructing a Sylow p-subgroup
for the orthogonal groups in characteristic 2. We just rewrite the quadratic forms in a

matrix form.

Remark 1.34 Define X := [ ... ay) and let J,, be the matriz given by (1.5). Then
we can rewrite the quadratic forms associated to each orthogonal group in the following

way:
(i) Q) = XJp YT + appiran,, where Y == [ayia ... o), for OT(2m,q).

(i) Q(v) = X, YT + 02 | + Qmi10mi2 +ac?, o, where Y = [unis ... Qomya), for

O~ (2m+2,q).

(ii1) Qv) = XJn YT + a2, where Y := [Qmyia ... azmia], for O2m+1,q).

The order of each orthogonal group is (see [27], pag. 140):

m—1
0 (2m, q)| = 2¢™" Y (1.7)

=1

0~ 2m +2,q)] = 2¢"" D (" + 1) [ [ (¢¥ (1.8)
=1

oem+tg =4 © ;[111(922 —1 geven (1.9)

2¢™ J[Z,(¢* = 1) qodd
Now, our goal is to construct a Sylow p-subgroup for each orthogonal group. Bear-
ing in mind remark (1.28) we proceed in the following way. Independently of the
characteristic of the field we compute a subgroup G of U(n, q¢) whose elements preserve
the bilinear form f. If ¢ is odd, then G will be a Sylow p-subgroup for O(n, ¢). However,

when ¢ is even not all elements of G will preserve the quadratic form (). Therefore we

determine which ones do and in the process we obtain a subgroup H of G. We will see

26



that H is a Sylow p-subgroup for O(n, q) with n odd but not for n even. So when n
is even we pick an element L in O(n, q) of order 2 which normalises H. Then we show
that the subgroup generated by H and L is a Sylow p-subgroup of O(n, q).

We start with the group O (2m, q) defined by the quadratic form in Proposition
1.33 (7). Independently of the field, the matrix of the corresponding bilinear form is

0 0 | Jmo1
J = 0 Jo 0
Jm—11 0 0

where J; is given by formula (1.5).

Proposition 1.35 Let A be an element of U(m — 1,q), B a 2 X m matriz and D =
~ I 1 (ATHT BT J,. Also let S a (m—1) X (m—1) matriz such that S+S* = —BT J,B
and I the 2 x 2 identity matriz. Then the set G of all matrices of the form

A 0 0
B I 0
It (ANTS | D | Tyt (AT Ty

is a Sylow p-subgroup for the orthogonal group O (2m,q) with q odd.

Proof: Just apply Lemma 1.17 (i) to show that G =®&J
The only matrix F satisfying F'7J,F = J, is the identity matrix. Hence, by Lemma
1.19 (i), the order of G is ¢™™~Y which according to formula (1.7) is the order of a
Sylow p-subgroup for O (2m, q) with ¢ odd. O
Assume that F, has characteristic 2 and take G as in the previous proposition. Now,
the order of G will be ¢™(™~ Vg™ by Lemma 1.19 (i). We will show that the diagonal

entries of the matrices S, in the elements of G that preserve the quadratic form, are

not arbitrary. In fact, they will be a function in the entries of B.
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Consider the matrix

L1 | O 0
L:= 0 [J| 0 (1.10)
0 0 | I

where I,,,_; is the identity matrix. Obviously L € O (2m,q) and L* = I.

Proposition 1.36 Let G and L be as above. Also, let H be the subset of G such that
the matriz S in its elements also satisfy s; = bybo; , fori=1,...,m — 1. Then the
elements in G that preserve the quadratic form belong to H and the group G| generated

by H and L is a Sylow p-subgroup for the orthogonal group O*(2m, q) with q even.

Proof: We first determine which elements M in G satisfy Q(Mv) = Q(v). By
Remark 1.34 the quadratic form is Q(v) = X J,, 1Y 7T + a1, with v = [X Z Y7
and Z = (o, Q1)

If M is any element of G, then Mv = [X" Z' Y']T where

X' = XAT
Z'=Z+XB"
Y = XSTA Y s+ ZDT + Y Jpy 1A

Hence,

QMv) = X'Jp (YN +al,

= XJp Y+ XSXT+ XBT LZ" + ol ol (1.11)
Applying Lemma 1.21 we get

XSXT = "sial + XCXT.

=1

Ui 10y = Q10 + XBT L Z" + XCXT +) " bibyor.
=1
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If we substitute these expressions in (1.11) we obtain

m

Q(M’U) = Z(S” + blibQi)a? + Q(”)

i=1
Hence M belongs to H. It is not hard to check that all the matrices in H preserve the
quadratic form. Therefore H is a subgroup of G with order ¢™(™~1).

Now, we claim that L normalises the group H. So let M € H. The prod-
uct LML only changes the matrices B and D in M to B’ = JoB and D' = D.J,,
respectively. A straightforward calculation shows that S + ST = (B)TJ,B’ and
D' = —J, (A YT (BT J,. Hence LML € H and this proves our claim.

The order of G is therefore 2¢™™~1 and by formula (1.7) this is the order of a
Sylow p-subgroup. This completes the proof. [

Now, we look at the orthogonal group O~ (2m + 2,q). Here the bilinear form
associated to the quadratic form in Proposition 1.33 (i7) is going to change when we

change from a field of odd characteristic to one of even characteristic. In the former

case, the matrix of the bilinear form is

010/ Jn
J = 0| J,] 0
Jn | 0| O
2 1
where J, :=
1 2a

Proposition 1.37 Let A be an element of U(m,q), B a 2 x m matriz and D =
I (AN BT J,. Also let S be a m x m matriz such that S+ ST = —BTJ,B and I
the 2 x 2 wdentity matriz. Then the set G of all matrices of the form

A 0 0

B I 0
Tn(ANIS | D | Jn(A T,

is a Sylow p-subgroup for the orthogonal group O~ (2m + 2,q) with q odd.
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Proof: First, we note that if ' € U(2,q) is a solution for the matrix equation
FTJ,F = J,, then F must be the identity matrix.
From Lemma 1.17 (i) it follows that G = &J _ , ,  and by Lemma 1.19 (i) its

m(m+1) " Since this order is equal to the one given by formula (1.8) we conclude

order is q
that G is a Sylow p-subgroup O~ (2m + 2, q) for ¢ odd. O

Let us consider the group O~ (2m + 2,¢q) with ¢ even. The matrix of the bilinear
form f associated to the quadratic form in Proposition 1.33 (i) is the same as the one
for the group O"(2(m + 1), q). Therefore we consider the group G in Proposition 1.35
with m replaced by m + 1. Its elements also preserve the bilinear form f and G has
order ¢™™* Vg™, Similar to what we have done for O*(2m, q), with ¢ even, we shall

prove that the elements in GG that preserve the quadratic form, their corresponding

matrices S do not have arbitrary diagonal entries.

1
If in (1.10) we replace m by m+ 1 and the matrix J, by J} := we obtain
0 1

an element L; in O~ (2m + 2, q) of order 2. In fact, we know from Remark 1.34 that
Q) = X, Y" +aly + 1@z + adl, .o

with v = [X a1 amie Y]T. Now, it is not hard see that Liv = [X  apy1 +

Qi Qmio YT and therefore Q(Liv) = Q(v).

Proposition 1.38 Let G and Ly be as above. We consider the subset H of G by adding
the extra condition s; = b2, + byby; + ab3,, fori=1,....m, to S. Then the group G,
generated by H and Ly is a Sylow p-subgroup for the orthogonal group O~ (2m + 2,q)

with q even.

Proof: Once more we make use of Remark 1.34. Therefore we write the quadratic
form as Q(v) = X, YT + a2, + Q102 + a0, with v = [X  Z YT and

Z = [@my1 Qmyo). In a similar way to what was done in the proof of Proposition 1.36,
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we get for an element M in G that

m

Q(Mv) = Z(S” + b3, + bygb; + abd;)a? + Q(v)

i=1
and therefore M preserves the quadratic form if and only if M is an element of H.
Thus H is subgroup of G with order ¢™(™+b.

To prove that L; normalises H just repeat the same argument as in Proposition
1.36 and use the fact that (J})TJoJy = Js.

Hence G; has order 2¢™™+1) which is actually the order of a Sylow p-subgroup for
O~ (2m + 2, q) with ¢ even (see formula (1.8)). O

Finally, we construct Sylow p-subgroups for the orthogonal groups O(2m + 1,q).
They will always be a subgroup U(2m + 1, q) independently of which field we take.

First, assume that [, is a field with odd characteristic. Then the matrix of the

bilinear form associated to the quadratic form in Proposition 1.33 (i) is

0 [0 Jn
J = 0 (2] 0
Jn 101 0

If we apply Lemma 1.17 (i) then we obtain a subgroup of U(2m + 1, ¢) whose elements
satisfy MTJM = J.

Proposition 1.39 Let A be an element of U(m,q), v € M(1xm,q), w = —J,, (A=) ToT

and S a m x m matriz such that S+ ST = —2vTv. Then the set G of all matrices of
the form

A 0 0

v 1 0

Tn(ATS [ | S (A,

is a Sylow p-subgroup for the orthogonal group O(2m + 1,q) with q odd.

Proof: By taking F' as the 1 x 1 identity matrix it follows from Lemma 1.17 (i)
that G = Qﬁ}“m& .- Applying Lemma 1.19 (i) we conclude that the order of G is "
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and from formula (1.9) we can see that this is the order of a Sylow p-subgroup of
O(2m + 1,q) for ¢ odd. This proves the proposition. [J
Now, assume that [, has even characteristic. Then the matrix of the bilinear form

18

0 |0 Jn
J = 0 (0] O
Im | 0] O

Proposition 1.40 Let A be an element of U(m,q), v € M(1 x m,q). Also let S a
m x m matriz such that S + ST =0 and sy = v? fori=1,...,m. Then the set H of

all matrices of the form

A 0 0
v 1 0 (1.12)
Jn(A™HTS |0 | Jp(A DT,

is a Sylow p-subgroup for the orthogonal group O(2m + 1,q) with q even.

Proof: First we determine the elements of U(2m + 1, q) that preserve the bilinear
form. Applying Lemma 1.17 (i) and assuming from the start that F' is the 1 x 1 identity
matrix, we obtain the group G := ®jm707 7., Whose matrices are of the form (1.12), with
S + ST = 0. Hence, by Lemma 1.19 (i), G has order ¢" ¢".

Remark 1.34 shows that Q(v) = X J,, YT+, withv = [X a1 Y]T. Applying
the same steps as in the proof of Proposition 1.36, we obtain for an element M in G

that

m

Q(Mv) = Z(S“ +v2)al + Q(v).

=1

Hence M preserves the quadratic form if and only if M belongs to H. From this we
can conclude that H is a subgroup of order ¢™°, which implies that H is a Sylow

p-subgroup for O(2m + 1, q) with ¢ even (see formula (1.9)). O

32



Chapter 2

Invariant Theory

The aim of this chapter is to give an introduction to the Invariant Theory of Finite
Groups. We will focus our attention to the results and concepts which will be used
later on in Chapters 3 and 4. Of particular interest is the last section on SABGI
bases, whose results will play an important role in the construction of generators for

the invariant rings in Chapter 4.

2.1 The ring F[V]“

Let V be a finite dimensional vector space over a field F. We denote by F[V] the
symmetric algebra of V*, the dual space of V' consisting of all linear maps from V to

F. If V has dimension n and {x1,...,z,} is a basis for V* then
FV]=FeV*e S* (Ve S*(V)®---

where S™(V*) is the m-th symmetric power of V*. Its elements are homogeneous
polynomials of degree m in zi,...,x,. Thus S™(V*) is a vector space over F with
basis {x' @k -+~ x% iy + iy + -+ + i, = m} and F[V] is isomorphic to the polynomial

ring Flxy, ..., x,)].
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Definition 2.1 Let G be a finite group and V' a vector space over a field F. A linear

representation of G is an homomorphism of groups
p:G— GL(V).
A linear representation induces a left action of G on V' by

0.0 = p(o)(v)

for all v in V and all g in G. This action can be extended to F[V]. Since we want
a linear action on F[V], it is enough to show how G acts on V* and on S™(V*). In
each case we define the G-action on a basis and then we extend it linearly to the entire

space. Let {x1,...,2,} be a basis of V*. Then we define an action:
e on V* by (0.2;)(v) := z;((p(c)"1)(v)) for all v in V and all g in G;

e on S™(V*) by o.(zlak - - - xin) i= (0.11)" (0.29) - - - (0.,)'", where i) +ig+- -+

Ip = M.

Thus, we get a left linear action on F[V]. In other words, G acts on the polynomial ring
Flxy,...,x,] by linear substitutions of z1, ..., z,. Moreover, we can easily see that the
action is degree preserving, i.e., if f € F[V] is an homogeneous polynomial of degree d,

then o.f is also homogeneous of the same degree.

Remark 2.2 If o € G is represented by a matriz A in GL(V') with respect to a fized
basis then the matriz of o with respect to the dual basis is (A~')T. By considering left
matriz multiplication on column vectors, o acts on 'V and on V* via A and (A71)T,
respectively. We take the inverse of the matriz AT in order to obtain a left action
rather than a right action on V*. This is not an issue when we want to compute the
orbit of an element in V*. Also, in order to avoid having to compute A~1 we just write

down the matriz A meaning that the action on V* is given by AT and on V by A~
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The basic object of study in invariant theory is the set of polynomials in F[V] which
are left fixed by all elements in G. This set is a ring, called the invariant ring for G,

and it will be denoted by F[V]¥. Hence
FV]Y ={f € F[V]|o.f = f Vo e G}

It is customary in Invariant Theory of Finite Groups to distinguish the cases when
the order of the group is divisible by the characteristic of the field and when it is not.
The former we call the non-modular case and the latter the modular case.

A classical example is the ring of invariants for the symmetric group.

Example 2.3 Let X3 be the symmetric group in 3 letters which acts on Flxy, x9, 23]

by permuting the variables x1,xo, x3. The elementary symmetric functions are
§1 =21+ T2+ T3, S =T1T2+ T1T3+ T3, S1 = T1T2T3.
Then the invariant ring for 33 is generated by sq, S2, s3 (see [25], Theorem 1.1.1), i.e.,
F[V]** = F[sy, 52, 53].

This means that every element in F[V]** is written as a polynomial in sy, o, s3 with

coefficients in .

The previous example shows that the invariant ring was finitely generated. However,
not all groups have finitely generated rings of invariants. The first example of such
groups was given by Nagata in [20]. In Section 2.2, we will show that for finite groups
the invariant ring is always finitely generated, a result that was obtained by Emmy
Noether in [23]. In general, the ring of invariants will be finitely generated if G is
a reductive algebraic group. The question about the finiteness of the invariant ring
started in the 19th century with the works of Gordan [11] and Hilbert [14]. Gordan
in [11] proved that the invariant ring for the special linear group SL(2,C) acting on a

symmetric power of the natural representation is finitely generated. In 1890 D. Hilbert
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in [14] proved this was also true for the general linear group GL(n,C). Weyl in [2§]
proved the finiteness of C[V]¢ for any reductive group G. For an arbitrary field, Nagata
in [21] proved the finite generation of F[V]% if G is a geometrically reductive group.
Later Haboush in [13] showed that reductive groups are geometrically reductive.
Another aspect of Invariant Theory of Finite Groups is related to the structure
of the invariant ring. For example, the invariant ring for the symmetric group Y3 in
Example 2.3 is a polynomial ring. The next example shows that this is not always the

case.

Example 2.4 Let G :=< g > be the cyclic group of order 2 and F a field of charac-
teristic different from 2. We define a G-action on Flzy, x| by

gry = —x17 and gro = —To.

Then it is not hard to prove that Flxy, x5)% = Fla?, 22, x125]. The polynomials x?, 23
and 179 are irreducibles in Fzy, 15]% and the two non-associate factorisations x2x3 =

(1122)? show that Flay, 25]¢ is not a unique factorization domain.

The following theorem is a useful criterion to check if an invariant ring for a finite

group is a polynomial ring.

Theorem 2.5 Let fi,---,f, € F[V]Y be homogeneous invariants with n = dim V.

Then the following statements are equivalent:
(i) FVI¢ =FLf1, -+, fal.

(ii) The f; are algebraically independent over F and Hdeg(fi) =|G|.
i=1
Proof: See Proposition 16 in [16] or Theorem 3.7.5 in [7]. O

In the non-modular case, it is known that the invariant ring F[V]¢ is a polynomial

ring if and only if the representation of G is generated by pseudo-reflections, i.e., by
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non-identity elements of finite order which leave a hyperplane fixed pointwise. This is
the famous Shephard-Todd-Chevalley theorem. However, in the modular case, classify-
ing the representations of groups who have a polynomial invariant ring is not complete.
Nakajima [22] classified all p-groups over the prime field F,, which have polynomial in-
variant rings. These groups are known as Nakajima groups. In a larger field Nakajima’s
result is not true. Finally, Kemper and Malle in [18] have classified the finite groups

G with an irreducible representation for which the F[V]% is a polynomial ring.

2.2 Properties of the invariant ring F[V]“

In this section we shall see that the invariant ring for finite groups is finitely generated
and always contains a homogeneous system of parameters. First, we need some notions
from commutative algebra.

Let A be a commutative ring with identity. An A-module M is defined by the same
axioms as is a vector space over a field, but with the field elements being replaced
by elements in A. It is a generalisation of the concept of vector space. So familiar
notions of linear algebra like linear combinations, generating subsets, linearly indepen-
dent elements, subspaces, linear homomorphisms and many others, are defined in the
same way for an A-module. We just replace the usual scalars by the elements of A.
However, some properties of vector spaces do not hold for modules. For example, not
all A-modules have bases.

We say that a module M over a commutative ring A is Noetherian if every as-
cending chains of submodules eventually becomes stationary. The ring A is said to be

Noetherian if it is so as a module over itself.

Proposition 2.6 Let M be an A-module. Then M is Noetherian if and only if every
submodule of M s finitely generated.

Proof: See Proposition 6.2 of [2]. O
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Let B C A be an extension of commutative rings with the same identity. Then we
say that A is an algebra over B. In particular, A is a B-module. We say that A is
finitely generated as a B-algebra if there is a finite number of elements a4, ..., a,, in A
such that every element of A is expressible as a polynomial in a4, ...,a,, with coeffi-
cients in B or, equivalently, there is B-algebra homomorphism from a polynomial ring
B[Xy,...,X,,] onto A. For example, the polynomial ring F[V] is a finitely generated
F-algebra.

Remark 2.7 It follows from the Hilbert Basis Theorem that every finitely generated

F-algebra is a Noetherian ring. In particular, the polynomial ring F[V'] is Noetherian.

Proposition 2.8 Let A be a Noetherian ring and M a finitely generated A-module.
Then M is Noetherian.

Proof: See Proposition 6.5 of [2]. O

Definition 2.9 Let B C A be an extension of commutative rings. Then

o An element a € A is integral over B if it is a root of a monic polynomial with

coefficients in B;
e We say that A is integral over B if every element of A is integral over B.

e B is said to be integrally closed in A if every element in A integral over B

belongs to B.

Proposition 2.10 Let A be a finitely generated B-algebra. Then A is integral over B
if and only if A is finitely generated as a B-module.

Proof: See proposition 5.1.1 in [25]. O

Theorem 2.11 (Emmy Noether) Let G be a finite group acting on a commutative
finitely generated F-algebra A by algebra automorphisms. Then A is integral over A
and A® is a finitely generated F-algebra.
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Proof: Let x1, x5, ..., x,, be generators for A. The polynomials

H(X — O'.Clji) =X" + ai,le_l +---+ aiym_lX —F@Lm € AG[X]

oea
provide an integral equation for each z; over A®. This proves that A is integral over
A%,

If we define B to be the subalgebra of A% generated by the coefficients a; ; of the
monic polynomials satisfied by each generator x;, then A is also integral over B. By
Proposition 2.10 A is a finitely generated B-module. From the Hilbert Basis theorem
we conclude that B is Noetherian and applying Proposition 2.8 we get that A is a
Noetherian B-module. Since A® is a B-submodule of A, it follows from Proposition
2.6 that A® is a finitely generated B-module. In particular, A“ is a finitely generated
F-algebra. [

The previous theorem shows that F[V]“ is a finitely generated F-algebra. But its
proof does not provide us with a procedure to find the generators for the invariant
ring. Nevertheless, it shows that when constructing a finitely generated subalgebra
A of F[V]%, we must have F[V] integral over A if we are to prove that A is equal to
F[V]“. This is not too hard to achieve. It follows from another property of F[V]%: the

existence of a homogeneous system of parameters.

Definition 2.12 A graded algebra is an algebra A together with a family (An)n>o0
of F-vector spaces such that Ag =TF and

A:@An

n>0

with A, Ay, C Apem for all n and m.

Since we can write F[V] as



where F[V], is the subspace formed by the homogeneous polynomials of degree d, it
follows that F[V] is a graded algebra. The G-action on F[V] is degree preserving and

so F[V]€ is also a graded algebra with decomposition

F[V]° = DFIVI§.

d>0

Definition 2.13 Suppose that A = @;ﬁg Aq is a graded algebra over a field F such that
Ao =TF. A set{f1,..., fu} CT A of homogeneous elements is called a homogeneous

system of parameters if
(i) fi,..., fn are algebraically independent and

(ii) A is a finitely generated module over F[fy, ..., fa].

It follows from the Noether Normalisation Lemma that homogeneous system of
parameters always exist for invariant rings (see for example [25], Chapter 5, Section
5.3).

To check whether a set of invariant polynomials is a homogeneous system of pa-
rameters we will use the next lemma. First, we introduce some notation. Let F be the
algebraic closure of F and let V := F @y V. Given a set of polynomials S in F[V] we
define the variety Vz(S) by

Ve(S) :={v e V|f(v) =0 for all f e S}.

Lemma 2.14 Let S = {hy,...,h,} be a set of homogeneous elements of F[V]¢ with

n =dimV. Then S is a homogeneous system of parameters for F[V|¢ if and only if

Va(5) = {0}.

Proof: See Proposition 3.3.1 of [7]. O

We introduce the Krull dimension of a commutative ring.

40



Definition 2.15 The Krull dimension of a commutative ring A, written dimA, is
the mazimum length k of chains of proper prime ideals po S p1 S ... Tpr T A. Ifp
1s a prime ideal in A, then we define the height of p to be the mazimum length | of

proper chains of prime ideals po T p1 S ... T p; =p ending at p.

Proposition 2.16 The Krull dimension of F[V] is equal to dim V.
Proof: See Proposition 5.2.2 of [25]. O

Corollary 2.17 The Krull dimension of the invariant ring F[V]¢ is also equal to

dim V.

Proof: Since F[V] is integral over F[V]¢, this is an immediate consequence of Propo-

sition 9.2 in [9]. O

Definition 2.18 A sequence of elements ay,...,a, in a ring A is called a regular
sequence if the ideal (ay,...,a,) generated by them is proper and for each i the image
of a;11 1s not a zero divisor in A/(ay,...,a;).

Definition 2.19 A F-algebra A is called a complete intersection if it is isomorphic

to a quotient ring

F[X1, ..., Xosml/(B1, ..., Rin)

where n = dimA and m > 0.

We will see that all the invariant rings computed in Chapter 4 are complete inter-

sections.

2.3 Localisation and Invariant Fields

Let A be a ring with identity and S C A\ {0} a subset which is closed under multipli-

cation and contains the identity 1. The localisation of A with respect to S, denoted
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by S~'A, is the ring of formal fractions
1 a
STA={-:a€ A seS}
s

where two such fractions ¢ and ‘s’—: are considered equal if and only if there exist u € .S
such that

(as’" — a's)u = 0.
Two important examples of this construction will be used in this thesis:

e When S := {a™ : m > 0} for some a € A\ {0}. In this case we write A[a~!] for
S—LA.

e When A is an integral domain and S = A\ {0}. Then the localisation of A at S
is the field of fractions of A which we denote by Quot(A) instead of S A.

Let F(V') denote the field of fractions of F[V]. We extend the action of G on F[V]
to its field of fractions by

9(f1/f2) = g(f1)/9(f2)-

The elements of F(V') which are left fixed by all elements of G is a field, called the
Invariant Field which we denote by F(V)¢.

Proposition 2.20 Suppose that V' is a finite dimensional faithful representation of
a finite group G over a field F. Then F(V) is a Galois (i.e., normal and separable)
extension of F(V)Y with Galois group G. The field F(V)Y is the field of fractions of
F[V]Y, and F[V]% is integrally closed in F(V)C.

Proof: See proposition 1.1.1 of [3]. O
Remark 2.21 [t follows from Galois theory that if H is a normal subgroup of G then
F(V)Y c F(V)H
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is a Galois extension with Galois group G/H. This means that F(V)€ is the fized field
of F(V)H under the action of G/H, i.e.,

F(V)S = (F(V)™")“/H,

From the previous proposition we can establish a strategy to find the invariant
ring for a finite group G acting on a finite dimensional vector space V. First, we
choose a finite set of homogeneous invariant polynomials and we consider the algebra

A generated by this set. Then A is equal to F[V]¢ if we can prove that

e F[V] is integral over A. This can be easily achieved if A contains a homogeneous

system of parameters for the invariant ring.

e The field of fractions of A is the same as the one for F[V]“. In this section we

describe a method which is used in Chapter 3 to check this.

e A is integrally closed in Quot(A). This is the hardest step to prove. In the end

of this section we state a lemma which will be applied several times in Chapter

4.

All the groups that we are interested in studying their invariant rings are p-groups.
It is known that for p-groups the invariant field F(V)¢ is purely transcendental over F
(see [19]).

The next lemma is useful tool to check if a certain set of invariant homogeneous

polynomials are a generating set for the invariant field or not.

Lemma 2.22 Let fi, ..., fu € F[V]%, withn = dim V', be homogeneous invariants such

that the Jacobian determinant det (g—jﬁ;) 18 non-zero and

[ des(r:) < 2/GI.
i=1

Then F(V)Y =F(f1,..., fa).
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Proof: It follows from Corollary 1.8 in [17]. O

However, we can have n = dim V' invariants polynomials that generate F(V)< but
the product of their degrees is equal to or greater than 2|G|. Hence, the previous lemma
fails to detect such generating sets. For p-groups it turns out that we can construct a
generating set for invariant field algorithmically. This is due to Campbell & Chuai [4]
and Kang [5]. We now present the algorithm as it is described in [4].

Let G be a p-group. Since any p-subgroup of GL(V) is triangularizable, there exist
a basis ej,...,e, for V such that each element of G (more precisely, each element of
p(G) where p is a linear representation of ) is represented by a lower triangular matrix
with ones along the diagonal. Therefore if z1, ..., z, is the dual basis with respect to
€1,...,€n, then (0 — 1)z, is in the subspace spanned by x1,..., 2,1 for all ¢ € G.
From this we can easily see that x; is invariant.

We define R[j] := Flxy,...,z;] for 0 < j < n subject to the convention that
R[0] := F. Then G acts on each ring R[j]. For each j we choose an invariant ¢; € R[j]

with the smallest positive degree in z; among the elements of R[j]°.

Theorem 2.23 Let G be a p-group. Then the polynomials ¢, ..., ¢, above defined

generate the invariant field for G, i.e.,

F(V)Y =F(¢y,...,Hn).
Moreover, there exists f € Fpn, ..., ¢n] such that
FIVIIf Y = Fon, ..., allf 1],
Proof: See Theorem 2.4 in [4]. O

Now, we are left with how to show that our test algebra A is integrally closed. This

can be done by applying the following lemma:

Lemma 2.24 Suppose that A is a Noetherian integral domain. If 1 € A is prime and

Alz1Y is a unique factorization domain, then A is also a unique factorization domain.

Proof: See Proposition 6.3.1 of [3]. O
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2.4 Constructing Invariants

In this section we describe a few methods to construct invariant polynomials.

Let G be a finite group acting on the polynomial ring F[V] as described in Section
2.1. For an element f € F[V], we define the orbit of f under the G-action, denoted
by G f, to be

Gf:={of:0€G}.

If we take the product of all elements in G f we clearly obtain an invariant polynomial.

This is called the orbit product of f which we denote by N(f), i.e.,

N() =]] ¢

9eGf
Another way to construct an invariant polynomial from f would be to take the sum

of all elements o f with o € G. This is called the transfer or trace of f and we write

it as Tr(f), i.e.,
Tr(f) := Zaf.

oeG
2.4.1 Dickson Invariants

Let K be a field containing a n-dimensional vector space V' over the finite field F,, where
g =p™. Also, let G be the group of automorphisms of V', i.e., G = GL(V'). Dickson in
1911 proved that the invariant ring F,[V]“ is the polynomial ring F,[co,...,c,_1] on
generators ¢; of degree ¢" — ¢' (see [8]).

The homogeneous polynomials ¢;, 7 = 0,...,n—1, can be defined as the coefficients

of the polynomial

Frg(X) = JT (X —u) = X7 + nz_:(—m"fcixqi e K[X]. (2.1)

ueV*

The last equality in the above formula is a result of the following proposition from [6].
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Proposition 2.25 If f, ,(X) is a monic separable polynomial in K[X], whose roots

are the elements of V', then
n—1 )
fra(X) = X7+ 3 (1) X"
=0

Proof: We have f, (X) := [],c/(X —v). Choose a basis ej,es,...,e, of V and
define

ey e en X

el ed X1
A, (X) = det

e({n c. egln an

Then, using column operations, we can see that each vector v € V is a root of
A, (X). Since A, (X) is a polynomial of degree ¢", we have identified all of its roots.

The coefficient of X" is A, _1(e,) and as f, ,(X) is monic we have

Ap(X) = A0 (en)fn,q(X>'

It remains to verify that the constant A, i(e,) is non-zero. We prove this by
induction. For n = 1, we have Ag(e;) = e; # 0. Now, using the vector space V,,_;

spanned by ey, e, ..., e, 1, we get

An—l(X) = An—2(6n—1)fn—1(X> #0

since A,,_s(e,—1) # 0 by the inductive hypothesis. As e, does not belong to V,,_1, e,
is not a root of A,_1(X) and therefore A, _1(e,) # 0. O

Let x1,29,...,x, be a basis of V*.

Lemma 2.26 Let U the subspace of V* spanned by the vectors xq1,xs,...,x,_1. Then
Fog(X) = Fyo1o(X)! — anl,q(xn)q_lpnfl,q(X)

where F,_1 4(X) = [[,er (X —u).

uelU
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Proof: First, we note that the polynomial F,, ,(X) is F -linear. Hence

Frg(X) = H(X_f): HH(X—axn—g)

fevr acF, geU
= H Fo1g(X —az,) = H (Fr14(X) —alF,14(20))
a€lFq S

= anl,q<X)q - anl,q(xn)qilpnfl,q(X)'

This finishes the proof. []
The following example will be used frequently in Chapter 3.

Example 2.27 Let U(n,q) be the group of lower triangular matrices with ones along
the diagonal and x4, ...,x, a basis for the dual vector space V*. Then x1 is invariant
and the orbit of each x;, with i > 1, consists of all elements x; +w where w belongs to
the subspace V;_1 spanned by x1,...,2;_1.

The orbit product of each x; is

N(z) = [] (@itw)=Figl@),
weV;_1

where F;_y 4,(X) is the polynomial (2.1). For example, applying Lemma 2.26 we would
get N(z1) = x1, N(z2) = 2l — 27 g, N(xg) = (2% — 29 23)? — N(22)7 (2 — 27 ' 25)
and so on.

It can be easily proven that the polynomials N(x;) are homogeneous of degree ¢ *
and the product of their degrees is equal to the order of U(n,q). Applying Theorem 2.5

we conclude that

Fy[V]909 = Fy[N (1), N(22), .., N(za)],

which 1s a polynomaial ring.

Lemma 2.28 Let G; and G be subgroups of U(n,q?) acting on Fp[V]. Assume that
fora fired 2 <1 <mn andl <i—1, the orbit of x; under the action of:

o Gy is{x; + 2221 a;z;:ay,...aq-1 € Fp Aap € Fy};
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o Gy is {z; + 2221 a;jz;:ay,...q-1 € Fp Aaj+a = 0}.
Then the orbit product of x; is given by:
1. N(.ﬁlj’l) = F}_l’qz(.ﬁlﬂ'i)q - E—l,qQ (.Tl)q_lF}_17q2 (xl) Zf a; € Fq7

2. N(z;) = Fl_1,2(2,)7 + Fj_q 2 (xl)qlel_lyqz (z;) if ay +a, = 0.

Moreover, both are homogeneous polynomials of degree ¢*~!.

Proof: Let V' be the vector space over F . spanned by x1,...,2;—;. Then

Fl—l,q2 (X) = H (X +aixy+...+ al,1$l,1)

al,...al,1€]Fq2
and it is homogeneous of degree ¢*~2. Since Fj_; 2(X) is Fpz-linear, replacing X by
T; + ayx; gives
Frig)+aFip@) =[] @+as+as+.. . +azs)
ai,..a;1€F 2
Therefore, we get
N(w) = [ (Ferg@) + aFiop (@) = Foyg@)' = Foge (@)™ Froyg()
a€F,
for the orbit product of x; under the action of G.
Now, for the action of G5 the orbit product of z; is given by
N() = J] (Pore@)+aFiyge ().
aj+a;=0
Note that a; + a; = 0 is equivalent to say that a; € ker Tr. According to Lemma 1.13,
ker Tr is a one dimensional vector space over F,. So if ¢ ¢ F,, then ¢ — ¢ is a basis for

ker Tr and

N(w) = [ ] (Fiag(@)+alc=e) Foyg(n) = Froge ()= ((c=e) Fiy g (€))7 Fia ge ().

a€ly

Since (¢ —¢)?t = —1, the statement in 2 is proved. [J
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2.4.2 Steenrod Operations

The Steenrod operations are a helpful tool in invariant theory to construct new invari-
ants from old ones. They will play an important role in Chapters 3 and 4.
Suppose that F = F, is a finite field. We take an additional indeterminate 7" and

we define a map

P(T) : F,[V] — F,[V][T]
by the rules:
(i) P(T)(z) =z + 297 for all z € V*;
(ii) P(T)(fg) = P(T)(fYP(T)(g) for all f.g € F,[V:
(i) P(T)(1) = 1.
It is not hard to check that P(T) is in fact a homomorphism of F-algebras and that it

commutes with the action of GL(V') on F,[V].
If for f € F,[V] we write

P(T)(f) = > PUD)AT"
i>0
then P*(T)(f) is called the i-th Steenrod operation on f. Hence, if f is an invariant

then P*(T)(f) is again an invariant.

It is easily checked that for an homogeneous polynomial f we have:

ft ifi=degf
0 ifi>degf

o PHT)(fg) = Sy, PUT)())PI(T)(g).

o PUT)(f) =

o If P(T)(f) # 0 then deg(Pi(T)(f)) = deg(f) + i(q — 1).
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2.5 SAGBI Bases

In this section we introduce the concept of SAGBI bases, which was first considered
by Robbiano & Sweedler [24] and by Kapur & Madlener [15], separately. The acronym
SAGBI stands for “Subalgebra Analogs to Grobner Bases for Ideals”. SAGBI bases
allow us to answer the subalgebra membership question.

In Chapter 4, we will consider finitely generated subalgebras for which we can prove
that their generators are in fact SAGBI bases. To this end, we need to address the
following problem: given a finite set B of generators for an algebra A C Flxy, ..., z,],
when is B a SAGBI basis for A? We use the approach given in [26] as a way to solve
this.

an

A monomial in F[zq,...,z,] is an element of the form ' ---x% with a; non-

negative integers. Let M be the set of all monomials. A term is an element of the

form e¢m where ¢ € F \ {0} and m € M.

Definition 2.29 A monomizal order is a total order > on M satisfying the following

conditions:
(i) m > 1 for allm e M\ {1},

(ii) my > mo implies mmy > mmy for all m,my, me € M.

Fix a monomial order < on M. Then a non-zero polynomial f € Flxy,...,z,] can
be written uniquely as f = e¢m + ¢ such that m € M, ¢ € F\ {0} and every term of g

is smaller than m. We write
LT(f)=cm, LM(f)=m, and LC(f)=c
for the leading term, leading monomial and leading coefficient of f, respectively.

If f is zero, then all three values are defined to be zero.
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Example 2.30 Let my = 2$'252 - 2% and mg = 252 - - - 2% be two distinct mono-
maal. Then in the lexicographic order m; <., mo if a; < b; for the smallest i such

that a; # b;. As an example, LM (1 + Tox4 + 73) = 1.

Example 2.31 Let my = 2323 - 2% and mg = 22282 - 2b be two distinct mono-
mials. Then in the graded reverse lexicographic order m, <grevice M2 if and only
ifar+---4+a, <b+---4b, ora+--+a, =b +---+b, and a; > b; for the

smallest 1 with a; # b;. Again as an example, LM (x1 + x2x4 + 735) = 3.

We would like to note that the definition in the previous example is not the one
usually found in the literature. We decide to do it in this way because we want the
monomials that have z; to be smaller than those who do not. This is will be crucial
to obtain the results in Chapter 4.

Suppose that A is a subalgebra of F[zy,...,z,] and that we have chosen some
monomial ordering, <, on the monomials of F|xy,...,z,]. We write LT(A) for the

algebra generated by all leading monomials of non-zero elements of A.

Definition 2.32 A subset C C A is a SAGBI Basts of A if the algebra generated by
the leading monomials of all the elements in C' is equal to LT(A).

Throughout the rest of this section, let C' := {fi, f2,..., fin} be a finite set of
polynomials in F[zq, xs, ..., 2,] and A the F-algebra generated by them.

Let f € F[zy,x9,...,2,]. The subduction of f over C' is performed as follows:
1. Set h:=f.
2. If h is a constant in [F then stop, otherwise go to step 3.

3. Check if there exist ¢ € F and exponents uy, usg, . .., U, € N such that LT(h) :=
cH;.”:l LM(f;)%.

4. If step 3. fails then stop, otherwise go to step 5.
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5. Replace h by h — ][}, f;? and go to step 2.

Note that each time we get to step 5., the polynomial h — ¢ H;nzl f;” will either be
a constant or it will have a smaller leading monomial than LM (h). This guarantees
that the procedure will halt. If C'is a SAGBI basis for A and f € A, then it is always
possible to perform step 3. in the subduction of f over C' and when we reach the end
of the procedure we will be able to write f as a polynomial expression in fi,..., f.
Therefore, if f ¢ A then at some stage in the subduction process, step 3. will fail.
Hence when C' is a SAGBI basis the subduction process can be used as an algebra
membership test.

We consider the sequence (f1,..., f) with f; € C for all i.

Definition 2.33 A téte-a-téte over (f1,..., fm) is a pair (u,v), where u,v € N™ such

that

m

| E2EARE | (AU

=1

Given a téte-a-téte, there is a non-zero constant ¢ € F such that the polynomial
m m
S(u,v) = [[LT(f)" = e J[ LT(£)"
i=1 i=1
is either a constant or has a smaller leading monomial.

Theorem 2.34 The finite set C' is a SAGBI basis for A if and only if for each téte-

a-téte (u,v), the subduction of S(u,v) over C terminates at an element of F.

Proof: See [24], Theorem 2.8. [J

We present here another criterion to check whether C' is a SAGBI basis for A or
not.

For each f;, with ¢« = 1,...,m, we associate its leading monomial with a vector

a; € N" by



Define the algebra homomorphism
(b . F[tl,tg,. o ,tm] — ]F[Zlfl,l'g,. R %

by ¢(t;) = [}, «" and the semigroup homomorphism

m:N" — N"
by m(u) = m(ug, g, . . ., Up) = U183 + UsB2 + -+ + UpAm.

Theorem 2.35 Assume that gy, gs, ..., gs generate the kernel of ¢ as an ideal. Then
C' is a SAGBI basis for A if and only if the subduction of g;(f1, ..., fm) terminates at

a constant for all i € {1,...,s}.
Proof: See Corollary 11.5 in [26]. O

Corollary 2.36 Let fi,..., f, be polynomials in F[xq, 2o, . .., x,] such that LM(f;) =
«% with d; a non-negative integer. Then {fi,---, fu} is a SAGBI basis for the algebra

7

1t generates.

Proof: In this case the kernel of ¢ is trivial since ¢(t;) = mfz Applying Theorem
2.35 finishes the proof. [
In order to apply Theorem 2.35 we must be able to compute the generators for the

kernel of ¢. We shall write T", u € N™, for the monomial [/, t;-” .

Lemma 2.37 The kernel of the homomorphism ¢ is spanned as a F-vector space by

the set of binomials
{T" =TV :u,v € N" with 7(u) = 7(v)}.
Proof: See Lemma 4.1 in [26]. O

Remark 2.38 The previous Lemma shows that kernel of ¢ is spanned by the binomials

T" — TV where (u,v) is a téte-a-téte.
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For any tuple of integers u = (uy,...,uy) € Z™, we let u™ = (uf,...,u}) and

u” = (uj,...,u,) where uj = max{u;,0} and u; = max{—u;,0}. Hence we get

» Ym 7

u = ut —u~. We shall write ker 7 for the set consisting of all vectors u € Z™ such

that 7(u™) = w(u™).
Corollary 2.39 The kernel of ¢ is spanned by the binomials
{T"" —T" :uekern}.

Define a n x m matrix B whose columns are the vectors a; corresponding to the
lead monomials of the polynomials f;. It is not hard to see that u € Z™ belongs to
the ker 7 if and only if Bu = 0. This means we should look for the solutions of the
equation Bu = 0 which have integer coordinates. So let W be the real vector space
consisting of all the solutions for Bu = 0. We shall only look at the cases when the
dimension of W is 1 or 2.

First, we assume that W has dimension 1.

Lemma 2.40 Let w € Z™ be a basis for W such that aw € Z™ if and only if o« € Z.
Then the kernel of ¢ is generated as an ideal by the binomial T¥ — T .

Proof: According to Corollary 2.39, we get the result if we can show that for any
clement u € ker7 the binomial T* — T% is an element in the ideal generated by
™ — TV .

So let u € kerm. Then u € W and we get u = aw with a € Z. Without loss of
generality we can assume that o > 0. Hence (aw)t = aw™ and (aw)” = aw™. If

a = 1, there is nothing to prove. For a > 1 we get

r]:\(oaw)Jr . T(aw)* _ r:[\ocwJr _ Taw"
wt W — ((a=1)—f)wt+jw—
= (T =TV )) T W
=0

and therefore it belongs to ideal generated by T%" — T . This finishes the proof. [J
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Finally, we consider the case when the dimension of W is 2. We will need the
following hypothesis:
Hypothesis A: We assume that {wy,wy} C Z™ is a basis for W satisfying the

following properties:

1. Any linear combination a;wy + aswsy belongs to Z™ if and only if oy, as, € Z.
2. For any vector u = aywy + aswg € Z™, one of the following holds:

(a) The vectors u™ — (aywy)" and u™ — (aew3)~ have non-negative entries.

(b) The vectors ut — (apwz)™ and u™ — (aywy )~ have non-negative entries.

Let {wy,wa} be a basis of W for which Hypothesis A holds. Then, we define the
set
Fo={T" —T% :ie{1,2}}

Obviously, we have F C ker .

Proposition 2.41 Under the above assumptions, the kernel of ¢ is generated as an

ideal by the binomaials in the set F.

Proof: Just as in Lemma 2.40, it is enough to show that for any element u € ker
the binomial T*" — T is an element in the ideal < F > generated by F. Then, the
result will follow from Corollary 2.39.

Let u € kerm. Then we can write u = aywy + aawg with {wy, wa} satisfying
Hypothesis A. For simplicity we write u = vy 4+ vo with vi = aywy and vy = apws.

Jut as it was done in the proof of Lemma 2.40 we can show that TV — TY1 and
TVz —TV2 belong to the ideal generated by TV — T% and T%z — T%2 , respectively.
Hence TVi — TV1 and TV2 — TVz are elements in the ideal < F >.

Now, we shall prove that T*" —T% €< F >. Note that from u = v, 4+ v, we get

ut +v; +v, =u” +v] +vj. If 2(a) in Hypothesis A is satisfied then we get
r:[\uJr B L Tu*—vir (va _ Tv[) 4+ TY V2 (ij _ TV;).
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If, instead 2(b) holds then

+

TY — Tu_ _ Tu_—vl_ (Tvr o Tvl_) 4 Tu+—v;' (Tv; . Tvz_)

In either case, this shows that the binomial T*" — T" €< F > and the proof is
complete. [

We illustrate how we can use all the above results with the following example.

Example 2.42 Let A be the subalgebra of F,x1, xs] generated by the polynomials fi =
i, fo = 23, f3 = wowy and fy = xixy + xox{. Also, consider the graded reverse
lezicographic order with x4 > x1. We will show that C = {fi, fo, f3, fa} is a SAGBI
basis for A.

Here the F-algebra homomorphism ¢ : F,[t1, ta, ts, t4] — Fylx1, x2] is defined by
ty—al, to—all t3 e xoxy,  ty— xlag.
Then the matriz B is

g 0 1 1

0 ¢ 1 ¢
and it has rank 2. Therefore the solution set for Bu = 0 is a 2-dimensional real vector

space W. It is not hard to check that the vectors

wp = (0,0,(], 0) - (17 1707()) - (_]'7 _1’q’0>

W2 = (070707Q> - (17q’0’0> - (_1’ —q,O,Q)

form a basis for W.

First, we check that Hypothesis A holds. Note that a linear combination aywq +
aswsa belongs to Z* if and only if the numbers —oy — i, —; — (iaq, 1q and cuq are
integers. Thus oy and as must be integers.

Now, let u = a1wy + @aWa = (—ay — an, —a1 — Qaq, 1q, aq) € Z*. We have to

consider four different cases:
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. For ay >0 and as > 0 we get

to= (07 Oa 14, a?Q)a u = (al + Qg, 01 + Qaq, 07 0)

u
(@1W1)+ = (07 OJ anq, 0)7 and <a2w2>7 = (OQ; Qaq, 07 0)
Therefore 2.(a) in Hypothesis A is satisfied.

. For ay <0 and as < 0 we get
ut = (—a; —ay,—a; — axq,0,0), u = (0,0, —ayq, —a2q)
(aywy)t = (—ay,—a1,0,0), and (auws)™ = (0,0,0, —asq).
Again, we can easily see that 2.(a) in Hypothesis A is satisfied.

. If g <0 and as > 0, then

(alwl)i = (07 07 —Qai14, O) and (052“’2)+ = (07 07 07 062(])-

In this case, while determining ut — (auwy)™ and u~™ — (aywy)™, only uj and
uz of ut and u~ are changed. Since uf = asq and uz; = —auq, it follows that

2.(b) in Hypothesis A is satisfied.

. Finally, if on > 0 and as < 0, then
(OZ1W1)+ = (07 07 anqg, 0) and (Oéng)_ - (O’ 07 07 _QQQ)'
Now, since uj = aiq and uy = —asq, it follows that 2.(a) in Hypothesis A is

satisfied.

Hence, by Proposition 2.41, g1(t1,ta, t3,t4) = t3 —t1ts and go(t1, ta, t3,t4) = t§ —t1t3

generate the kernel of ¢ as an ideal. Since

fi—fifa=0 and fi—=Nfs = flf2=0

we conclude that there exist a subduction for gi(f1, fo, f3, fa) and g2(f1, fa, f3, fa) over

C' that terminates at a constant. Therefore, it follows from Theorem 2.35 that C' is a
SAGBI basis for A.
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Chapter 3

Invariant Fields for Sylow
p-subgroups of Finite Classical

Groups

In this chapter we construct the generators for the invariant fields for all the Sylow
p-subgroups introduced in Chapter 1. We apply the algorithm described in Section
2.3. All the results will follow from Theorem 2.23 except for the Sylow p-subgroups of
the orthogonal groups O™ (2m, q) and O~ (2m + 2, q) in characteristic 2. For these we
will also need to use Remark 2.21.

Since the calculations we need to construct the generators for the invariant field of
each group are similar, we start by establishing some general lemmas and propositions.
This is done in the first section. Here we introduce some families of polynomials and we
determine the action of the Steenrod operations on them. Also, we consider two families
of subgroups of U(n,F) whose invariants will be used to determine lower bounds for
the minimal degree in z; of an invariant polynomial in R[j] = Flzy,...,z;]. Then
applying the results established in this section we finish the chapter by computing the

generators for each invariant field.
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3.1 Preliminary Results

Let F be either the finite field IF, or F2 and V' be a n-dimensional vector space over
F. We denote by r the number of elements of F. We consider the symmetric algebra
A :=F[V] =F|xy,...,z,]. Recall that U(n,F) is the group of n x n lower triangular
matrices with entries in F and with ones along the diagonal.

In Example 2.27 of Subsection 2.4.1 we have seen that
FV]V0E = B[N (21), N(23), ..., N(z,)]

where N(z;) is the orbit product of x;. Moreover, N(x;) = F;_;,(x;) where F;_; ,.(X)
is the polynomial (2.1), which according to Lemma 2.26 can be computed recursively

as follows:
For(X)=F, 1 (X) = Fy g () 'y o(X) forn > 1 and Fy,(X) = X.
We define a sequence of endomorphisms ; of F-algebras from A to itself by
P A— A, x> Flr(xz)

Note that 1)y is the identity map on A, 1 (z;) = 0 and 9y (25) = 2% — 2] 'xy is the

orbit product of x5 under the action of U(n,[F).
Proposition 3.1 For every endomorphism ; the following hold:
1. () =0 forall1 < k <I;
2. Yi(x141) s an invariant polynomial under the action of U(n,F);

3. U(f) = (Wi (f)" — i (z)" b1 (f) for every homogeneous polynomial f in

degree 1, i.e, F-linear combinations of the x;’s;

4. for every g € U(n,F) we have go ¢, = 0g.
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Proof: We prove 1. by induction on [. For [ = 1 we have seen that v4(x;) = 0.

Now we assume that the statement is true for [ and let £ <[+ 1. Then

Vi () = ()" — (@) (),

which is zero for k < [ by the induction hypothesis. For k = [+ 1 we get ¢, 11(z141) = 0
immediately.

By definition ¢;(x;11) = F-(2111) and we have seen in Example 2.27 that Fj(x;41)
is the orbit product of ;1 under the action of U(n,F). Hence 2. is proved.

To prove 3., note that the endomorphisms ; as well as multiplication by the fixed
element v;_;(z;)" ! are F-linear operators. Since the formula is true for each z; by
definition, the result follows.

Finally, we show that 4. holds. It suffices to show that (g o v;)(z;) = (¢ 0 g)(x;)
for all i+ = 1,2,...,n. Again, we use induction on [. For [ = 0 the result follows

immediately since vy is the identity map. We assume that the result holds for [. Then

(goti)(x) = gha(w:) = g(thi(w:)" — (i) ()
= (g(Wu(x:)" = (g(u(x131))) " (g (thu(:)))
= ilg(x:)" — Yilg(xi)) " ulg(z:))

where have used the induction hypothesis. It follows from 2 that ¢;(z;41) is invariant

and therefore 1;(g(x;11)) = ¥ (x;51). Hence

(gothip)(x:) = wilg(a:) — Yilzea)  i(g(as))
= (Yir109)(2)

and this finishes the proof. [J
We consider the following families of polynomials in Flxy,...,z,]. We use two

parameters: j € {—1,1} and A € {0,1}. Fix an element ¢ € F and let m = g or
n—1

m = if n is even or odd, respectively. Now define
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m
Qo,l = Z¢=1 Tp—i+17; and Qo,fl = 0;
m

d Qs,j = Zi:l(m;—i-&-lxi + JTp—ip1T; ) for s > 1;

_ 2 2 .
o Lon =01+ 7,1 + cAT;,0;

o Iy =041 +2(a0 1 +chalt3) for s > 1 and here 2 is the modulo p reduction
of the integer 2 with p being the characteristic of IF;
m q23—1 q2s—1 q23—1+1
o Agrn =" (@) @i+ izl )+ Axl 7 fors>1and F=TFgp.

We will apply the Steenrod operations to these polynomials. See Subsection 2.4.2 for
its definition. Here we take 7' = —1 and we denote P(—1) by P*. Hence P*: A — A

is the F-algebra homomorphism given by P*(x;) = x; — 2. Also,
P(f) =P°(f) = P(f) +P*(f) = P*(f) + -
where P*(f) is the i-th Steenrod operation on f.
Proposition 3.2 Let €} ;, I'; x and Ag )\ be the polynomials defined above. Then:
1. P*(Q01) = Uy — Qg+ Qogq;
2. P () = Q7 — Qo — 290, + Q45
8 P (Qsy) = — Qoqry — QU+ Qs fors>0if j=—1ands > 1ifj=1;
4. P*(Top) =Th —Tix+ Loy
5. P(I'y) = Py = Ton =210 + Ty
6. Po(Lon) =T, —Topan =Ty +Tsn fors > 1;
7. P (Aip) = ATy — Aoy — AT, + Apy

2

8. P*(As)y) = AZ)\ — Ngy10 — AZQ_L/\ + A\ for s > 2.
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Proof: Applying P* to {2y; we obtain

m m

P (1) = ZP°($n—z‘+1)P.($i) = Z(xn—zﬂrl — Tp_ip1) (@i — )

— i=1
T
= Qo1 — Q1+ 9071

and 1 is proved. Now

P (Qs;) = (P*(n—i1)” P*(x:) + P (@n—is1)P*(2:)")

M

=1

s s+1 . s s+1
((x;—H—l - x;—i+1)($i - 1’:) + J(Tp—it1 — $;—i+1)($z‘ —x; )

S

M

=1

and from this 2 and 3 follow.

Before proving 4, 5 and 6 note that by taking
for =1+ edanfy
we can write
Fox=Q01+ for, Tsr=01+2fs
Thus,

P*(Ton) =P (1) +P*(for), P (Tsn) =P (1) +2P°(fsn)

and therefore we just need to determine how P*® acts on the polynomials f; . Following

the same reasoning as in the beginning of the proof, we can show that

P*(for) = for—2fix+ fox;
P(fsa) = fix— forin—figx+ for  fors>0.

Combining this with the results in 1, 2 and 3 we get 4, 5 and 6.
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We only prove 7. Since in this case F = F 2, we have r = ¢* and so

P(Ay) = D (P (n-is) P (i) + P (@it P (2:)7) + AP (241
=1
= 3 (@ =) (@ = 3D) (@i — ) (2 = af))
=1

3 2
+ Mg — 2 ) (@ — 25,00)

= AT, — Aoy — AL, + Apy
A similar calculation proves 8. [
Corollary 3.3 The Steenrod operations on the polynomials €, ;, T's x and As ) are
given by:
1. PYQ01) = U1, PH(Ton) =T1a and PH(A1y) = Al

2. PY(Qu1) = 20, PHQ;) = Q5 fors > 2, PHTs\) =T7_,, fors > 1 and
PL(Asy) = Ag; for s > 2;

3. PTS(QSJ) = Qg1 PTS(F(S’A) =Ts11 and 77‘723_1(/&3,,\) = Agp1) fors>1;

4. P Q) = Qi PPN (Ts0) =T, for s > 0 and PN L) = AZ,QA for

8,97

s> 1;

)

5. PY(Qs;) =0, P(Tsy) =0 and P'(As ) = 0, otherwise.

Proof: We will prove the result only for the polynomials €2 ;.

For an homogeneous polynomial f such that the i-th steenrod operation P¥(f) # 0,
we obtain deg(P*(f)) = deg(f) + i(r — 1). Thus, we just need to consider the degrees
of the terms in P*(1) and P°*(£2, ;). We have

’P.(Qo’l) = ,PU(QOJ) - ’Pl(Qo’l) + IPQ(QOJ) - ,P3<Qo71) + .= 9671 — Ql,l + QU,l
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by Proposition 3.2. The degrees of {1 1, €211 and Qg are 2, r +1 and 2r, respectively.
Comparing this with the degrees of P (1), we get P°(Q0.1) = Qo.1, PH(Q01) = Q4
and P?(Q,1) = ;. Again by Proposition 3.2 we get for s > 0,
P (1) = PU(Q1) —PHQU) + P Q) — = Q11— Q21— 200, + Oy,
P.<Qs,j> - QT’ T QS-‘rLj - Qg—l,j + QSJ'

S?J

Hence

° PO(QSJ‘) = Qs,j;

o degQ ;=71 +1), degP'(Q;) =r°+ 1+ — 1 and therefore P'(Qy,) =
205, and PH(Q) = Uy

o deg Qi =71+ 1, degP" (Qs;) =75+ 1+7°(r — 1) and therefore P (£ ;) =

Qs—&-Lj?

o degQy; = r(r® + 1), degP" "1 (Qy;) = 7* + 1+ (1 + 1)(r — 1) and therefore
fPrSJrl(QSJ) =Qr -

87]7

Similar arguments prove the remaining results in the corollary. [
The next proposition shows how the F-algebra homomorphism ; acts on the poly-

nomials €2 ;, I's x and A ».
Proposition 3.4 For every [ > 1, the following is true:
1. Ui(Q01) = Ui1(Qoa)" — i1 (@) 01 (1) + Y ()2 Dby (1)

2. (1) = Vi1 ()" — 1 (2)" b1 (1) — 2001 ()" D1 (Qoa)" +
Yra () Ty (Q41);

8 h(Qsy) = Ur1(Qe)" — Vi1 ()" M1 (Qsrry) — Yia ()™ TV Q1) +
Y ()T (Qy5) for s >0ifj=—1and s > 1 if j =1;
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4. (L) = i1 (Ton)" — i1 (@) 21 (Tin) + i1 () 2Dy 1 (Ton);

5. 0(T1p) = i1 (Ti)" — Yo () -1 (Tan) — 2401 (2)" "Dy (Ton)" +
Yo () POy (T )

6. Yi(Tsn) = U 1(Dan)” — Y1 (2) Y01 (Dagan) — Yroa(m)” OV (Teo10)" +
Y1 ()TN (D)) for s > 2;

7. (M) = %71(/\1,,\)'12 — wlfl<xl>q2_1wlfl(/\2,>\) — wlq(%z)qs_qi/ilq(/\l,,\)q
1 ()T (A

8. hi(Aen) = Y1 (M) T =1 ()T " 1 (Agra ) =1 (20) @Dy (Mg )T +
Uiy () @@ Dy (A ) for s > 2.

Proof: We only prove 1, 2 and 3. All the other statements can be proved by similar
calculations. But we should remember that when we consider the polynomials A, 5, 7
is equal to ¢%.

According to Proposition 3.1-3, the F-algebra homomorphism ; satisfies ¢;(x;) =
Y1 (z)" — Y1 ()" Mby_1 () for all 4. For simplicity, let T = ;_1(x;). Then

Yi(s) = oy ()" = T Py (24)

and

U Qo1) = D i@ i) tu(w)

i=1
m

= D (@) = T (@) (G (@) = T ()

=1

= P1(Qo1)" — TT*l?/Jlfl(Qm) + T2(T*1)¢171(Qo,1)
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which proves 1. Since

() = (Dr(@n—i1)” u(x:) + jior(@n—ipr)thu(z:)")

M

=1

(wlfl(xnfz#l)rﬁl - Trs(ril)wlfl(l'nfwl)TS)(wlfl(l'i)T — T g ()

M-

Il
—_

2

+ 3y W@ i) = T (i) @ ()™ = T Dy ()7,

=1

2 and 3 follow easily. [J

Corollary 3.5 Assume by convention that Qs ; =0, I's \ =0 for s <0 and Ay = 0 for
s <0. Then:

1. ¢Z(Qs,j) € F[xb (23 (352), e 7%—1(961), Qs—l,j7 Qs,ja Qs-ﬁ-l,j; - >Qs+l,j];
2. (L) € Flzy, 1(z2), - s hi—1 (@) Tsmaas s xy Dsgans - o5 Dl

3. Yi(Asy) € Flay, r(xa), .o i1 (@), As—1n, Asas Asans -+ A

Proof: We only prove the statement in 1. We do this by induction on [. For [ =1, it
follows from Proposition 3.4-3 that

() = QL — i QUL TV e Bl O, Q4 Q).

s—1,5

Now, assume that the result is true for [ — 1. Again from Proposition 3.4-1,2,3 we get

W) = ia(Qeg)" — roa (@) " 1 (Qegry) — Vi ()" 1 (Qe1 )"
+ wl—l(xl>(Ts+1)(T_1)wl—1(Qs,j>~

By induction we have
° wlfl(Qs,j) € F[l’l, 1?1(562), e 71?172(95171), Qsﬂ,j, Qs,ja Qs+1,j, s 7Qs+lfl,j];

o Ui_1(Qst1,5) € Flog, i (z2), .., i—o(m121), Qs 5, Qetrgy - -+ s Qs s
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b 1?171(9371,1') € F[xh (2 (372)7 e 71?172(56171)7 9372,3'; qu,j, Qs,ja .. 7Qs+172,j] if s —
1>0.

Hence,

¢I(Qs,j) S F[xb ¢1($2)7 cee 7¢l—1($l), Qs—l,j: Qs,ja Qs+1,j7 ceey Qs+l,j].
Similarly, the other statements can be obtained also by induction on [. [J

Proposition 3.6 For every | > 0 and s > 0, the polynomials (1), ¥i(Qs;),
UYi(Lon), Yi(Tsy) and ¥ (Asy) belong to Flxy, ..., x,—]. Moreover, for 0 <1 <m —1,

their degree in the variable x,,_; is:
1. 7" for ¥i(Qo1) and (Lo );
2. v for y(Qy ;) and (T p);
8. #2571 for ahy(Agy).

Proof: Since v;(z;) = 0 for all i < [, it is easy to see that ¢;(Q01), ¥1(2s ), Yi(Lon),

V(T 0), Yi(Asp) € Fla, ... 20
By definition ¢;(z;) = F,(x;) and it can be easily proven by induction on [ that
Fy.(x;) € Flay, ..., z;] with degree r! in z;. Since
Q1) = D Gil@nivn)tu(z)
i=l+1
we conclude that ;(€ 1) and (T ) have degree r' in x,,_; for 0 <1 < m — 1. For

Qs ;, we have
D) = Z 1/)l(xn—i+1)rsl/)z($z‘) +j¢l($n—i+1)¢z(l’i)rs
i=l41
and therefore 1;(€2 ;) has degree r'** in x,_;. Similar arguments give us the results

for ¢y(I's x) and ¢y (As ). O
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We finish this section by studying the invariant rings for a family of subgroups of
U(n,F). We start with an example to illustrate what is our goal and how we shall

proceed to achieve it.

Example 3.7 Consider the polynomial ring Fyx1, xe, x3, T4, Ts5, Te, T7, Ts, Tg] and let

H denote the subgroup of U(9,q) formed by the matrices

I,]01]0
He=1011]0
Clo]|

where Iy is the 4 x4 identity matriz and C' is a 4 x4 matriz such that ¢; ; = ca—j114-i41,

1.€.,

Cii1 G2 C13 Cig
C21 C22 C23 C13
C31 €32 Ca2 Ci12
C41 C31 C21 C11
We want to determine a lower bound for the minimal degree in x,, of a polynomial in
F, |71, 2, T3, T4, T5, . . ., 2|7 for each m = 6,7,8,9.
We define CY = C and for k = 2,3,4, C® will be the matriz obtained from C' by

fixzing all the entries of the first k — 1 rows equal to zero. For example,

0 0 0 0

oo _ 0 0 0
C31 C3.2 0 0

Cs1 €311 0 0

For each k, take the set formed by the elements Howy. This is a subgroup of H which
we will denote by L. Note that L, = H.
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We write Plk| for F,[z1, x2, 3,24, x5, X511, . .., x51x|. Then the groups Ly act on
P[k] by ﬁmng X1, T2, X3, T4, L5, ... L54k—1 and

4—k+1

Tsyk > Tk + E Cl,jTj-
j=1

k

Therefore, Ly, is acting like a subgroup of U(5+k, q) with order ¢°%. The orbit product

of x5k under Ly is

N(x54%) = Fi—pg(z548)? — F4fk,q($57k>q71F47k,q($5+k>

and has degree ¢°%. Hence

L
Pk =TFy[x1, 29, 23, T4, T5, T g1, - - - Tsgh—1, N (Ts4)]-
Furthermore, if we consider the graded reverse lexicographic order with rg > --- >
x1, then according to Corollary 2.36, {x1, e, T3, T4, T5, 541, - -, Tsik—1, N(T54k)} 15 a

SABGI basis for Pk . Thus the degree in x5, of N(xs.1) is minimal among the
elements of P[k]**.
Since for each k,

Pl c P[k]™*

we conclude that the minimal degree in x5,y of a polynomial in Pk is greater than

or equal to ¢°F.

Let HT be the set of matrices

I, 1010
0 | I;]0
Ct| 0|

where I; and I; are the ¢t x t and d x d identity matrices, respectively; and C* is any

t X t matrix with entries in F such that

+ _ =t - '
¢ = C it for all 7 and j.
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It is not hard to check that H" is an abelian subgroup of U(2t+d,F). If in the elements

of H" we replace the matrix C™ by a matrix C~, of the same dimension, such that

Cii = —Crjiti—it1 for all 7 and j

we obtain another abelian subgroup of U (2t + d,F). We denote it by H ™.
For any matrix A and k > 1 define:

o A = A:

e A% is the matrix obtained from A by fixing all the entries in the first k — 1 rows

equal to zero.

Now, we define a family of subgroups of H and H~. Let k € {1,2,...,t}. We
represent by L; the subgroup of H" formed by the matrices

I, 010
0 |[I;]0
ct® o |1,

Replacing C*+*) by C~®) in the elements of L, we obtain a subgroup of H~ which we
represent by L, .

Let Plk] denote the polynomial ring Flxy, ..., Zyrq, Tevart, - - -, Terark]. We want to
determine the invariant rings P[k]“ and P[k]% for all k. First, we need to see what

happens to the entries of the matrices C™ and C~ when we take different fields.
Lemma 3.8 Consider the matrices CT and C~. Then
1. For F =T, we obtain

° C:t—i—i—l cF, for alli andc;fj eFpifj#t—i+1.

® Coy i1 tCy 1 =0foraliandc; €Fp if j#At—i+1
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2. ForF =F,, we get

° c;fj € F, for all i and j.
o If qis odd then c;y_; .y =0 for all i and if q is even then c;; € Fy for all i
and j.
Proof: All the statements follow from the fact that c;fj = E,jj if and only if
t—i1+1=y j=t—1+1
<~ .
t—j+1=1i i=i
And the same is true if we take C~ instead. [

Proposition 3.9 Let k € {1,...,t}. Then
PIE™ = Flan, ..., evd, Tevdrns - - Terarhots N (@rrain)
where N(xyyqvk) 18 the orbit product of Ty gy and in this variable its degree is:
o PN fF =F,
o ¢ F1fF =F,.

Moreover, in the graded reverse lexicographic order with xiy 4 > --- > x1 this set of

generators for P[k] is a SABGI basis.

Proof: For each k, the group L acts on P[k] in the following way: it fixes z; for all

1<t+4+d+k—1and
t—k+1

+
Titd+k 7 Tiyd+k T E Crj T+
=1

Note that this defines an action of a subgroup L of U(t+d+k, F). Thus P[k]“ = P[k]L.
We will show that the product of the degrees of x1, ..., % g, Tyrarity -« Tordrr—1,
and N (x4 q4x) is equal to the order of L, which is the same as showing that the degree

of N(zyy4.%) equals the order of L. Therefore, applying Theorem 2.5 we will obtain
P[k‘]L = IF[ZUla coo sy T dy T dt-1y -+ + 9 Tid+k—1, N($t+d+k)]-
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First, we consider F = F . Applying Lemma 3.8-1 we can conclude that the order

of L is ¢**=*)*1 By Lemma 2.28-1,

N($t+d+k) = Ft—k,q2 ($t+d+k)q - Ft—k,q2 (xt—k—i—l)q_lﬂ—k,q? ($t+d+k)

and has degree ¢>*"®*! Now, when F = F,, the group L has order ¢'~**! by Lemma
3.8-2. In this case

tkt1
_ +
N(Zirarr) = H Tpyark + E Cr i Tj
+ o+ i—
Ch1Cri—kt+1SFq Jj=1

= Ft*k7q($t+d+k)q - Ft,k,q(xt,kﬂ)q‘lFt,k’q(deM)
and its order is ¢*~**1.

For the second part, we can easily see that in the graded reverse lexicographic order,

with x4 g1 x >+ -+ > x1, the leading monomial of N(xyy4.) is $§l+d+k with d = ¢2(¢=*)+1

fF=Fpord= ¢ "1 if F = F,. In both cases applying Corollary 2.36 we conclude
that {x1,..., Zird, Tevdr1, - - Tovdrk—1, N(Terarr)} is a SAGBI basis for P[k]LZ_ O

We have a similar proposition for the groups L, .
Proposition 3.10 Let k € {1,...,t}. Then

P[l{]L; =F[z1, . Terds Tevarrs - Terdrk—1, NV (Terarn)]
where N(xiyavx) is the orbit product of 1 q4vx and in this variable it has degree:
o PR+l R = F,
o ¢ ifF =T, and q is odd,
t—k+1

e g if F =T, and q is even.

Moreover, in the graded reverse lexicographic order with Ty qix > -+ > 1 this set of

generators for Pk is a SABGI basis.
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Proof: Just as in the proof of Proposition 3.9, the action of L, also defines an action
of a subgroup L of U(t + d + k,F) on P[k] and we just need to show that the degree
of N(xi1q1k) is equal to the order of L.

When F = F, it follows from Lemma 3.8-1 that L has order ¢**=®+1 and from
Lemma 2.28-2 that

N($t+d+k) = Ft—k,q2 ($t+d+k)q + Ft—k:,q2 (xt—k—l—l)q_lFt—k‘,(f ($t+d+k)

(t=k)+1 For F = F,, we just apply Lemma 3.8-2 to obtain that the order

has degree ¢*
of Lis g% if ¢ is odd and ¢'~**! if ¢ is even. In each case, the calculation of N (z; 4%
and its degree is straightforward.

Again, like in the proof of Proposition 3.9, we apply Corollary 2.36 to show that
{Z1, o Tetds Tevdsts - > Tevdrk—1, N (Terarr)} is a SAGBI basis for Plk]b. O

Finally, we can determine a lower bound for the minimal degree in z; 441 of a

polynomial in P[k]”" and also of a polynomial in P[k]”".
Proposition 3.11 Let k € {1,...,t}. Then the minimal degree in Tyyqvk Of:

1. a polynomial in P[k)™" is greater than or equal to

PP F =Fpe
gkt if F =T,

2. a polynomial in P[k]"™ is greater than or equal to

q2(t—k)+1 ifF = qu
g if F=TF, and ¢ odd
t—k+1

q it F =T, and ¢ even

Proof: It follows from Propositions 3.9 and 3.10 that the degree of N(z;;44x) is the
minimal degree in ;445 of a polynomial in P[k]% or P[k]%. Since for each k we
have

PI™ c PI)% and  Pl)" C Pk]™,
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applying Propositions 3.9 and 3.10 completes the proof. [

Remark 3.12 It follows from the proof of Proposition 3.10 that if F = F, with q even
and if all the matrices C™ also satisfy ¢;, ;.4 = 0 for every i, then the orbit product
N(xi1q+k) has degree ¢ in xiqer. In this case the minimal degree in Ty qii of a

polynomial in P[k|"" will be greater than or equal to ¢**.

We finish this section by studying the invariant ring for two different subgroups of

U(n,F). So let

e U, be the set of elements u € U(n,F) such that u(z;) = x; + S 1_| ajrwy, for

1<j<n—1and u(z,) =2, + 31> ar;

e U, be the set of elements u € U(n,Fy) such that u(z;) = z; + > 9_} ajezy, for

1<j<n-—1andu(z,) =x, +br,—1 + Zz;f a;rzy, with b+ b = 0.

Lemma 3.13 Let Uy and Uy be the groups above defined. For each j € {1,...,n} and
k€ {1,2} we have

]F[ZL‘hl’Q, ce ,IL‘j]Uk = ]F[ZEh N(l’g), PN 7N(CL’J)]

where N(z;) is the orbit product of x; fori < j. Furthermore, the degree in x; of N(z;)

is minimal among the elements in Flxy, o, . .. ,a:j]Uk.

Proof: The groups Uy act on Flzy, z9, ..., x,_1] in the same way as U(n—1,FF). Hence,

it follows from Example 2.27 that
Flay, 29, ..., T 1" = Flay, N(23),. .., N(z,_1)].

Now the order of Uy is |U(n — 1,F)|s. We will show that the degree of N(z,) is
equal to s and then we apply Theorem 2.5.
Let r be the number of elements in F. First, we consider the group U;. Therefore

s =r""2. Tt is not hard to see that N(z,) = F,_2,(x,) and consequently its degree is
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2n=2)g which is the degree of N(z,,) according to Lemma

r"~2. For the group Us, s = ¢
2.28-2.

Now, we prove the second part of this Lemma. Note that if we consider for each
1 < j < m+1 the graded reverse lexicographic order with z; > --- > z;, then the
leading monomials of N (x;) are of the form z for all i < j. Applying Corollary 2.36
we conclude that {x1, N(zs),..., N(z;)} is a SAGBI basis for F[zy, zs,...,2;]Y and

so the degree of N(z;) is minimal among the elements of F[zy, zy, ..., z;]V. O

3.2 The Invariant Field of a Sylow p-subgroup of
GU(2m, ¢°)

Let G denote the Sylow p-subgroup of GU(2m, ¢?) given by Proposition 1.24. Also,
recall from Section 2.3 that R[j] = Fp[zy,...,2;] for 1 < j <2m and ¢, is an element
of R[j]% with the smallest degree in x;.

First, we introduce a family of polynomials which we shall prove to be invariants

under the action of G. For k > 1 define
hk = Ak70.
Thus hy = Z;‘Zl(x%mfﬂ»lwi + x?m—i-i—lxg)'

Lemma 3.14 For all k > 1 the polynomials hy, belong to F [V]GUEma®)

2k73<

Proof: From Corollary 3.3 we get hy = P? hi—1) for k > 1, where P s
the ¢?*73-th Steenrod operation. Hence it is enough to prove that h; is an invariant
polynomial.

Take v € V = F ®F,» V, where F 2 is the algebraic closure of Fy2. Thus

m

hi(v) = Z(agm—i+lai + agmip107)
i=1
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m
where v = > (Qom—ir1wi + av;). If we take X = [aq, ..., Qm, Qg - -+, Q)T and

Jor, the matrix given by 1.5, then
hi(v) = XT T X.
Now, let M € GU(2m, ¢*) and Y = M ' X. Then M.h; = h; since
(M.h)(v) = (M) =Y 1o, Y = XT(M DN Jopu M X = X7 5, X = hy(v),

where we have used the definition of GU(2m, ¢?), i.e., MT Jo,, M = Jo,,. [
Let N(x;) be the orbit product of x; under the action of G for all i.

Theorem 3.15 The invariant field F2(V)¢ is generated by the polynomials N(z;),

with 5 =1,...,m+ 1, and the polynomials hy, with k =1,...,m — 1,i.e.,
F (V)Y =Fp(wy, N(za), .o, N(Tmi1), iy e ooy hon1).

Proof: We shall use Theorem 2.23 to get the result. We start by noting that the

matrices F' in the elements of G look like

1 0
c 1

where ¢ is an element in F 2 satisfying c+¢ = 0. Hence G acts on R[m+ 1] in the same
way as the group U, in Lemma 3.13 and so R[j]¢ = R[j]V? for each j € {1,...,m+1}.
It also follows from Lemma 3.13 that N(x;) is an element in R[j]“ of minimal degree
in x;. Therefore, for each j € {1,...,m+ 1} we choose ¢; = N(z;).

Now, if we consider all the elements of G for which A and F are the identity matrices
and B the zero matrix, then we obtain an abelian subgroup H of G whose elements

are
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with S € M(m —1,¢?) such that S+ ST = 0 and J,,,_; is the matrix given by (1.5).
Let C = J,,_1S. Note that the multiplication by J,_; swaps the rows i and
(m—1)—i+1=m—iof S for all i. Thus, since S+ ST = 0 we obtain

Cij = Sm—i,j = —Sjm—i = ~Cm—jm—i-

Now, assume that C'is a (m — 1) x (m — 1) matrix with entries in F,2 such that

Cij = —Clm—1)—j+1,(m—1)—i+1 = —Cm—jm—i-

By taking S = J,,_,C we get
Sij = —Cm—i,j = —Cm—ji = —Sji

and therefore S+S7 = 0. Hence H is the subgroup H~ from Section 3.1 with ¢t = m—1
and d = 2.

Let I € {0,...,m — 2}. Using the results of Section 3.1 we can compute the

polynomials ¢y,,_; in R[2m — []% of minimal degree in x5, ;. Since
R2m — 1) € R2m — )" = Plm — 1 — 1),

applying Proposition 3.11 we obtain that the minimal degree in x4, ; of an element in

R[2m — []¢ is greater than or equal to ¢**!. By Proposition 3.6 this is the degree of

Vi(A10) = ().

Now, if we can show that (ki) € R[2m — []%, then we can take ¢o,,_; = (hy).

Applying Corollary 3.5 and using the definition of h; we get

Ui(h) € Fg (21,01 (z2), ..., i1 (1), hay hay oo Ry, (3.1)

which is a subalgebra of R[2m — I]¢ by Proposition 3.1-2 and Lemma 3.14. it follows
from Theorem 2.23 that

FQQ(V)G = IE‘112(3717 N(x2)a s >N($m+1)7wm—2(hl)7 s 7w1(h1)7 hl)
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Finally, using 3.1 we obtain
Fpe(V)9 =Fp(v1, N(22), o, N(@ms1)s ot -, 1)

and this finishes the proof. [J

3.3 The Invariant Field of a Sylow p-subgroup of
GU(2m +1,¢%)

Let G denote the Sylow p-subgroup of GU(2m + 1, ¢*) given by Proposition 1.25.

We consider the following family of polynomials: for £ > 1 let

hk = Ak,l-

_ m q q q+1
Thus hy = Y0 (25,011 @i + Tomp1—iax]) + 20

Lemma 3.16 For all k > 1 the polynomials hy, belong to F2[V]GUGm+16%),

2k73<

Proof: From Corollary 3.3 we get h, = P? hi—1) for k > 1. Hence it suffices
to prove that h; is invariant. We follow the same steps as in the proof of Lemma 3.14.

Just note that in this case

0 0| Jn
hw)=X"] o ]1|0 |X,
Jn 0] 0
with X = [aq, ..., Qs Qg 1y - -+ Qo) L. O

We denote by N(x;) the orbit product of z; under the action of G for all 1.

Theorem 3.17 The invariant field F2(V)C is generated by the polynomials N(z;),
with 3 =1,...,m+ 1, and the polynomials hy, with k =1,... ,m,i.e.,

F2 (V)Y =Fp (o, N(z2), .o, N(@Tms1), by e ooy hom).

78



Proof: In this case G acts on R[m + 1] like the group U(m + 1,¢?). Therefore, for
each j € {1,...,m+ 1}, the degree in z; of N(x;) € R[j]¢ is minimal and we can take
¢; = N(x;).

If we consider the elements of G for which A is the identity matrix and v is the zero

vector, then we obtain an abelian subgroup H with elements

I, [0] 0
0 [1] 0
J,S 1011, 4

where S € M(m, ¢?) is such that S+ ST = 0. Similarly to what was done in the proof
of Theorem 3.15, we can show that H is the group H~ of Section 3.1 with t = m and
d=1.

Let [ € {0,...,m — 1}. Since

R2m+1-1 c R2m+1 -1 = Plm -1}

and using Proposition 3.11, we can see that the minimal degree in xs,,1_; of a poly-

20+1

nomial in R[2m + 1 — ] is greater than or equal to ¢**!. By Proposition 3.6, this is

the degree of
V(A1) = i(ha).
Now, from Corollary 3.5, Proposition 3.1-2 and the definition of hy it follows that

Yi(h1) € Fge[zr, N(2), ..., N(21), ha, hos - B

Then according to Lemma 3.16 we have v;(h;) € R[2m + 1 —[]¢ and therefore we can

take Gopmi1-1 = Yi(ha).
Finally, applying Theorem 2.23 we conclude that

]qu(V)G == FqQ(I'l, N([Eg)7 ey N(ZL‘m+1>, ]’Lm, ey hl)
and this finishes the proof. [
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3.4 The Invariant Field of a Sylow p-subgroup of

Sp(2m, q)

Let G be the Sylow p-subgroup of Sp(2m, q) given by Proposition 1.27. Now, for each
k>1let
hk = Qk,—l‘

Therefore hy = > " (23, 1% — Tom—i127). The next lemma shows that, in partic-

ular, hj is invariant under the action of G for all k.
Lemma 3.18 For all k > 1 the polynomials hy belong to F,[V]5P2ma),

Proof: By Corollary 3.3, hj, = qufl(hk,l) for £ > 1 and so it is enough to prove that
hy is an invariant polynomial.

LetveV =T, ®r, V', where F, is the algebraic closure of F,. Thus

m

hi(v) = Z(agm—i—Hai — Qgmiy105)
i=1

_\m _ T
where v =) " (om—it1u; + 04v;). If we take X = [aq,. ..,y Qi1 - - Qa5 Tinca

the matrix given by (1.5),

0 0| Jmo1
0 1
J = and Qa,, 1= 0 J 0
-1 0
—Jm—1 0 0

then
hl (U) = XTQQmX.
Let M € Sp(2m,q) and Y = M~'X. Since M satisfies MTQq,,M = Qo,, and
M = M we obtain

(M.hy)(v) = hy(M ™) = XT(M QoM X = XT Q2 X = hy(v),

Hence M.hy = hq, i.e. hy is invariant. [J

Let N(z;) be the orbit product of z; under the action of G for all i.
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Theorem 3.19 The invariant field ¥, (V)¢ is generated by the polynomials N (z;), with

1=1,...,m+ 1, and the polynomials hy, with k=1,...,m — 1,i.e.,
F,(V)¢ =TF,(z1, N(x2), ..., N(@pms1), Py o ooy Bn1)-

Proof: By choosing the elements of G' for which A and F' are the identity matrices

and B is the zero matrix, we obtain an abelian subgroup H of G with elements
In1 |0 0

0 I 0
Jm—ls 0 ]m—l

where S € M(m — 1, q) is such that S — ST = 0. It is easy to check that if C' = J,,, 1S
then ¢; ; = ¢y jm—i. Also if C' is any matrix with entries in I, satisfying ¢; j; = ¢p—jm—i
then S = J,,_,C satisfies S — ST = 0. Hence H is in fact the group H* Section 3.1
witht =m — 1 and d = 2.

Let [ € {0,...,m — 2}. Since

R[2m —1)% c R[2m — ! = Plm — 1 —1)""

the minimal degree in s, ; of a polynomial in R[2m —{]¢ is, according to Proposition
3.11, greater than or equal to ¢'*'. We know from Proposition 3.6 that ¢'*! is actually

the degree of
Yi(1,-1) = Yi(ha).

It follows from Corollary 3.5 and the definition of hj that

Yi(hy) € Flzy, ¥i(x2), - .- i1 (x0), by ha, .o Byl

Therefore, 1;(h;) is an invariant polynomial by Proposition 3.1-2 and Lemma 3.18.
Hence we can take ¢g,,_; = ¥;(hy) for each [ € {0,...,m — 1}.
Finally for each j € {1,...,m+1}, we compute the polynomial ¢;. We note that G

is acting on R[m+1] in the same way as is the group U(m+1,F,). Hence R[j] = R[j]V
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and therefore we can choose ¢; = N(z;). Applying Theorem 2.23 we conclude that
F (V)¢ =Fy(x1, N(22), ..., N(Tms1) s Pams - - -, B1)

and this finishes the proof. []

3.5 The Invariant Field of a Sylow p-subgroup of
O™ (2m,q)

Recall from Section 1.6 the definition O*(2m,q). According to Proposition 1.33 it is

group of invertible matrices that preserve the quadratic form
m
Qv) = Z Q2m—i+10
i=1

with v = Z:ll(alul + a2m—i+lvi)-

Now consider the following family of polynomials: for £ > 1 define
hk = Qk—1,1~

In particular, h; = Z:’il Tom_ir1%;. The next lemma shows that hy is invariant under

the action of OT(2m, q) for all k.
Lemma 3.20 For all k > 1 the polynomials hy, belong to F,[V/]0" (2ma),

Proof: We know from Corollary 3.3 that for & > 1, hy, is the ¢*~2-th Steenrod operation
of hi_1 and therefore we just have to show that h; is invariant. This follows directly
from the definition of the group OT(2m,q). In fact, for v € V we have hi(v) = Q(v)
and so if M € O*(2m, ¢) then

M.hi(v) = hy(M ) = Q(M ) = Q(v) = hi(v).
Hence h; is invariant. [
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We have to consider separately the cases when the characteristic of F, is 2 and
when it is not.

First, assume that the characteristic is not 2 and let G be the Sylow p-subgroup of
O™ (2m, q) given by Proposition 1.35. We represent by N(x;) the orbit product of z;

under the action of G for all 7.

Theorem 3.21 The invariant field F, (V)% is generated by the polynomials N (z;), with

1=1,...,m+ 1, and the polynomials hy, with k=1,...,m — 1,i.e.,
FQ(V)G = FQ($17N<x2)7 s ,N(.’L’erl), h17 ceey hmfl)'

Proof: First let us consider the abelian subgroup H of G obtained by taking the
elements of G for which the matrices A and B are equal to the identity and the zero

matrix, respectively. Thus an element in H is of the form

I | O 0
0 P 0
Jm—ls 0 ]m—l

where S € M(m — 1,q) is such that S+ S = 0. Analogously to what was done in
the proofs of Theorems 3.15 and 3.19, we can easily show that H is the subgroup H~
defined in Section 3.1 with t =m — 1 and d = 2.
Let I € {0,...,m—2}. We proceed analogously to the proof of Theorem 3.19. Note
that
R[2m — 1] ¢ R2m — 1] = Plm — 1 — 1]~

and therefore it follows from Proposition 3.11 that the minimal degree in xs,,_; of a
polynomial in R[2m — []¢ is greater than or equal to ¢'. According to Proposition 3.6

this is the degree of
Vi(Qo,1) = i(ha).
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Now, 9;(hq) is invariant since applying Corollary 3.5, Proposition 3.1-2 and Lemma

3.18 we would get
¢l(h1) S F[Ilv N(x2)7 BRI N(xl)a h17 h?a S hl] - R[2m - ”G

Hence we can take ¢, = ¥;(hy) for each [ € {0,...,m — 1}.

We are now left with the task of determining for each j € {1,...,m + 1}, the
polynomial ¢;. By looking at how G acts on R[m + 1] we can see it is acting in the
same way as the group U; in Lemma 3.13. Hence we can choose ¢; = N(z;) for

j€{l,...,m+ 1}. Applying Theorem 2.23 we conclude that
F,(V)¢ = Fy(z1, N(z3), ..., N(@ms1), hns - - -, 1)

which finishes the proof. [J

Finally, assume that the characteristic of F, is 2 and let G' be the Sylow p-subgroup
of O"(2m, q) given by Proposition 1.36. According to the same proposition G is gen-
erated by the element L given by (1.10) and a group G; with elements

A 0 0
B 1 0
Jm_l(Ail)TS D Jm_l(Ail)TJm_l

where A, B, I and D satisfy the conditions in Proposition 1.35 and S is such that
S+ST = —BTJQB and Sii :bh‘bgi s for i = 1,...,m— 1.

Lemma 3.22 The invariant field for Gy is generated by the polynomials N(x;), with

1=1,...,m+ 1, and the polynomials hy, with k =1,...,m — 1,i.e.,
F, (V)9 = Fy(xy, N(x3), ..., N(@mi1), b1, - Bom1).

Proof: First we would like to note that in the proof of Theorem 3.21 the only time we

made use of the characteristic of F, was when we applied Proposition 3.11.
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If we consider the elements of Gy with A equal to the identity matrix and B the

zero matrix, then we obtain an abelian subgroup H; with elements
I,1 | 0O 0

0 I 0
Jm—IS 0 Im—l

where S € M(m —1,q) is such that S+ ST = 0 and s;; = 0. Hence for C = J,,, 1S we
also have ¢; ,,—; = 0.

Now, we can use Remark 3.12 instead of Proposition 3.11 to obtain the same con-
clusion as in the proof of Theorem 3.21 about the minimal degrees in xs,,_;. The rest

of the proof is similar to the one of Theorem 3.21. [J

Theorem 3.23 Let G be the Sylow p-subgroup of O (2m,q), with q even, given by
Proposition 1.36. Then

IFq(v)G =

F,(x1, N(xa), ..., N(@m-1), N(@m) + N(@ms1), N(@m)N(Tms1), 1y oy Binet)-

Proof: We showed in the proof of Proposition 1.36 that L normalises G;. Hence G,

is a normal subgroup of G and G/G; =< L >. From Remark 2.21 we have
Fo(V)¥ = (Fy(V)5) =
and applying Lemma 3.22 we get
F(V) =Fya1, N(@2), ..., N(@ms1), hay oo hin1) 57
It also follows from Lemma 3.22 that
R :=TF,[z1,N(x3),..., N(@pmt1), b1, .., By

is a polynomial ring. Hence F,(z1, N(22), ..., N(Zms1), P, .-y hn_1)<E> is the fraction

field of R<L>.
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Now, < L > is a group of order 2 and it is not hard to see that it is acting on
R such that it fixes the elements x1, N(z3),..., N(2p_1), b1, ho, ..., hy_1 and swaps
N(zp,) with N(z,11).

It is known that the invariant ring for the symmetric group ¥, acting on F,[X, Y]
by interchanging X with Y is generated by X + Y and XY (see [25] Theorem 1.1.1).

Hence

Ffl<x17N(:C2)7 ooy N(@pg1), b, -ahm*1)<L> -

F,(z1, N(z2),..., N(@m), N(@m) + N(@ms1), N(@m) N (Tmt1), b1y - oo Bun—1)

and this finishes the proof. []

3.6 The Invariant Field of a Sylow p-subgroup of
O~ (2m +2,q)

We saw in Proposition 1.33 that O~ (2m + 2, q) is the group of invertible matrices that

preserve the quadratic form

m

§ 2 2
Q(U) = Qom42—i+10 + O g+ Q1 Q2 + Q0,1 o,
i=1

where we chose a such that the polynomial X? + X + a is irreducible in F,[X] and a
basis for V' such that

m
v = E (Qu; + Qomt2—it10;) + Qpp1W1 + QU paWa.
i=1

Keeping in mind that now n = 2(m + 1), for k£ > 1 define
hy == kal,l

with ¢ = a. Thus hy = > " | Tomio—it1%i + Toy iy + Tmt1Tma2 + a2, . We prove that

hy, is invariant under the action of O~ (2m + 2, q) for all k.
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Lemma 3.24 For all k > 1 the polynomials hy, belong to F,[V]0~ 2m+24),

Proof: We know from Corollary 3.3 that for & > 1, hy, is the ¢*~2-th Steenrod operation
of hy_1 and so we only need to check that h; is invariant. Just as in the proof of Lemma
3.20, this is follows from the definition of O~ (2m + 2,¢). O

Just as in the previous section, we study separately the cases when ¢ is odd and
when it is even. We start with ¢ odd. Let G be the Sylow p-subgroup of O~ (2m+ 2, q)
defined in Proposition 1.37 and N(z;) be the orbit product of z;.

Theorem 3.25 The invariant field F, (V)% is generated by the polynomials N (z;), with

t=1,...,m+ 2, and the polynomials h;, with j =1,...,m,u.e.,
F,(V)¢ =F,(z1, N(x3), ..., N(@mi2), h1s - s hn)-

Proof: If in the proof of Theorem 3.21 we replace m by m + 1 and {2 ; by I'g ;, then
we obtain a proof for this theorem. [J

Now we assume that the characteristic of F, is 2 and we denote by G the Sylow
p-subgroup of O~ (2m + 2,¢) given by Proposition 1.38. Let G be the group whose
elements are of the form

A 0 0
B 1 0
J(ANTS | D | Jn (AT,

with A, B, I and D satisfying the conditions in Proposition 1.37 and S is such that
S+ ST = —BTJ,B and s;; = b3, + by;by; + aby;, for i = 1,...,m. Also, let L; denote

the matrix
Im,l‘ 0 ‘ 0
Li=| o |z5] o
0 | 0| L
1 1
with J) = . Then it follows from Proposition 1.38 that G is generated by
0 1
G1 and L.
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Lemma 3.26 The invariant field for Gy is generated by the polynomials N(x;), with

1=1,...,m+ 2, and the polynomials hy, with k =1,...,m,i.e.,
F,(V)9" = Fy(z1, N(z2), ..., N(Tmya), Py oo, hom).

Proof: If we replace m by m + 1 and use Theorem 3.25 instead of Theorem 3.21
in the proof of Lemma 3.22, the we get a proof for the result here stated. [

Theorem 3.27 Let G be the Sylow p-subgroup of O~ (2m + 2,q), with q even, given
by Proposition 1.38. Then

Fq(V>G =
Fo(z1, N(z2), ..., N(2), N(Zme1)® + N(@0) N (Zmi1)s N (Tma2)s By - ooy Bon)-

Proof: We use similar arguments to those in the proof of Theorem 3.23. Here we can

also prove that

F (V) = (F,(V)&)<br>,
Applying Lemma 3.26 we get
Fo(V) =Fy(21, N(@2), ..., N(Zmsa), by ooy b)) <217,
which is the fraction field of
R = F [zy, N(22), ..., N(Tmia), By - oo B 217

Now, we can easily check that < L; > is a group of order 2 acting on R by fixing
1, N(x2), ..., N(zp), N(xmio), ho, ..., hpmo1 and N(zpi1) — N(zpme1) + N(xp,).
Applying Theorem 2.5 we can prove that the invariant ring of a group of order 2
acting on F,[X, Y] such that it fixes X and maps Y to Y + X is generated by X and
Y? + XY. Hence
Fu(z1, N(z2), ..., N(@pya), by e ooy h) <57 =

Fy(z1, N(z2), ..., N(20), N(@mi1)® + N(@0) N (Zmi1)s N(@mi2)s by - oy han)
and the proof is complete. [J
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3.7 The Invariant Field of a Sylow p-subgroup of
O@2m+1,q)

By Proposition 1.33, O(2m + 1, q) is the group of invertible matrices that preserve the

quadratic form
m

Qv) = Z Q2m4+1—i+10% + 0612%“,
i=1

where we chose a basis for V' such that

m
v = E (04U + Qomto—it10i) + Qg w.
=1

Consider the following family of polynomials: for £ > 1 take
hy, = qu,o-

In particular, h; = 2111 Tp_it1%; + xfn +1- The next lemma shows that all these

polynomials are invariant under the action of O(2m + 1, q).
Lemma 3.28 For all k > 1 the polynomials hy, belong to F,[V]O2m+1a),

Proof: It follows from Corollary 3.3 that h;, = pa! (hg_2) for k > 1. Hence it suffices
to show that h; is an invariant polynomial. Again as in the proof of Lemma 3.20, this
follows from the definition of O(2m +1,¢). O

Now, assume that the characteristic of I, is not 2 and let G be the Sylow p-subgroup
of O(2m + 1, q) given by Proposition 1.39.

Theorem 3.29 The invariant field F, (V)% is generated by the polynomials N (z;), with

t=1,...,m+ 1, and the polynomials hy, with k =1,...,m,i.e.,

F,(V)% =F,(z1, N(x3), ..., N(@ms1), h1s - ooy han)-
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Proof: The proof is analogous, for example, to the proofs of Theorems 3.21 or 3.17.
In the same way we construct an abelian subgroup H of G which we then prove to be
the subgroup H~ of Section 3.1. Therefore Proposition 3.11 tell us that ¢ is a lower
bound for the minimal degree in xy,,1_; of an invariant polynomial in R[2m + 1 —[]¢
for every [ € {0,...,m — 1}. Applying Propositions 3.6, Corollary 3.5, Proposition
3.1-2 and Lemma 3.28 we conclude that

Ui(Too) = u(h) € R2m +1—1]°

with degree ¢! in Tom,41_;.

For each j € {1,...,m+ 1}, and using the same argument as in the proof of 3.21,
we can show that the degree in z; of N(z;) is minimal among the elements of R[j]¢.
Now, applying Theorem 2.23 completes the proof. [

Finally, assume that [F, has characteristic 2 and let G be the Sylow p-subgroup of
O(2m + 1,q) given by Proposition 1.40. The invariant field for G is described in the

next theorem.

Theorem 3.30 The invariant field ¥, (V)¢ is generated by the polynomials N (z;), with

t=1,...,m+ 1, and the polynomials hy, with k =1,...,m,i.e.,
FQ(V)G = F(I(xl? N(xQ)v LRI N('merl); hl: s 7hm)

Proof: The proof is analogous to the proof of Lemma 3.22, but now we should use

Theorem 3.29 instead of Theorem 3.21. O
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Chapter 4

Invariant Rings for Sylow
p-subgroups of some Finite

Classical Groups

In this chapter we construct the generators and relations for the invariant rings for
Sylow p-subgroups of GU(3,¢?), GU(4,q*), Sp(4,q) and O*(4,q) with ¢ odd. Tt is
known that for the Sylow p-subgroups of the general linear groups, the invariant rings
are polynomial. In contrast to this we show that this is not so in the cases above.
We shall prove that these invariant rings are a complete intersection and that their
generators form a SAGBI basis.

It is not straightforward to generalise our results to higher ranks; indeed Magma
calculations show that for the Sylow p-subgroups of Sp(6, ¢) and O* (6, q) with ¢ odd, a
similar construction does not give SAGBI bases. This adds more difficulty in obtaining
results in the general cases and motivates further investigations.

Throughout the chapter we will always consider the graded reverse lexicographic

order on Flxy, ..., z,| with 1 < 9 < --+ < z,,, where n will be 3 or 4. Therefore if
my = 27" x5? - xf and mo = x?lx? . -xfl" are two distinct monomials, M1 <greyier M2
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if and only ifa; +---4+a, <by+---+b,ora;+---+a,=by+---+b, and a; > b;
for the smallest ¢ with a; # b;.

We proceed in the following way: first we take a finite list of invariant polynomials
and then we establish some relations between them. This list will always contain the

generators for the invariant field. Now, using the relations we construct an invariant

dn

n °

polynomial ©, whose leading monomial has the form =
Then, we consider the algebra A generated by some of the polynomials in the list

and ©. We show that A is the invariant ring by proving that:
1. A contains a homogeneous system of parameters;
2. the fraction field of A is the invariant field;

3. A is integrally closed in its field of fractions.

4.1 The Invariant Ring for a Sylow p-subgroup of
GU(3,¢%)

Let G be the group defined in Proposition 1.25. Here m = 1 and therefore we can

easily write the elements of G as

1 0 O
b 1 0
s —b 1

where s,b € F2 are such that bb+ s+ 5 = 0. Hence, G acts on the polynomial ring

F2[z1, 22, x3] in the following way:

T T, To — Xo + bxy, T3 +— X3 — bxry + sxy.
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Clearly z; and the orbit product of xs

N(xzq) = H (x9 4+ bxy) = :Egz - x‘fz_lxg

aquz

are invariant. From Lemma 3.16 it follows that the polynomials
hy = A= a8 ol + xgad,
hy = Aoy =i L xg 1 + xgx({
are invariant under the action of G.
Lemma 4.1 The polynomials x1, N(x3), hy and hy satisfy
N(zp)TH! = h‘{Z —1h 1)hq q+1)(q fl)hl'
Proof: Applying Proposition 3.4-7 we have
Uy (hy) = hq 2 —1h2 . xz(qkl)h? + x§q+l)(q271)h1‘
Since 1y (z1) = 0 and ¥y (z2) = xQ — ] Tl = N(z2) we obtain
N(xQ)q+1 _ h‘fz . :E?Q_lhg . x‘{(q hq q+1)( )h1
and the proof is completed. [J
Lemma 4.2 The polynomial hy can be written as
hy = hT 1 4 210
where © s an invariant polynomial with leading monomial ZL‘gS.
Proof: For simplicity write X = 2% + 29 'z5. Hence hy = 37" + ;X and
ht{Q—qul = (28 + X) = (2% 4 2, X) (2 @’+q 4 2 X 1)1

-1
_ q+1+x X Z (®+q)(g—1—%) Q’Lqu

=0

= q+1+I1X < q‘i‘l'lzl'qurqqll) qi— 1qu>

q—

_ Q+1+x< qX+£E'X+£L'q+1Z (¢®*+q)(g—1—1) (11)qu>
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Hence

-1
2_g+1 3 31 1 Z 2+ 1—1i) 1
h2 — h(f at =T (l’g + ,I‘l] T3 — .132 qX + l’lX + $q+ R qz qu

=1

and since 1, hy and hy are invariant, the polynomial
3 3-1 1 1—- 1
O :=xf +af :Bg—x2 TIX 4 (1 X + 2l E xq+q 47170 it i

is also invariant. O

Let A denote the [ 2-algebra generated by z1, N(z2), hy and O, i.e.,
A= ]FqZ[CUl, N(ZEQ), hl, @]
Obviously, A C Fz[z1, 2, 23]%. Our goal is to prove that A is equal to Fp[z1, zq, 23]°.

Remark 4.3 Let F be a field and consider the graded reverse lexicographic monomial

order on the polynomial ring Flzy, ..., x,| with x, > -+ > ;.

1. Suppose that C' = {f1,..., fm} is a set polynomials such that LM (f;) # LM (f;)
fori# j andlet f —g=>"", fi. Without loss of generality we can assume that
LM(f1) > LM(fs) > --+- > LM(f). Therefore Y ;" f; is a subduction of f —g

over C that terminates at zero.

2. If in a homogeneous polynomial we have two monomials my and my such that
the exponent in x1 is non-zero, then the one with the smallest exponent, in xy, is

the biggest monomial.

Lemma 4.4 The following relation

2

he — N(xQ)QH 2 —1hq —g+1 _ @ Q(q *Dhl + a:qurl)(qu)hl -0 (4.1)

is a subduction ofh‘{Z—N(xg)q*l over {xy, N(xq), h1,0}. Furthermore, {x1, N(x3),h1,0}
is a SAGBI basis for A.
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Proof: According to Lemma 4.2, hy = h‘f_qJ“l + 210. Thus if in Lemma 4.1 we
substitute hy by h‘quH + 210, then we get the relation in the lemma. It follows from
Remark 4.3 that (4.1) is a subduction of hY — N(z)7*! over {x1, N(23), hy, ©}.

It is not hard to check that

3

LM(N(z2)) = 2%, LM(h) =22, and LM(©) =27 .

So let ¢ : F2(tq, ta, t3,ta] — Fp2[z1, 22, 23] be the Fj2-algebra homomorphism defined
by

g+1 3
2

2
ty = xy, torad, tyg—oadt tyead

We will show that the kernel of ¢ is generated as an ideal by the binomial g(t1, o, t3,t4) =
th — 4. We have seen that g(z1, N(x3), k1, 0) = h‘f — N(z2)?™! has a subduction
over {1, N(x3), hi, ©} that terminates at zero. Thus it will follow from Theorem 2.35
that {x1, N(z2), h1,0} is a SAGBI basis for A.

We keep the notation of Section 2.5. According to Corollary 2.39 the kernel of ¢ is
generated by the binomials T — T% where u = ut — u~ is a solution of Bu = 0.

Here the matrix B is

10 0 0
0 ¢* g+1 0
00 0 ¢

and therefore the solution set for Bu = 0 is a vector space W with dimension 1. It is

easy to check that
W = (0,_(]_ ]-7q270) = (070;(]2;0) - (O7q+]-7070)

is a basis for W. Now, aw € Z* if and only if —aq — a and ag¢? are integers. This can

only happen when a € Z. Hence according to Lemma 2.40
™ T = —

generates the kernel of ¢. This finishes the proof. [J

The next lemma will be used throughout this chapter.
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Lemma 4.5 Let {z1, f2,..., fm} be a homogeneous SAGBI basis for a graded subal-
gebra A C Flxyq, ..., x,] using the graded reverse lexicographic order with x, > ... > xy.
If, for all i > 1, x1 does not divide LM (f;), then the ideal (z1)a of A generated by x;

1S prime.

Proof: Let f,g € A such that fg € (z1)a. Since x; generates a prime ideal in
Flxy,...,z,], we can assume without loss of generality that ¢ = x;9; with ¢g; €
Flxy,...,2,]. This means that x; divides the leading monomial of g and therefore
it divides all the other monomials. Hence, at every stage in the subduction of g over
{1, fo, .-+, fm}, T1 wWill be a factor. Since x; does not divide LM(f;) for all i > 1 and
{z1, fo, ..., fm} is @ SAGBI basis for A, we can write g as x1¢’ with ¢’ € A. Thus

g € A and this completes the proof. [

Theorem 4.6 The invariant ring for the Sylow p-subgroup G' of GU (3, ¢%) is generated
by x1, N(x3), hy and O, i.e.,

IE?qQ [xla T2, m3]G = IE?q2 [xla N(mQ)a hl; ®]a
Furthermore, the generators satisfy (4.1).

Proof: Applying Lemma 2.14 we conclude that {z, N(x2), hy, O} contains a homo-

geneous system of parameters for F2[x1, 72, 73]¢. Hence, F 2|21, 2, 3] is integral over
A.
It follows from Theorem 3.17 that

qu (.1’1, Ta, $3)G = Fq2 (.1'1, N([L’Q), hl)

Since

F (21, N(z3), 1) C Quot(A) C Fpe(zy, 29, 73)C,

we conclude that A and Fp[z;, 2o, 23]% have the same fraction field.
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Now, it remains to prove that A is integrally closed. We start by showing that the
localisation A[r]'] is a Unique Factorisation Domain. Since x; is invertible in Az} ],
from (4.1) we get

O € Fpelry, N(x2), bz

Hence

Alzy '] = Fplay, N(xa), b][zy ']

which is a localisation of a polynomial ring and therefore it is a Unique Factorisation
Domain. From Lemmas 4.4 and 4.5 it follows that the ideal of A generated by z; is a
prime. Hence applying Lemma 2.24 we conclude that A is integrally closed and this
finishes the proof. [J

Remark 4.7 We would like to note that {x1, N(x3), h1, N(z3)} also generates the in-
variant ring Fpelz1, xa, x3]%, where N(x3) is the orbit product of x3. Actually it is not
hard to see that © is divisible by x3 and therefore by N(x3). Since they are monic

polynomials of the same degree in x3 we conclude that © = N (x3).

Finally, we show that the invariant ring for GG is a complete intersection. It is
actually an hypersurface.

Consider the polynomial ring F2[X;, X, X3, X4] and the homomorphism
P : FqQ [le X27 X3, X4] — A

defined by
Xi =1, Xor N($2)7 X3z hy, Xy 0.

Lemma 4.8 The kernel of ® is generated by the polynomial

P(Xla X27 X37 X4) =

—XE X, 4 XE - XIT XTI e x 0@ g x D@
Moreover, A is a complete intersection ring.
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Proof: It follows from (4.1) that P(X;, Xs, X3, X4) belongs to the kernel of ®. Note
that P(X1, Xs, X3, X}) is linear in X, and X; is the only irreducible dividing the
coefficient of X,. Since X; does not divide all the other terms in P(X;, Xs, X3, X4)
we conclude that P(Xy, X5, X3, Xy4) is irreducible in Fp2[X5, X5, X3, X4]. Therefore it
generates a prime ideal.

The Krull dimension of A is 3 by Corollary 2.17. Since
]FqQ [X17 X27 X3, X4]/ ker  ~ A,

the kernel of ® will be a prime ideal with height 1. Hence it is generated by P (X7, Xs, X3, X4).
Thus A is a complete intersection ring by definition 2.19. [J

4.2 The Invariant Ring for a Sylow p-subgroup of
GU(4,¢%)

Consider the group G given by Proposition 1.24, which is a Sylow p-subgroup of
GU(4,¢%). Tt is not hard to see that its elements are

1 0 0 0
by 1 0 0
b c 1 0
s —bic—by —b 1

where by, by, ¢, s € Fp2 such that c+¢ =0 and s + 5 = —byby — byby. Hence, the action

of G on Fp[z1, x9, x5, 4] is defined by
® I Xy, Ty > To+ bixy, T3 +— T3+ cxoy + byxy and
o 14— 1y — b1w3 — (b1C + by)xy + 5771

It follows from Lemma 2.28 that the orbit products of x5 and x5 are
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o N(xo) = x32 — x‘f—lxz,

o N(zs) = (2f — 27 123)0 + N(20) L (af — 27 tay),
respectively. Applying Lemma 3.14 we get that the polynomials
o hy = A= airy+ x3xd + xiz + vyl
@ @ ¢ @
o ho = Aoy = a5 29+ 2375 + x4 T1 + 2427 ;
q° q° ¢ q°
o hy=AMA30 =15 29 + 2325 + 5 11 + 2427 ;
are also invariant under the action of G.
Lemma 4.9 We have
2 2
N(wa)N(xs) = hi —af " hy — 2@ Vpg 4 2@y,
and

N(22)N(23)" — N(22)7 TN (23)7 + N(a)? 9N (23)

g — ot g — 2l @CTIRE g Ty,

Proof: This is a consequence of Proposition 3.4 and the definition of ;.

First we note that ¢ (z2) = I§2 —I(iQilIg = N(x9) and if we write X = x?j —x‘f’lx?”

then 1 (x3) = X. Therefore

N(ZL‘Q)N(I‘:;) = N(Zlfg)(Xq + N(sz)q_lX) = N(ZL‘Q)XQ + N(ZL’Q)qX

= 1(x3)"1(22) + P1(23)1(22)? = Y1 (ha)

and according to Proposition 3.4-7

Y1(h) = h(f - w(fQ_lhz - w‘f(qz_l)h‘f + x§q+1)(q2_1)h1,
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Finally, we have

2

N(@o)N(x3)" = N(x9)(XT + N(wg)? T XT) = N(29) X7 + N(ap)? T FIXT,
N(z)T TN (23)7 = N(z2)T THXT 4 N(ap)" X,

N(z)T N (z5) = N(zo)? 9 X9+ N(25)" X
and therefore

N(22)N(23)" — N(22)” TN (23)7 4+ N ()% 9 N(z5) =

N(22)XT + N(29)" X = 1y (hs).
From Proposition 3.4-8 we get
Wi(ha) = hg —af " hy —af TR 4 {7V,

This completes the proof. [
If we consider the modulo z; reductions of N(xg), N(x3),h1,he and hg, then we

obtain polynomials

2 eea—— 3 3_.2 2 —_—
flizN(%) = 9537 f2::N(x3):x‘§ +$g ql'g, f31:h1:1’§l’2+$39€g

_ 3 3 — 5 5
fo = ho=ad xo+x3xd and f5:=hy =2} 9+ x32d

in Fp2[xo, x3]. We consider the graded reverse lexicographic order on F 2 [xs, z3] with

To < I3.

Lemma 4.10 The set of polynomials { f1, f2, f3, fa} is a SAGBI basis for F2[f1, f2, f3, f4]

and the polynomial fs has a subduction over { fi, fa, f3, f1} that terminates at zero.

Proof: Let A denote the algebra Fp(fi1, fo, f3, fa] and C = {f1, f2, f3, fa}.
We proceed as in Lemma 4.4 and Example 2.42 to show that C' is a SAGBI basis

for A. Here the leading monomials are
2 3 3
LM(f))=2a%, LM(fs)=2a%, LM(fs)=axlre, and LM(fy) =i xs
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Thus the F2-algebra homomorphism ¢ : F2[ty, to, 5, t4] — F2[z2, 23] is defined by
2 3 3
ty—as, =l tze adry, ty— 2l

and the corresponding matrix B is

The solution set for Bu = 0 is a vector space W with dimension 2 and we can easily

check that

w1 = <_17 _1;(]2;0) = (ananaO) - (17 17()’0)

Wy = <_17 _q2707q2) = (07070;(]2) - (1,(]2,070)

form a basis for W. As in Example 2.42 we can show that Hypothesis A holds for

the basis {wy, ws}. Hence
2 2 2
G1(t1, ta, ts, ta) =15 — tity and go(ty, to, t3,ta) =t — t1t]

generate the ker ¢ by Proposition 2.41.
According to Theorem 2.35 we should check if

G1(f1, fos oo fa) = & = fifo and go(fr, for f, f2) = T = fufE

have a subduction over C that terminates at a constant. It follows from Lemma 4.9

that

1§ = hif2=0 (42)

A Y A i £ N F ) () (4.3)

Applying Remark 4.3 we conclude that (4.2) and (4.3) are a subduction over C' of
91(f1, f2, f3, f1) and ga(f1, f2, f3, f1), respectively. Hence C' is a SAGBI basis for A.
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Finally, to prove that the polynomial f5 has a subduction over { fi, fa, f3, f1} termi-

nating at zero, it is enough to show that f5 € A. A straightforward calculation shows

that
q q q
f3 f3 T3 Ty 7
> _ ¢ T2 T
Ji J3 — | T3 T2 2
I3 T
2 5 5 3
q q q
Is fi T3 Tg
Thus if we take
2 o et
xl 2l |ey 2l Ty Xl
L q2+1 q _ 3 2 2 2 _ 2 2
f = f3 - f4f3 - 3 3 2| — T 2
q q q q
and ,
@ P q? 2| i
L q2+1 q2 o .T3 ./L‘Q T2 .TQ o ) .ZUQ
g = Js _f3 f5_ e @ ¢ - e

we obtain 0 = f7~4t1 — g. Therefore

2 241 3_g24 2_g4+1 2_
ffs =0 = f5 70T = )T

From (4.2) and (4.3) we conclude that ffis divisible by f§2. Hence f5 € A and this
finishes the proof. [J
Let P(Xj, Xs, X3, X4) be the polynomial obtained in the subduction of f5 over

{f1, fo, f3, fu}, 1e., fs = P(f1, f2, f3, fa).

Note that hy = fs4z1 (2?4279 "24) and hy = f4+931(a:f{3 +93‘f3_1

x4). Thus, since the
variable x4 does not appear in N(x2) and N(z3) we can conclude that the monomial

xlxzs will not occur in P(N(x3), N(x3), h1, hs). Hence we get
hy = fs +ai(x) + a2t 'ay) = P(N(22), N(23), hi, he) + 1,0,

with

5 5_1
©:=af +a2f xg+---

an invariant polynomial under the action of G.
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Let A be the [F 2-algebra generated by the polynomials z1, N(z2), N(x3), hy, he and
©. We shall prove that A is the invariant ring for the Sylow p-subgroup of GU (4, ¢?).

Lemma 4.11 The following relations

2

BT — N(wo)N(zg) — 20 " hy — 1@ " VRT 4 g0D@ Vg, — g (4.4)
and

e — N(23)N(23)" + N(22)” T N (25)7 — N(29)" 0 N (x5)

— 207 P(N(xy), N(x3), by, hy) — 21 © (4.5)

xff(q?—l)ht{z + $§q3+1)(q2—1)h2 -0
are a subduction over {x1, N(xz2), N(x3), h1, ha, O} of h‘f — N(z3)N(z3) and
th—N(xg)N(xg)q2,respectz'vely. Furthermore, {1, N(x3), N(x3), h1, hy, O} is a SAGBI
basis for A.

Proof: Since P(fi, fo, f3, f1) is a subduction of f5 over {f1, fo, f3, f+} and h3 = f5 +
xl(a:f + $‘f5_1x4) = P(N(z2), N(x3), h1, ha) + 210 we see that

28 T P(N(z2), N(23), by, ha) + 27 ©

is a subduction of x‘f_lhg over {z1, N(x2), N(x3), h1,he,0}. Applying Remark 4.3
we conclude that (4.4) and (4.5) are a subduction over {1, N(x2), N(z3), h1, he, ©} of
h‘{z — N(x2)N(x3) and th — N(22)N(z5)7, respectively.

The I 2-algebra homomorphism ¢ : Fp2[t, ta, €3, 14, t5, ts] — Fpe[z1, 22, 23,24 is
then defined by

2 3 3 5
ty = @y, by = 2ty o x| by 2hxs, ts T 1o, te — 2

and the matrix B is
0O 0 0 0 O

¢ 0 1 1 0



Analogously to what was done in the proof Lemma 4.10, we can show that the vectors
Wi = (07_17_17q27070) = (0,0,0,(]2,0,0) - (071a1707070)
Wo = (07 _17 _q27 07 q27 0) = (07 07 07 07 q27 0) - (07 17 q27 07 07 0)
form a basis for the solution set of Bu = 0 and that
2
gl(t17t27t3>t47t57t6) = tZ _t2t37
2
Ga(ti, ta, ts, by, ts,t6) = 15 — tot3
generate ker ¢. In the beginning of the proof we proved that

h(fQ—N(IQ)N(%) = gi1(z1, N(z2), N(x3), ha, hs, O),

2

th — N(z2)N(x3)" = ga(x1, N(22), N(23), h1, ho, ©)

have a subduction over {z1, N(z2), N(x3),hi, he,©} that terminates at zero. This
finishes the proof. [J

Theorem 4.12 The invariant ring for the Sylow p-subgroup G of GU(4,¢*) is gener-
ated by x1, N(x2), N(x3), h1, hy and ©, i.e.,

IFq2 [1'17 Ta, T3, xédG = ]qu [xh N<x2)a N(I3)7 h17 h27 @]a
Furthermore, the generators satisfy the relations (4.4) and (4.5).

Proof: Since {x;, N(z3), N(x3),0} is a homogeneous system of parameters for
F2[x1, T2, 3, 4] by Lemma 2.14, the polynomial ring F 2 [z, 72, 73, 74 is integral over
A.

According to Theorem 3.15 we have
qu (131, T2, T3, 1'4>G = FqQ (Il, N(.’L’Q), N(Ig,), h1>

Since

F2(x1, N(z2), N(z3), k1) C Quot(A) C Fq2($1,$2,$3,$4)G,
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we conclude that Quot(A) is equal to F2(zy, 22, 23, 24)C.
Finally, we show that A is integrally closed. Consider the ring A[z]']. Since x; is

invertible in A[x]'], it follows from (4.4) and (4.5) that
ha, © € Fpa[z1, N(z9), hyl[z7].

Hence

Alzy '] = Fpelay, N(x3), N(xs), hy][z; ']

which is the localisation of a polynomial ring and therefore a Unique Factorisation
Domain. Applying Lemmas 4.11 and 4.5 we conclude that the ideal of A generated by
x1 is prime. Hence A is integrally closed by Lemma 2.24. []

Remark 4.13 We would like to note that C = {x1, N(x2), h1, he, N(x4)} is also a
generating set for the invariant ring F [z, 2, z3, 14)%, where N(x4) is the orbit product
of x4. In fact, it is not hard to see that N(x4) € A has the same leading monomial as
© and therefore C is a SAGBI basis for A = F gz, 29, 23, 24]¢. Hence C is also a

generating set for A.

We finish this section by showing that the invariant ring for G is a complete intersec-

tion. Consider the polynomial ring F2[ X, Xo, X3, X4, Z1, Z5] and the homomorphism
O Fp[Xy, Xo, X5, Xy, Z1,2Z5] — A
defined by
Xj — x1, Xo— N(xg), X3+— N(x3), X4 — O, Z1 — hy, Zy — ha.
Lemma 4.14 The kernel of ® is generated by the polynomials

PI(X17X27X37X47 Zl) ZQ) =

20— Xo Xy — XC7' 2, — X1@CV g0 4yl D@1 7
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and

Po(X1, Xo, X3, Xa, 21, Zo) 1= 28 — XoXT + X$-0HIX9 — xg' -t x,

— XCTUP(Xy, Xy, 2y, 7o) — XE X, — XP @8 4 x (@@ g,

where the polynomial P is such that hs = P(N(x3), N(x3), h1, hs) + 210. Moreover, A

15 a complete intersection.

Proof: Let R :=F2[Xy, Xo, X3, X4, Z1, Z3]. Applying Corollary 2.17 we conclude that

the Krull dimension of A is 4. Since
R/ker® ~ A

the kernel of ® is a prime ideal of height 2.

From (4.4) and (4.5) we see that P, and P, are elements in the kernel of ®. We
shall prove that P;, P, is a regular sequence in R and that the ideal I = (P, P,) is
prime. Then it will follow that I has height 2 and therefore ker ® = I.

Obviously R/(X7) is an integral domain. The modulo X; reductions of P; and P,
are

P, = 7' - X,X; and

—n2 - 2 - 3_ 2 - — 3 _
P, = Z8 —X,X% 4 x4ty _xroen

737

respectively. Hence P; is not a zero-divisor in R/(X;). Also since P; is linear in X3
and X, does not divide 7‘{2 we conclude that P, is irreducible in R/(X;). Therefore
R/(X1,P)) = (R/(X1))/(P;) is an integral domain. It is easy to check that P, is
not a zero divisor in (R/(X;))/(P1). Hence Xi, P;, P, is a regular sequence in R and
since they are homogeneous polynomials, Py, P,, X is also a regular sequence. Then it
follows that, in particular, Py, P, is a regular sequence and that R/(P;, P,) is embedded
into R/(Py, P,)[X;']. Now, using P, and P, we can eliminate Z, and X, respectively.
Hence

R/(P1, Py)[X[ "] = Fe[X1, Xo, X3, Z1][ X 1]
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which is of Krull dimension greater than or equal to 4 and therefore equal to 4. Hence
R/(Py, Py)[X[!] is the localisation of a polynomial ring, thus a domain. Therefore
(P, P,) is a prime ideal.

Finally, A is a complete intersection by Definition 2.19. [J

4.3 The Invariant Ring for a Sylow p-subgroup of

Sp(4,q)

Consider the group G given by Proposition 1.27, which is a Sylow p-subgroup of
Sp(4,q). It is not hard to see that its elements are

1 0 0 0
by 1 0 0
bQ C 1 0

s —bic+by —b 1

with by, b9, ¢, s € F,. Therefore, G acts on [z, x2, x3, 24] by

® I — X1, Ty Tog+ bixy, T3 — T3+ cxo + byxy and

o 1y — xy —bixz+ (—bic+ by)xs + s71.

The orbit products of x5 and x3 are

o N(zy)=al— a9 ay;

o N(zg) = (2§ — af "w5)? — N(w)" (2§ — 2] "y);
respectively. By Lemma 3.18 the polynomials

o hy =01 =aley — x30d + xfw — x42];
e hy =y 1 = :1:%2:1:2 — :)331‘%2 + {EZQ{M - x4$‘f2;
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3 3 3 3
o hy =031 =a vy —w32d + 2 11 — xg2]

are invariant.

Lemma 4.15 The polynomials x1, N(x3), N(x3), h1, hy and hs satisfy

N(ZEQ)N(Z‘g) = h({ — JZ({_th + m‘f(q_l)hl

and

N(22)N(23)7 + N (22)” "N (w3) = hg — 29 hg = af T Vh 4 2{0 D0,

Proof: Similar calculations to the ones in the proof of Lemma 4.9.
Here we have 9 (z2) = 23 — 297 2y = N(z5) and X := oy (z3) = 21 — 27 "5, Thus

N(z2)N(23) = N(22)(X? — N(22)7 ' X) = N(22) X7 — N(22)?X = ¢1(hy)

and we just need to apply Proposition 3.4-3 to determine ¢ (hy).

Now, we have

N(22)N(z3) = N(z2)(XT — N(22)7 79X9) = N(22) X" — N(zo)? 01X,
N(z)T N (z5) = N(zg)” 9 X9 — N(25)" X.
Therefore

N(22)N (23)7 + N(22)" 1T N (w3) = 1 (ho)

and the result follows again from Proposition 3.4-3. This completes the proof. [J

Just as in the previous section, if we consider the modulo x; reductions of the

polynomials x1, N(z3), N(x3), h1, he and hs we obtain polynomials

_— 2 2 —
N(zy) = 23, fo:=N(x3)=af —ad 2l fy:=h) = zlry — x32d

_ 3 3
and  f5:= hy = 23 29 — 323

which we can think as being elements in F [z, 23]. Also, we consider the graded reverse

lexicographic order on F,[xq, x3] with x5 < z3.
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Lemma 4.16 The set of polynomials { f1, f2, f3, fa} is a SAGBI basis forF,[f1, f2, f3, fi]

and the polynomial fs has a subduction over {f1, fa, f3, f1} that terminates at zero.

Proof: The proof is analogous to the proof of Lemma 4.10. Let A denote the algebra

FQ[fb f27 f37 f4] and C = {fl; f27f37 f4}
Here the F,-algebra homomorphism ¢ : F,[t1, t2, 3, t4] — F,[z1, x2] is defined by

2 2
th—as toad )ty alng,  ty a2l a

and the corresponding matrix B is

The set of solutions for Bu = 0 is a vector space W with dimension 2, for which the

vectors

W = (_17_]-7q70) - (0707QJ0)_(1717070>

Wy = (_17 _Q707q) = (070707 Q> - (17q707 O)

form a basis. As in Example 2.42 we can show that Hypothesis A is satisfied by

{w1, wy}. Hence
g1(t1,ta, t3,tg) = tg —tity  go(t1,ta,t3,ty) = tZ — tltg
generate ker ¢ by Proposition 2.41. Now, it follows from Lemma 4.15 that
Ji—fif2=0 (4.6)
f= = =0, (4.7)

Applying Remark 4.3 we obtain that (4.6) and (4.7) are a subduction over C of
91(f1, fo, f3, fa) and ga(f1, fa, f3, f4), respectively. Hence C' is a SAGBI basis for A
by Theorem 2.35.
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Finally, we show that f; € A. It is easy to check that

2 2
q q q q
- 3 3
q q q q
5 fi Ty T —r3 —xj
Therefore
2
@ q q]? i
4 - f3 f5 - e @ q - q I3
and we obtain
fo _ pqtl ?+1
3J5 = J4 3 -

From (4.6) and (4.7) we conclude that f{ is divisible by ff. Hence f5 € A and this
finishes the proof. [
Let P(X;, X2, X3, X4) denote the polynomial obtained in the subduction of f5 over

{f1, fa, f3, fa}, ie, fs = P(fu, fa, f3, f)- Since hy = fa+ a1 (2§ — 2 ws), by = f4 +
xl(x?f - x({z_lm) and x4 does not appear in N(z3) and N(z3), we conclude that the

monomial xle will not occur in P(N(xz3), N(x3), h1, he). Hence we obtain
h3 = f5 + xl(xjg - $?3_1$4) = P(N((L’Q), N(l’g), hl, hg) + 1‘1@,

where

3 371
©:=uzf —af wg+---

is an invariant polynomial under the action of G.

Now, let A be the F,-algebra generated by the polynomials x;, N(x2), N(x3), h,
hy and ©. We shall prove that A is the invariant ring for the Sylow p-subgroup of
Sp(4,q)-

Lemma 4.17 The following relations

h! — N(2z)N(x3) — 29 hy + 27 Vhy =0 (4.8)
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and

hg — N(IQ)N(ZLB)(I — N(Ig)qQ_q+1N(ZE3) - JZ({_IP(N(IQ), N(ZL’g), hl, hg) - I({@
21O IRE 4 @, — g (4.9)
are a subduction over {x1, N(xs), N(x3), h1, he, O} of h{ — N(z3)N(x3) and

hd—N(x2)N(x3)?, respectively. Furthermore, {x1, N(xs), N(x3), h1, he, O} is a SAGBI

a basis for A.

Proof: The proof is analogous to the one of Lemma 4.11. Here we get that
2§ ' P(N(x3), N(x3), h1, he) + 21O

is a subduction of 9 'hs over {1, N(z2), N(xs), by, hs, ©}. Applying Remark 4.3 to
(4.6) and (4.7) we finish the first part of the proof.

Now the F,-algebra homomorphism ¢ : F,[t1, to, t3, ta, ts, ts] — Fylr1, 2, 23, 24] is
defined by

q ¢ q ' q
b1 =y, ta = Xy, I3+ T3 , by > X3X9, t5 +— T3 Xo, tg — Ty .

Then the matrix B is

10000 0
0¢g 01 1 0
00 ¢ qq¢ 0
00000 ¢

Analogously to what was done in the proof Lemma 4.10 we can show that the vectors
w; = (0,—1,-1,¢,0,0) =(0,0,0,¢4,0,0) — (0,1,1,0,0,0)
wy = (0,—1,—¢,0,¢,0) =(0,0,0,0,¢,0) — (0,1, ¢,0,0,0)
form a basis for the solution set of Bu = 0 and that
gi(ti, ta, 3, e, ts, t) = 1] — tats,
g2(tr o, ts, ta, b5, 1) = 15 — bt
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generate ker ¢. Since

h? - N($2)N(I3) = gl(xl, N(@), N(ﬁs), ha, ha, @)7
hg - N(x2>N<.T3)q = g?(xla N<x2)a N(l’g), h17 h27 6)

have a subduction over {x1, N(z3), N(x3), h1, ho, O} that terminates at zero, the proof

is finished. O

Theorem 4.18 The invariant ring for the Sylow p-subgroup G' of Sp(4, q) is generated
by x1, N(x2), N(x3), h1, hy and ©, i.e.,

Fylz1, w2, 73, xdG = Fy[x1, N(22), N(23), h1, ha, O],
Furthermore, the generators satisfy the relations (4.8) and (4.9).

Proof: The proof is analogous to the one of Theorem 4.12. [J

Remark 4.19 The argument in Remark 4.13 can also be used here to show that
{x1, N(z3), hy, ho, N(z4)} is also a generating set for the invariant ring F, [z, z9, 23, 24]°,

where N(xy) is the orbit product of 4.

Finally, we will show that the invariant ring for G is a complete intersection. We

consider the polynomial ring F [ X7, Xs, X3, X4, Z1, Z5] and the homomorphism
O F, Xy, Xo, X5, X4, Z1, 2] — A
defined by
Xy — x1, Xo— N(xg), X3+ N(x3), X4 — O, Z1 — hy, Zy — ha.
Lemma 4.20 The kernel of ® is generated by the polynomials

Py(X1, Xo, X3, X4, 21, Z) 1= 29 — Xo X3 — X371 7, + X207V 7,
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and

Po(X1, Xo, X3, Xa, 70, 7o) i= 28 — Xo X3 — XT X, — XI7VP(Xy, X3, 20, Z)

— XIX, - XiIQ(qfl)Zlq + X1(q2+1)(q71)22

where the polynomial P is such that hy = P(N(x3), N(x3), h1, ha) + £10. Moreover, A

15 a complete intersection ring.

Proof: The proof is analogous to the one of Lemma 4.14. [

4.4 The Invariant Ring of a Sylow p-subgroup of
O*(4,q), with ¢ odd

Consider the group G given by Proposition 1.27, which is a Sylow p-subgroup of
O%(4,q) for q odd. Tt is not hard to see that its elements are

1 0 0 O
by 1 0 O
by 0 1 0
—biby —by —0D; 1

with by, by € F,. Therefore, G acts on Fy[xq, 2, 23, 4] by
® I — X1, Ty To+ bixy, T3 — T3+ oy and
® Tyt x4 — bixs — boxg — b1baxy.

It is not hard to see that the orbit products of x5 and x3 are
o N(zy)=al— a9 "ay;

o N(z3) = a — 29,
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respectively. By Lemma 3.20 the polynomials

o hy = Qo1 = 2379 + T471;

o hyo =0y = xixe + w3xd + vizy + v4ad;

o hy =y = x§2x2 + x3x32 + xffxl + mx‘fz
are also invariant.
Lemma 4.21 The polynomials x1, N(x3), N(x3), h1, ho and hs satisfy

N(x3)N(xs5) = hY — 29 hy + 229 %hy
and
N(22)N(23) + N(22)"N (23) = h — 29 hy — 2219 Vpd 4 2@ D,

Proof: We can easily see that i;(x2) = N(x2) and ¢;(z3) = N(z3). Hence we get
Y1(h1) = N(w2)N(z3) and ¢1(ha) = N(x2)N(x3)? + N(22)?N(x3). Now applying
Proposition 3.4-1 and 2 we finish the proof. [

Again we consider the modulo z; reductions of the polynomials z1, N(z3), N(x3),

hy, he and hz. Thus we obtain polynomials

fi=N(z) = 2%  fo:=N(z3) =2, f3:=h) =319,

— — 2
fo = ho=adro+ a2l  and  f5:=hsy = 2 19 + 232

belonging to [F,[z2, z3]. Once more we consider the graded reverse lexicographic order

on Fy[zy, 3] with zo < 3.

Lemma 4.22 The set of polynomials { f1, f2, fs, fa} is a SAGBI basis forFy[f1, f2, f3, fi]

and the polynomial fs has a subduction over {fi, fa, f3, f4} that terminates at zero.
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Proof: The proof is analogous to the proof of Lemma 4.10. Let A denote the algebra

Folfis fo, f3, fa] and C = {f1, fo, f3, fa}-
Now the F,-algebra homomorphism ¢ : [F[t1, ta, t3, t4] — Fy[x1, 2] is defined by

by =28, torad b3 xgma, by — xlas.

The matrix B is
g 0 1 1

0 g 1 ¢

and the solution set for Bu = 0 is a 2-dimensional vector space W for which the vectors
w; = (—1,—-1,¢,0)=(0,0,¢,0) — (1,1,0,0)

Wy = (_17 _Q707q) = (anaoa Q) - (1,(],0, O)

form a basis. Just as we did in Example 2.42, we can show that Hypothesis A is

satisfied by {wy, wy}. Hence
gi(ty,ta,t3,ts) =15 —tity, and  go(t1,to, t3,14) = t§ — t113
generate ker ¢ by Proposition 2.41. It follows from Lemma 4.21 that

fi—=hf=0 (4.10)
fi—=Tufs = fif2=0. (4.11)

Applying Remark 4.3 we conclude that (4.10) and (4.10) are a subduction over C' of
91(f1, f2, f3, fa) and go(f1, fo, f3, f1), respectively. Hence C'is a SAGBI basis for A by
Theorem 2.35.

Now we show that f5; € A. A straightforward calculation shows that

2fs  fa T3 T .
a | q q T2 T
Ja 2[5 T3 Tg q
2 2 xr3 Ty

s fl x5 T
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Thus if we take

f L 4fq+1 B f2 B T3 T2| T2 .Z'2 _ ) ZL‘2
T 3 4 q q q n q
and
q+1
q q q q
o=t —2fin=| L ol =17

g+1

we obtain 0 = f 2 + (—1)%g and therefore

g+1 g+1 g+1

2(-1)"% fifs= (-1 I — @ -

From (4.10) and (4.11) we conclude that f{ is divisible by fi. Hence f5 € A and this
finishes the proof. [J
We denote by P(X7, X5, X3, X,) the polynomial obtained from the subduction of

fs over { f1, fa, f3, fa}, Le, f5 = P(f1, fa, f3, fa). Since hy = fa+x124, ho = fa+x1 (2] +
297 '24) and 2, does not appear in the polynomials N(z;) and N (z3), we conclude that

the monomial xle will not occur in P(N(x3), N(x3), h1, he). Therefore we obtain
hs = fs+21(2] +af 'as) = P(N(22), N(w3), ha, hs) + 216,

where

2 2_1
©:=ua] +af x4+

is an invariant polynomial under the action of G.

Let A be the F,-algebra generated by the polynomials z1, N(z2), N(x3), h1, he and
©. We will prove that A is the invariant ring for the Sylow p-subgroup of O (4, ¢) with
q odd.

Lemma 4.23 The following relations
hd — N(x3)N(23) — 28 hy + 277 %hy = 0 (4.12)
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and

hg — N(ZEQ)N(ZL’g)q — N(Q?Q)QN(ZL'g) - Ig_lp(N(l‘Q), N(ZL’g), hl, hg) — l'({@
20§V 4 TV py = 0 (4.13)
are a subduction over {x1, N(x32), N(x3), h1,ha, O} of h{ — N(x2)N(z3) and

hi—N(z3)N(x3)?, respectively. Furthermore, {x1, N(x2), N(x3), h1, he, O} is a SAGBI
a basis for A.

Proof: The proof is analogous to the ones of Lemmas 4.11 and 4.17. Here the F,-
algebra homomorphism ¢ : F,[t1, ta, t3, ta, t5, t6] — Fy[x1, X2, x324] is defined by

2
t1 = x, ty = 2, ty o 2, ty o 2320, t5 o 24T, e 2]

Then we can prove that

w; = (0,—1,-1,¢,0,0) = (0,0,0,¢,0,0) —(0,1,1,0,0,0)

Wy = (07 _17 _qa()a(I)O) - (07070707q7 0) - (07 17q707070)

form a basis for the solution set of Bu = 0, where

10 000 O

0 01 1 0
B= I

0 0g1l1gqg O

00000 ¢

Since

h? - N($2)N($3) = 91(1’17 N(I2)> N(l’s); ha, ha, @)7
hg — N(z2)N(z3)? = ga(x1, N(x2), N(x3), h1, he, ©)

have a subduction over {x1, N(x3), N(x3), h1, he, O} that terminates at zero, we con-

clude that {z;, N(z3), N(x3), h1, ho, O} is a SAGBI basis for A. O
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Theorem 4.24 The invariant ring for the Sylow p-subgroup G of O* (4, q) is generated
by x1, N(x3), N(x3), h1, hy and ©, i.e.,

Fylz1, 22, 73, $4}G = Fy[z1, N(22), N(x3), b1, ho, O],
Furthermore, the generators satisfy the relations (4.12) and (4.13).
Proof: The proof is analogous to the one of Theorem 4.12. [J

Remark 4.25 Just as in the previous sections, we can show that {zy, N(xs), h1, ho, N(x4)}
is a also generating set for the invariant ring B[y, xo, 3, 14)%, where N(x4) is the orbit

product of x4. The same reasoning as in Remark 4.13 suffices.

We can also show that the invariant ring for GG is a complete intersection. Let us

consider the polynomial ring F [ X1, Xo, X3, X4, Z1, Z5] and the homomorphism
O :F,[Xy, Xo, X5, X4, 21, Z5) — A
defined by
Xy — x1, Xo— N(xg), X3+— N(x3), X4— O, Z1 — hy, Zy — ha.
Lemma 4.26 The kernel of ® is generated by the polynomials
Pi(X1, Xo, X3, Xy, Z1, Z) = 29 — Xo X5 — X' Z, + X227,
and

Py(X1, Xy, Xy, Xy, 71, Zo) i= 73 — Xo X§ — X§ X3 — X1 P(Xa, X3, Z1, Z5)

— XIX, —o2xfeze g xleteh 7,

where the polynomial P is such that h3 = P(N(x3), N(x3), h1, ha) + 210. Moreover, A

15 a complete intersection ring.
Proof: The proof is analogous to the one of Lemma 4.14. [J
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