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Non-autonomous periodic systems with Allee effects
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A new class of maps called unimodal Allee maps are introduced. Such maps arise in the
study of population dynamics in which the population goes extinct if its size falls below
a threshold value. A unimodal Allee map is thus a unimodal map with three fixed
points, a zero fixed point, a small positive fixed point, called threshold point, and a
bigger positive fixed point, called the carrying capacity. In this paper, the properties
and stability of the three fixed points are studied in the setting of non-autonomous
periodic dynamical systems or difference equations. Finally, we investigate the
bifurcation of periodic systems/difference equations when the system consists of two
unimodal Allee maps.

Keywords: unimodal Allee maps; threshold point; carrying capacity; composition
map; stability; bifurcation

1. Introduction

The Allee effect is a phenomenon in population dynamics attributed to the biologist Allee

[1]. Allee proposed that the per capita birth rate declines at low density or population sizes.

In the languages of dynamical systems or difference equations, a map representing the

Allee effect must have three fixed points, an asymptotically stable zero fixed point, a small

unstable fixed point, called the threshold point, and a bigger positive fixed point, called the

carrying capacity, which is asymptotically stable at least for smaller values of the

parameters.

Recently, there has been a surge in research activities on models with Allee effect and

a publication of a book dedicated solely to this phenomenon [5].

Some of the relevant work may be found in Allen et al. [2], Cushing [6], Dennis [7], Li

et al. [14], Luı́s et al. [15], Yakubu [17,18], Sacker and Elaydi [19], Schreiber [21] and

Sophia and Jang [23].

Our main interest in this paper is to study non-autonomous periodic difference

equations/discrete dynamical systems in which the maps of the system are unimodal Allee

maps. Such systems model population with fluctuating habitat, and they are commonly

called periodically forced systems.
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2. Preliminaries

Consider the set F ¼ {f 0; f 1; . . . ; f p21} of continuous maps on I ¼ ½0; b�, where b # 1.

The set F generates the non-autonomous p-periodic difference equation

xnþ1 ¼ f nðxnÞ; n [ Zþ; ð1Þ

where Zþ U {0; 1; 2; 3; . . . } and f nþp ¼ f n; ; n [ Zþ. Here, the orbit of a point x0 is

generated by the composition of the sequence of maps {f n}. Explicitly,

Oðx0Þ ¼ {x0; f 0ðx0Þ; f 1ðf 0ðx0ÞÞ; f 2ðf 1ðf 0ðx0ÞÞÞ; . . . } ¼ {x0; x1; x2; . . . }:

Though the non-autonomous periodic difference equation (1) does not generate a

discrete dynamical system [9], one may speak about the non-autonomous p-periodic

dynamical system F. One of the most effective ways of converting the non-autonomous

difference equation (1) into a genuine discrete dynamical system is the construction of the

associated skew-product system as described in a recent paper by Elaydi and Sacker [10].

It is noteworthy to mention that this idea was originally used to study non-autonomous

differential equations by Sacker and Sell [20]. However, since the focus here will be on the

case whenF consists of two maps, we will not utilize the skew-product construction as it is

more appropriate for more complicated setting.

We now present few basic definitions that will be used in the sequel.

Definition 2.1. A point x* is a fixed point of equation (1) or the systems F if f nðx*Þ ¼ x *

for all n [ Zþ. In other words, x* is a fixed point of all the maps in F.

Definition 2.2. Let Cr ¼ {x0; x1; . . . ; xr21} be an ordered set in I. Then, Cr is called an

r-periodic cycle if

f ðiþnrÞmod pðxiÞ ¼ xðiþ1Þmod r; n [ Zþ:

In particular,

f iðxiÞ ¼ xiþ1; 0 # i # r 2 2;

and

f tðxtmod rÞ ¼ xðtþ1Þmod r; r 2 1 # t # p 2 1:

To this end, we have talked about general continuous maps on an interval. The focus in

this paper will be on special types of map that we call unimodal Allee maps. A definition of

these maps now follows.

Definition 2.3. Let I ¼ ½0; b� , Rþ. A continuous function f : I ! I is called an Allee

map if the following hold:

. f ð0Þ ¼ 0, and there are positive points Af and Kf such that

. f ðxÞ , x for x [ ð0;Af Þ
S
ðKf ; bÞ and f ðxÞ . x for x [ ðAf ;Kf Þ.

If, in addition, the map is unimodal, then it is called a unimodal Allee map. Explicitly,

we require the following:
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. f ðbÞ ¼ 0 when b is finite or limx!þ1 f ðxÞ ¼ 0 otherwise.

. There exists a unique critical point Cf of f, where f ðxÞ is strictly increasing on ½0;Cf Þ

and strictly decreasing on ðCf ; bÞ (or ðCf ;þ1Þ when b ¼ þ1).

Figure 1 depicts a prototype of unimodal Allee maps.

From Definition 2.3, it follows that Af and Kf are positive fixed points. We call

the smaller positive fixed point the threshold point Af of the map f, and the greater

positive fixed point Kf the carrying capacity of the map f. It is easy to verify that

x* ¼ 0 is an attracting fixed point and ½0;Af Þ
S
ð ~Af ; bÞ , Bf ð0Þ, where Bf ð0Þ is the

basin of attraction of zero and ~Af ¼ f 21ðAf Þ, i.e. f ð ~Af Þ ¼ Af , with ~Af . Kf . Note that

the threshold point Af is always repelling, while the carrying capacity Kf may or not

be stable.

Next, we define a unimodal Allee map f by two maps, a left map f l and a right map f r.

Thus, we have

f ðxÞ ¼
f lðxÞ if 0 # x # Af ;

f rðxÞ if Af , x # b:

(
ð2Þ

It follows that f ð0Þ ¼ f lð0Þ ¼ f rðbÞ ¼ 0 (or limx!1f rðxÞ ¼ 0). Since f is continuous in

Rþ, it follows that f ðAf Þ ¼ f lðAf Þ ¼ f rðAf Þ ¼ Af and f ðKf Þ ¼ f rðKf Þ ¼ Kf .

To facilitate our study, we introduce two zones, the threshold zone and the carrying

capacity zone.

Definition 2.4.

(1) The square that contains the origin and the points ðAf ; 0Þ; ð0;Af Þ and ðAf ;Af Þ will

be called the threshold zone.

(2) The rectangle that contains the points ðAf ;Af Þ, ðAf ; f ðCf ÞÞ, ð ~Af ;Af Þ and ð ~Af ; f ðCf ÞÞ

will be called the carrying capacity zone.

Consider now the non-autonomous periodic system W ¼ {f ; g}, where f and g are

unimodal Allee maps with f ðxÞ . gðxÞ for all x on ð0; bÞ. We note that under this

hypothesis, we have 0 , Af , Ag , Kg , Kf . Henceforth, we assume that the right end

point b of I is fixed for all the unimodal Allee maps.

Af Af

x
Kf

Af

Kf

f (x)

0
∼

Figure 1. An instance of one unimodal Allee map f.
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The composition map f + g may be written as follows:

f + g ¼
f ðglðxÞÞ if 0 # x # Ag;

f ðgrðxÞÞ if Ag , x # b:

(
ð3Þ

The first branch of (3) may be written as

f ðglðxÞÞ ¼
f lðglðxÞÞ if 0 # g1ðxÞ # Af ^ 0 # x # Ag;

f rðglðxÞÞ if Af # g1ðxÞ , b ^ 0 # x # Ag;

(

hence

f ðglðxÞÞ ¼

f lðglðxÞÞ if 0 # x # A2
f ;

f rðglðxÞÞ if A2
f , x # Ag;

8<
: ð4Þ

where A2
f represents the left preimage of Af under the map g, i.e. gðA2

f Þ ¼ Af , or

equivalently

f lðglðA
2
f ÞÞ ¼ f rðglðA

2
f ÞÞ ¼ f ðAf Þ ¼ Af :

The second branch of (3) may be written as

f ðgrðXÞÞ ¼

f rðgrðxÞÞ if Ag , x , Aþ
f ;

f lðgrðxÞÞ if Aþ
f # x # b;

8<
: ð5Þ

where Aþ
f represents the right preimage of Af under the map g, i.e. gðAþ

f Þ ¼ Af , or

equivalently

f rðgrðA
þ
f ÞÞ ¼ f lðgrðA

þ
f ÞÞ ¼ f ðAf Þ ¼ Af :

From (4) and (5), we obtain

f + g ¼

f lðglðxÞÞ if 0 # x # A2
f ;

f rðglðxÞÞ if A2
i , x # Ag;

f rðgrðxÞÞ if Ag , x , Aþ
f ;

f lðglðxÞÞ if Aþ
f # x # b:

8>>>>><
>>>>>:

ð6Þ

Similarly,

g + f ¼

glðf lðxÞÞ if 0 # x # Af ;

glðf rðxÞÞ if Af , x , A2
g ;

grðf rðxÞÞ if A2
g # x # Aþ

g ;

glðf rðxÞÞ if Aþ
g , x # b;

8>>>>>><
>>>>>>:

ð7Þ
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where A2
g and Aþ

g represent the left and the right preimages of Ag under the map f,

respectively, i.e. f ðA2
g Þ ¼ f ðAþ

g Þ ¼ Ag. In other words, we have

glðf rðA
2
g ÞÞ ¼ grðf rðA

2
g ÞÞ ¼ gðAgÞ ¼ Ag

and

grðf rðA
þ
g ÞÞ ¼ glðf rðA

þ
g ÞÞ ¼ gðAgÞ ¼ Ag:

Figure 2 summarizes the above remarks.

Lemma 2.5. Let f ; g [ W. If Cf . Ag, where Cf is the unique critical point of f and Ag is

the threshold point of g, then f and g, both, are homeomorphisms on ½0;Ag�.

3. Threshold points of the composition map

In this section, we prove the existence of the fixed points, called threshold points, of the

composition map. In addition, we establish an order relation between these fixed points.

I

f

f
f

f

g

g

g

g

f o g

g o f

g o f

f o g

Af

Af

Af Af Af
Af

Af

Ag

Ag

Ag

Ag Ag Ag Ag

II

III IV

+

+–

– ∼

∼

Figure 2. Parts I and II depict the left and the right preimages of Af under g, while parts III and IV
depict the left and the right preimages of Ag under the map f.
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Hereafter, we assume that Af and Ag are the threshold points of the unimodal Allee

maps f and g, respectively. We also assume that A2
f and A2

g are, respectively, the first

preimage of Af by the map g and the first preimage of Ag by the map f.

Theorem 3.1. Let f and g be two unimodal Allee maps such that f ðxÞ . gðxÞ for all x on

ð0; bÞ. Then, both f + g and g + f have threshold points that we denote by Afg and Agf ,

respectively. Moreover, A2
f , Afg , Ag and Af , Agf , A2

g .

Proof. Assume that f and g satisfy the conditions of the hypothesis of the theorem. First, let

us prove the existence of Afg and Agf . We know that glðAf Þ , Af , and on ½0;Af �, f is

increasing. This implies that f lðglðAf ÞÞ , f lðAf Þ ¼ Af . On the other hand,

f rðglðAgÞÞ ¼ f rðAgÞ . glðAgÞ ¼ Ag. Hence, the function f + gðxÞ2 x changes sign on

ðAf ;AgÞ. Then, there exits x [ ðAf ;AgÞ such that f + gðxÞ ¼ x, i.e. Af , Afg , Ag. In the

same way, we prove that Af , Agf , Ag.

To prove that Afg [ ðA2
f ;AgÞ, first we will prove that Afg � ½Af ;A2

f �. Let x [ ½Af ;A2
f �.

We know that f + gðAf Þ , Af and f + gðA2
f Þ ¼ Af , A2

f . When x [ ðAf ;A2
f Þ, we have

glðxÞ , Af and so f lðglðxÞÞ , Af , x. Therefore, Afg � ½Af ;A2
f �.

Now, let x [ ðA2
f ;AgÞ. On the one side, we have f + gðAgÞ ¼ f ðAgÞ . Ag . x and on

the other side, f + gðA2
f Þ ¼ Af , x, consequently, there exits y [ ðA2

f ;AgÞ such that

f + gðyÞ ¼ y, i.e. Afg [ ðA2
f ;AgÞ. Following the same reasoning we prove that

Af , Agf , A2
g . A

Next, we establish an order relation between these two threshold points of f + g and

g + f , respectively.

Theorem 3.2. Let f and g be two unimodal Allee maps such that f ðxÞ . gðxÞ for all x on

ð0; bÞ. Suppose that in the threshold region, i.e. on J ¼ ½0;Ag�, these two maps are convex,

f is increasing and f 0ðxÞ . g0ðxÞ, ; x [ J. Suppose also that

f 0ðAgÞ þ g0ðAgÞ # f 0ðAf Þg
0ðAgÞ: ð8Þ

Then, A2
g # A2

f . Moreover Agf , Afg.

Proof. Since f and g are unimodal Allee maps such that f (x) . g(x), for all x [ (0, b), we

have that Ag 2 Af ¼ 1 . 0 and ; x [ J ¼ ½0;Ag�, f ðxÞ2 gðxÞ ¼ dðxÞ . 0 such that dðxÞ

is increasing. We need to prove that the firstpreimage of both Af and Ag satisfies the

relation A2
g # A2

f or f 21ðAgÞ # g21ðAf Þ, which is equivalent to

Ag # f + g21ðAf Þ: ð9Þ

By Taylor’s series we know that

g21ðAf Þ ¼ g21ðAg 2 1Þ ¼ g21ðAgÞ2 g210 ðAgÞ1þ Oð12Þ ¼ Ag 2
1

g0ðAgÞ
þ Oð12Þ:

Substituting the previous relation in (9), we get

Ag # f Ag 2
1

g0ðAgÞ
þ Oð12Þ

� �
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and again by Taylor’s series

Ag ¼ f ðAgÞ2
f 0ðAgÞ

g0ðAgÞ
1þ Oð12Þ;

that is

f 0ðAgÞ

g0ðAgÞ
1 # f ðAgÞ2 Ag þ Oð12Þ:

Once f ðAgÞ2 Ag ¼ f ðAgÞ2 gðAgÞ ¼ d, we get

f 0ðAgÞ

g0ðAgÞ
1 # dþ Oð12Þ < d: ð10Þ

So, relation (9) is equivalent to relation (10).

f is convex and therefore

f 0ðAf Þ ,
f ðAgÞ2 f ðAf Þ

Ag 2 Af

¼ f 0ðMÞ , f 0ðAgÞ;

where M [ �Af ;Ag½. So, f 0ðMÞ ¼ ðf ðAgÞ2 Ag þ Ag 2 Af Þ=1 and therefore f 0ðMÞ ¼

ðdþ 1Þ=1.
From (8), we have f 0ðAgÞ þ g0ðAgÞ # f 0ðAf Þg

0ðAgÞ, which is equivalent to ðf 0ðAgÞ=
g0ðAgÞÞ þ 1 # f 0ðAf Þ. But, f 0ðAf Þ , f 0ðMÞ so

f 0ðAgÞ

g0ðAgÞ
þ 1 # f 0ðMÞ ¼

dþ 1

1
:

Multiplying both the members of the last relation by 1, we get

f 0ðAgÞ

g0ðAgÞ
1 # d;

which is equivalent to relation (10), and therefore this part of the theorem is proved.

From Theorem 3.1 and by the fact that A2
g # A2

f , it follows that Agf , Afg. A

Hypothesis (8) requires that f and g stay sufficiently far apart to avoid the collapse of

the interval where the threshold points of f + g and g + f belong.

4. The carrying capacity of the composition map

In this section, we study the existence, the location and the properties of the carrying

capacity of the composition map.

Note that if f and g are two unimodal Allee maps such that f ðxÞ . gðxÞ for all x on

ð0; bÞ, then the critical points of f + g are the solutions of the equation f 0ðgðxÞÞg0ðxÞ ¼ 0.

This implies that Cg is a critical point of both g and f + g. The equation f 0ðgðxÞÞ ¼ 0 has a

solution if and only if the equation gðxÞ ¼ Cf has a solution. Thus, either g21ðCf Þ ¼ Y or

g21ðCf Þ consists of two points, one on the left side of Cg and the other on the right side of

Cg. Let us represent the points by C2
fg (respectively Cþ

fg), the critical point of the

composition map f + g on the left (respectively on the right) side of Cg.

Journal of Difference Equations and Applications 1185



So, if C2
fg and Cþ

fg exist, then the composition map f + g has four intervals of

monotonicity (otherwise f + g has two intervals of monotonnicity). Explicitly, f + g is

strictly increasing on ½0;C2
fg�

S
½Cg;Cþ

fg� and is strictly decreasing on ½C2
fg ;Cg�

S
½Cþ

fg; b�.

The same analysis can be made for the map g + f .

Note that the threshold point of the composition map f + g (respectively g + f ) belongs

always to the first interval where the composition map is increasing.

Recall from the previous sections that Kf and Kg are the carrying capacities of f and g,

respectively, and Aþ
f (respectively Aþ

g ) is the right positive preimage of Af (respectively

Ag) under the map g (respectively f). We also follow the notation about the critical points

of the composition map that we described above.

Theorem 4.1. Let f and g be two unimodal Allee maps such that f ðxÞ . gðxÞ for all x on

ð0; bÞ. Then, both f + g and g + f have carrying capacities that we denote by Kfg and Kgf ,

respectively. Moreover, Kg , Kfg , Aþ
f and A2

g , Kgf , Aþ
g .

Proof. It is clear that 0 , Af , Ag , Kg , Kf , Aþ
f . Kf and A2

g , Ag , Kg , Aþ
g .

We can see that f + gðKgÞ ¼ f ðKgÞ . gðKgÞ ¼ Kg and f + gðAþ
f Þ ¼ f ðAf Þ ¼ Af , Aþ

f .

Therefore, the map f + gðxÞ2 x changes sign on ðKg;Aþ
f Þ. Hence, there exists x [ ðKg;Aþ

f Þ

such that f + gðxÞ ¼ x.

Note that Cþ
fg , Aþ

f . To see this fact, suppose by contradiction that Cþ
fg $ Aþ

f or

equivalently g21ðCf Þ $ g21ðAf Þ. We know that Cþ
fg;Aþ

f . Cg and g is decreasing on

ðCg; bÞ. Consequently, applying g on both sides of the last inequality, we get Cf # Af ,

which is impossible. Similarly, we prove that Cþ
gf , Aþ

g .

Since Cþ
fg , Aþ

f , the carrying capacity of f + g, Kfg, is the greater root of f + gðxÞ ¼ x on

ðKg;Aþ
f Þ. We can also see that g + f ðAþ

g Þ ¼ gðAgÞ , Aþ
g and g + f ðA2

g Þ ¼ Ag . A2
g . So, the

map g + f ðxÞ2 x changes sign on ðA2
g ;Aþ

g Þ and therefore there exists Kgf [ ðA2
g ;Aþ

g Þ such

that g + f ðKgf Þ ¼ Kgf since Cþ
gf , Aþ

g . A

Remark 1. Let f and g be two unimodal Allee maps such that f ðxÞ . gðxÞ for all x on ð0; bÞ.
If f + gðCgÞ . Cg (respectively g + f ðCf Þ . Cf ), then the map f + g (respectively g + f ) has

exactly two positive fixed points, the threshold point and the carrying capacity.

Corollary 4.2. Let f and g be two unimodal Allee maps such that f ðxÞ . gðxÞ for all x

on ð0; bÞ. If Cg;Cf . Kf , then f + gðxÞ . g + f ðxÞ, ; x [ ½Kg;Kf �. Moreover, Kg , Kgf ,

Kfg , Kf .

Proof. If Cg;Cf . Kf , we have f and g increasing on ½Kg;Kf �. The composition of

increasing maps is an increasing map. The interval ½Kg;Kf � is invariant under composition

because f + gðKgÞ . Kg, f + gðKf Þ , Kf and g + f ðKf Þ , Kf , g + f ðKgÞ . Kg. So, the map

f + gðxÞ2 x (respectively g + f ðxÞ2 x) changes sign on ½Kg;Kf �. We know that f ðKgÞ . Kg

and therefore g + f ðKgÞ , f ðKgÞ ¼ f + gðKgÞ (gðxÞ , x, ; x . Kg). On the other hand, we

know that gðKf Þ , Kf , so f + gðKf Þ . gðKf Þ ¼ g + f ðKf Þ (f ðxÞ . x, ; x [�Af ;Kf ½).

Consequently, f + gðxÞ . g + f ðxÞ, ; x [ ½Kg;Kf �. Once f + gðCgÞ , Cg (respectively

g + f ðCf Þ , Cf ) from Remark 1, it follows that Kfg (respectively Kgf ) is the unique fixed

point of f + g (respectively g + f ) on ½Kg;Kf �. The relation order between Kfg and Kgf is an

immediate consequence of the relation order between the composition maps. A

R. Luı́s et al.1186



Corollary 4.3. Let f and g be two unimodal Allee maps such that f ðxÞ . gðxÞ for all x on

ð0; bÞ. Then, following statements hold true

(1) if Cf . Kf and Cg . Kg, then Kfg, Kgf [ ðKg;Kf Þ.

(2) if Cf , Kf , then we have

(a) Kfg [ ðKg;Kf Þ, if f + gðKf Þ , Kf and f + gðCþ
fgÞ , Cþ

fg (in the case where Cþ
fg

does not exist, we have Kfg [ ðKg;Kf Þ, if f + gðKf Þ , Kf );

(b) Kfg [ ðKf ;Aþ
f Þ, if f + gðKf Þ . Kf ;

(c) Kgf [ ðA2
g ;KgÞ, if g + f ðKgÞ , Kg and g + f ðCþ

gf Þ , Cþ
gf ;

(d) Kgf [ ðKg;Kf Þ, if g + f ðKgÞ . Kg and g + f ðCþ
gf Þ , Cþ

gf ;

(e) Kgf [ ðCþ
gf ;Aþ

g Þ, if g + f ðCþ
gf Þ . Cþ

gf .

(3) if Cf . Kf and Cg , Kg, then we have

(a) Kfg [ ðKg;Kf Þ;

(b) the situation of Kgf is similar to (2)(c)–(e).

From the previous corollary, it is possible, in certain cases, to establish an order

relation between the two carrying capacities Kfg and Kgf of the composition maps f + g and

g + f . In particular, we are interested in an order when such fixed points are between the

carrying capacities of the individual maps. The next result provides this information,

respectively.

Theorem 4.4. Let f and g be two unimodal Allee maps such that f ðxÞ . gðxÞ for all x on

ð0; bÞ. Suppose that Cf , Kf , Cg , Kg, f + gðKf Þ , Kf , f + gðCþ
fgÞ , Cþ

fg, g + f ðKgÞ . Kg

and g + f ðCþ
gf Þ . Cþ

gf . Let y [ J ¼ ½kg; kf � and suppose that gðyÞ . K2
f , ; y [ J, where

K2
f is the left preimage of Kf by the map f. Then, g + f ðyÞ , f + gðyÞ, ; y [ J. Moreover,

Kg , Kgf , Kfg , Kf .

Proof. Let K2
f be the left preimage of Kf by the map f, i.e. f ðK2

f Þ ¼ Kf . Then,

Af , K2
f , Kf . Note that g is decreasing on J ¼ ½kg; kf �, gðyÞ , y, ; y [ J, and f ðyÞ . y,

; y [ J.

From the hypothesis, we have gðyÞ . K2
f and therefore f + gðyÞ . Kf , ; y [ J. On the

other hand, f ðyÞ . Kf . y . Kg and then g + f ðyÞ , f ðyÞ , Kg, ; y [ J. Consequently,

g + f ðyÞ , f + gðyÞ, ; y [ J.

From the hypothesis of the theorem and Remark 1, the theorem is established. A

5. Stability

The first objective in this section is to formulate, in a more precise form, definitions of

stability in the settings of general periodic difference equations of the form

xnþ1 ¼ f n xnð Þ; f nþp ¼ f n; n [ Zþ: ð11Þ

Equivalently, one may speak about the stability in the settings of the non-autonomous

periodic dynamical systems F ¼ {f 0; f 1; . . . ; f p21}.

Stability notions for periodic difference equations have been investigated by many

authors, including, to cite few, AlSharawi and Angelos [3], AlSharawi et al. [4], Henson

[13], Oliveira and D’Aniello [16], Yakubu [17] and Selgrade and Roberds [22].
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It is our hope that our definitions will standardize the notion and terminology in the

area of non-autonomous systems.

Definition 5.1. Fi ¼ f i21 + · · · + f 1 + f 0 is called the composition operator with order i

associated with equation (11), and ~Fi ¼ f 0 + f 1 + · · · + f i21 is called the reverse composition

operator with order i associated with equation (11).

Definition 5.2. Let x* be a fixed point of F, i.e. x* is a fixed point of all the members of the

set F. Then,

(1) x* is stable if given 1 . 0, there exits d . 0 such that jx0 2 x*j , d implies

jFiðx0Þ2 x*j , 1, ; i $ 1. Otherwise, x* is unstable.

(2) x* is attracting if there exists h . 0 such that jx0 2 x *j , h implies

limn!1Fnðx0Þ ¼ x*.

(3) x* is asymptotically stable if it is both stable and attracting.

(4) x* is globally asymptotically stable if it is asymptotically stable and h ¼ 1.

Many authors use the notion of attractivity of non-hyperbolic fixed point instead of our

general definition. The following result provides us the connection between these two

notions.

Lemma 5.3. Suppose that F is a set of continuously differentiable maps at x*. If

jF0
iðx

*Þj , 1, ; i $ 1, then x* is an asymptotically stable fixed point of F.

Proof. From the hypothesis, we have for all i $ 1

jF0
iðx

*Þj ¼ j f 0i21ðx
*Þf 0i22ðx

*Þ· · ·f 01ðx
*Þf 00ðx

*Þj # M , 1:

Hence, there exists an open interval J ¼ ðx* 2 1; x* þ 1Þ such that jF0
iðyÞj # M , 1,

; y [ J. By the mean value theorem, we know that

jF1ðx0Þ2 x *j ¼ jF0
1ðyÞj jx0 2 x *j # Mjx0 2 x*j;

for any x0 [ I and y between x0 and x*. The last inequality implies that F1ðx0Þ [ I since

M , 1. Using the same argument, we get

jF2ðx0Þ2 x *j # MjF1ðx0Þ2 x *j # M 2jx0 2 x*j:

By mathematical induction, we can prove that

jFnðx0Þ2 x*j # M njx0 2 x*j; ; n $ 1: ð12Þ

Assuming d ¼ 1=2, for any 1 . 0, from jx0 2 x *j , d follows that

jFnðx0Þ2 x*j # M n1=2 , 1, ; n $ 1, since M , 1 and consequently x* is stable.

Moreover, limn!1Fnðx0Þ ¼ x * and thus x* is attracting. A

In particular, if F is a set formed by unimodal Allee maps, we have x* ¼ 0 as a fixed

point ofFiðxÞ, for all i $ 1. Since this fixed point is asymptotically stable for each map, we
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have jF0
ið0Þj , 1 and thus from the previous lemma, x* ¼ 0 is an asymptotically stable

fixed point of F.
Now, let us focus our attention on the stability of a periodic cycle for a periodic non-

autonomous difference equation. Our definition of stability now follows.

Definition 5.4. Let Cr ¼ {x0; x1; . . . ; xr21} be a r-periodic cycle of equation (11), where

f nþp ¼ f n, n [ Zþ, p . 1 and s ¼ lcm½r; p� be the least common multiple of p and r.

(1) Cr is stable if given 1 . 0, there exists d . 0 such that jx0 2 x0j , d implies

jFiðx0Þ2Fiðx0Þj , 1, for all i . 0. Otherwise, Cr is said to be unstable.

(2) Cr is attracting if there exits h . 0 such that jx0 2 x0j , h implies

limn!1Fsnþiðx0Þ ¼ xi, 0 # i # r 2 1.

(3) Cr is asymptotically stable if it is both stable and attracting.

(4) Cr is globally asymptotically stable if it is asymptotically stable and h ¼ 1.

An immediate consequence of this definition now follows.

Lemma 5.5. Suppose that F ¼ {f 0; f 1; . . . ; f p21} is a set of continuously differentiable

maps at x0. An r-periodic cycle Cr of equation (11) is

(1) asymptotically stable if jF0
sðx0Þj , 1,

(2) unstable if jF0
sðx0Þj . 1,

where f nþp ¼ f n, n [ Zþ, p . 1 and s ¼ lcm½r; p� is the least common multiple of p and r.

Proof. Note that by the chain rule, we have

jF0
sðx0Þj ¼

Ys

i¼0

f 0imod pðximod rÞ

�����
�����:

(1) Suppose that
Qs

i¼0 f 0imod pðximod rÞ

��� ��� , 1. Following the same argument that we

used in the proof of Lemma 5.3, we get

jFnsðx0Þ2 x0j # M nsjx0 2 x0j; n $ 1: ð13Þ

This implies that limn!1Fnsðx0Þ ¼ x0 since M , 1. By continuity (the

composition of continuous maps is a continuous map), the following statement

yields

FjFnsðx0Þ ¼ Fnsþjðx0Þ !
n!1

Fjmod pðx0Þ ¼ xjmod r; 0 # j # s 2 1;

and thus Cr is attracting.

To see the stability of Cr, let us take d , 1=2, for any given 1 . 0. Since

x0 [ Cr, we have x0 ¼ Fsðx0Þ ¼ Fsnðx0Þ, n $ 1, and thus from (13), we have

jFsnþjðx0Þ2Fsnþjðx0Þj # M nsþjjx0 2 x0j , M nsþj 1

2
, 1; 0 , M , 1:

Once n $ 1 and 0 # j # s 2 1, we have jFiðx0Þ2Fiðx0Þj , 1, ; i $ 1.
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(2) If
Qs

i¼0f 0imod pðximod rÞ

��� ��� . 1, we get

jFnsðx0Þ2 x0j $ M nsjx0 2 x0j; M . 1;

and thus instability. A

In the particular case, when F is a periodic set formed by unimodal Allee maps such

that f i , f iþ1, ; i [ {0; 1; . . . ; p}, the threshold point AFp
ofFp is unstable since the map

FpðxÞ is increasing on ½0;AFp
� andFpðxÞ , x,; x [ ð0;AFp

Þ. The same happens for ~Fp on

½0;A ~Fp
�.

Remark 1. The above theorems cover the hyperbolic case when jF0
pðx

*Þj – 1. When

jF0
pðx

*Þj ¼ 1 or 21, the fixed point is called neutral. A complete analysis of these non-

hyperbolic cases for the autonomous system or single maps can be found in Elaydi’s book

‘Discrete Chaos’ [8, p. 33].

6. Bifurcation

The study of various notions of bifurcation in the setting of non-autonomous systems is

still in its infancy stage. The main contribution in this area are the papers by AlSharawi

and Angelos [3], Henson [13] and Oliveira and D’Aniello [16]. Our main goal here is to

give precise and complete definitions and notions for the various bifurcation notions in the

setting of non-autonomous systems. Though our focus here will be on 2-periodic systems,

the ideas presented can be easily extended to the general periodic case.

We start our exposition by presenting the following theorem due by Henson [13],

where the idea is to perturb the parameters.

Theorem 6.1. Suppose that Fða; xÞ : R £ R! R is non-linear in x, one to one in a, C 2 in

both x and a, and for a specific real number ~a, the autonomous difference equation

xnþ1 ¼ Fð ~a; xnÞ has an attracting r-periodic cycle {x0; x1; . . . ; xr21}, with a minimal

period r. Then, for sufficiently small 1 . 0, if a0;a1; . . . ;ap21 [ ð ~a2 e ; ~aþ eÞ, then the

p-periodic difference equation xnþ1 ¼ Fðan; xnÞ, anþp ¼ an, has t attracting periodic

solutions of minimal period s, where t ¼ gcdðp; rÞ (greatest common divisor of p and r)

and s ¼ lcmðp; rÞ (least common multiple of p and r).

Proof. See [13]. A

Consider the 2-periodic system F ¼ {f 0; f 1}, f 0 – f 1, where both maps arise

from a one-parameter family of maps f a in which f 0 ¼ f a0
and f 1 ¼ f a1

.

Table 1. Number of asymptotically stable r-periodic cycles in the 2-periodic non-autonomous
system F ¼ {f 0; f 1}, f 0 – f 1, where both maps arise from a one-parameter family of maps.

r gcd (r, 2) lcm (r, 2) Conclusion

1 1 2 F has one GAS 2-periodic cycle
2 2 2 F has two AS 2-periodic cycle
4 2 4 F has two AS 4-periodic cycle
..
. ..

. ..
. ..

.

2m 2 2m F has two AS 2m-periodic cycle

GAS, globally asymptotically stable; AS, asymptotically stable.
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Let Cr ¼ {x0; x1; . . . ; xr21} be an r-periodic cycle of f ~a. In Table 1, we summarize the

ideas present in Theorem 6.1 for sufficiently small e and a0;a1 [ ð ~a2 e ; ~aþ eÞ.

Table 1 motivates the following result.

Theorem 6.2. Assume that the one-parameter family Fða; xÞ is one to one in a. Let

f nðxnÞ ¼ Fðan; xnÞ. Then, if the p-periodic difference equation, with minimal period p,

xnþ1 ¼ f nðxnÞ; ð14Þ

has a non-trivial periodic cycle of minimal period r, then r ¼ tp, t [ Zþ.

Proof. Suppose that equation (14) has a periodic cycle Cr ¼ {x0; x1; . . . ; xr21} of period

r – p, and let d ¼ gcdðr; pÞ, s ¼ lcm½r; p�, m ¼ p=d and l ¼ s=p, then d , p. By [11],

the graphs of the maps f 0; f d; . . . ; f ðm21Þd must intersect at the points ðx0; x1Þ; ðxd; xdþ1Þ; . . . ;
ðxðl21Þd; xðl21Þdþ1Þ.

Since Fða; xÞ is one to one in a, the maps f 0; f d; . . . ; f ðm21Þd do not intersect, unless they

are all equal. Similarly, one may show that f i ¼ f iþd ¼ · · · ¼ f iþðm21Þd. This shows that

equation (14) is of minimal period d, a contradiction. Hence, r ¼ p or a multiple of p. A

In the rest of this section, we assume that the maps f 0 and f 1 arise from a one-parameter

family of maps such that f 0 ¼ f a0
and f 1 ¼ f a1

with a1 ¼ qa0 for some real number q . 0.

Thus, one may write, without loss of generality, our system as F ¼ {f 0; f 1}.

Moreover, we assume that the one-parameter family of maps is one to one with respect

to the parameter. Let Cr ¼ {x0; x1; . . . ; xr21} be an r-periodic cycle of F. Then, by
Theorem 6.2, the latter assumption implies that r ¼ 2m, m $ 1.

With F2 ¼ f 1 + f 0, one may write the orbit of x0 as (see Figure 3)

Oðx0Þ ¼ x0; f 0ðx0Þ;F2ðx0Þ; f 0 +F2ðx0Þ;F4ðx0Þ; . . . ;F2ðm21Þðx0Þ; f 0 +F2ðm21Þðx0Þ
� �

¼ x0;F1ðx0Þ;F2ðx0Þ; . . . ;F2m21ðx0Þf g: ð15Þ

Equivalently, one may write the sequence of points given in (15) as

Oðx1Þ ¼ f 1 + ~F2ðm21Þðx1Þ; x1; f 1ðx1Þ; ~F2ðx1Þ; f 1 + ~F2ðx1Þ; . . . ; ~F2ðm21Þðx1Þ
� �

¼ { ~F2m21ðx1Þ; x1; ~F1ðx1Þ; ~F2mðx1Þ; . . . ; ~F2m22ðx1Þ}; ð16Þ

where ~F2 ¼ f 0 + f 1. Hence, the order of the composition is irrelevant to the dynamics of

the system.

The dynamics of F depends very much on the parameter, and the qualitative structure

of the dynamical system changes as the parameter changes. These qualitative changes in

the dynamics of the system are called bifurcation and the parameter values at which they

occur are called bifurcation points. For autonomous systems or single maps, the

bifurcation analysis may be found in Elaydi [8].

In one-dimensional systems generated by a one-parameter family of maps f a,

bifurcation at a fixed point x* occurs when ð›f=›xÞða*; x*Þ ¼ 1 or 21 at a bifurcation

point a*. The former case leads to a saddle-node bifurcation, while the latter case leads to

a period-doubling bifurcation.

Our objective here is to extend this analysis to 2-periodic difference equations

or F ¼ {f 0; f 1}. To simplify the notation, we write F2ða; xÞ instead of F2ðxÞ. Let Cr ¼
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{x0; x1; . . . ; xr21} be an r-periodic cycle of F and suppose that 2m ¼ r, F ¼ f 1 + f 0 and
~F ¼ f 0 + f 1, then F2mðx2iÞ ¼ xð2iÞmod r and ~F2mðx2iþ1Þ ¼ xð2iþ1Þmod r, 1 # i # m. In general,

we have F2nmðx2iÞ ¼ xð2iÞmod r and ~F2nmðx2iþ1Þ ¼ xð2iþ1Þmod r, n $ 1.

Assuming ð›F2m=›xÞð �a; x0Þ ¼ 1 at a bifurcation point �a, by the chain rule, we have

›F2

›x
ð �a; x2m22Þ

›F2

›x
ð �a; x2m24Þ · · ·

›F2

›x
ð �a; x2Þ

›F2

›x
ð �a; x0Þ ¼ 1

or

f 01ðx2m21Þf
0
0ðx2m22Þf

0
1ðx2m23Þf

0
0ðx2m24Þ · · · f 01ðx3Þf

0
0ðx2Þf

0
1ðx1Þf

0
0ðx0ÞÞ ¼ 1: ð17Þ

Applying f 0 on both sides of the identity, F2mð �a; x0Þ ¼ x0 yields ~F2mð �a; x1Þ ¼ x1.

Differentiating both sides of this equation yields

› ~F2

›x
ð �a; x2m21Þ

› ~F2

›x
ð �a; x2m23Þ · · ·

› ~F2

›x
ð �a; x3Þ

› ~F2

›x
ð ~a; x1Þ ¼ 1

or equivalently

f 00ðx0Þf
0
1ðx2m21Þf

0
0ðx2m22Þf

0
1ðx2m23Þ · · · f 00ðx4Þf

0
1ðx3Þf

0
0ðx2Þf

0
1ðx1Þ ¼ 1: ð18Þ

Hence, equation (17) is equivalent to equation (18). More generally, the following relation

holds

›F2m

›x
ð �a; x2jÞ ¼

› ~F2m

›x
ð �a; x2j21Þ; j [ {1; 2; . . . ;m}: ð19Þ

The next result gives the conditions for the saddle-node bifurcation.

Theorem 6.3. [Saddle-Node Bifurcation for 2-Periodic Systems]. Let Cr ¼

{x0; x1; . . . ; xr21} be a periodic r-cycle of F. Suppose that both ›2F2=›x2 and ›2F2=›
2

exist and are continuous in a neighbourhood of a periodic orbit such that ð›F2m=›xÞ

Figure 3. Sequence of the periodic points {x0; x1; . . . ; xr21} in the 2-periodic system F ¼ {f 0; f 1}
is illustrated in the fibres, where F2 ¼ f 1 + f 0 and r ¼ 2m;m $ 1.
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ð �a; x0Þ ¼ 1 for the periodic point x0. Assume also that

A ¼
›F2m

›a
ð �a; x0Þ – 0 and B ¼

›2F2m

›x2
ð �a; x0Þ – 0;

then there exists an interval J around the periodic orbit and a C2-map a ¼ hðxÞ, where

h : J ! R such that hðx0Þ ¼ �a and F2mðx; hðxÞÞ ¼ x. Moreover, if AB , 0, the periodic

points exist for a . �a and if AB . 0, the periodic points exist for a , �a.

Proof. The proof is similar to the proof of Theorem 2.5 in [8, p. 86] and will be omitted. A

When ð›F2m=›xÞð �a; x0Þ ¼ 1 but ð›F2m=›aÞð �a; xÞ ¼ 0, two types of bifurcations

appear. The first is called transcritical bifurcation which occurs when ð›2F2m=›x2Þ

ð �a; x0Þ – 0 and the second is called pitchfork bifurcation which appears when

ð›2F2m=›x2Þð �a; x0Þ ¼ 0. For more details about these two types of bifurcation see table

2.1 in [8, p. 90] and [16]. In the former work, the author presents many cases for

autonomous maps, while in the latter article, the authors study the pitchfork bifurcation for

non-autonomous 2-periodic systems in which the maps have negative Schwarzian

derivative.

The next result gives the conditions for the period-doubling bifurcation.

Theorem 6.4. [Period-Doubling Bifurcation for 2-Periodic Systems]. Let Cr ¼

{x0; x1; . . . ; xr21} be a periodic r-cycle of F. Assume that both ›2F2=›x2 and ›F2=›a
exist and are continuous in a neighbourhood of a periodic orbit, ð›F2m=›xÞð �a; x0Þ ¼ 21,

for the periodic point x0 and ð›2F4m=›a›xÞð �a; x0Þ – 0. Then, there exists an interval J

around the periodic orbit and a function h : J ! R such that F2mðx; hðxÞÞ – x but

F4mðx; hðxÞÞ ¼ x.

Proof. The proof is similar to the proof of Theorem 2.7 in [8, p. 89] and is omitted. A

Note that ifW is a periodic set formed by unimodal Allee maps, neither the zero fixed

point nor the threshold point can contribute to bifurcation, since the former is always

asymptotically stable and the latter is always unstable. Hence, bifurcation may only occur

at the carrying capacity of W.

Now, we apply the above results to study the bifurcation of the system W ¼ {f 0; f 1},

where f iðxÞ ¼ aix
2ð12 xÞ, i ¼ 0; 1, x [ ½0; 1� and ai . 0.

For an individual map f i, the dynamics is interesting but predictable. For ai , 4, we

have a globally asymptotically stable zero fixed point and no other fixed point. A new

unstable fixed point is born at ai ¼ 4, after which f i becomes a unimodal map with an

Allee effect. Henceforth, we assume that a0; a1 . 4.

Since 0 is the only fixed point under the system W, we focus our attention on

2-periodic cycles {x0; x1} with f 0ðx0Þ ¼ x1 and f 1ðx1Þ ¼ x0.

To determine the two main types of bifurcation, we solve the equations

x0 ¼ f 1ðf 0ðx0ÞÞ;

f 01ðf 0ðx0ÞÞf
0
0ðx0Þ ¼ 1;

(
ð20Þ
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and

x0 ¼ f 1ðf 0ðx0ÞÞ;

f 01ðf 0ðx0ÞÞf
0
0ðx0Þ ¼ 21:

(
ð21Þ

Using the command ‘resultant’4 in Mathematica or Maple Software, we eliminate the

variable x0 in both systems. Equation (20) yields

16777216þ 16384a0a1 2 576000a2
0a1 þ 84375a3

0a1 2 576000a0a2
1 þ 914a2

0a
2
1

2 350a3
0a

2
1 þ 84375a0a3

1 2 350a2
0a3

1 þ 19827a3
0a

3
1 2 2916a4

0a
3
1 2 2916a3

0a
4
1

þ 432a4
0a

4
1 ¼ 0;

while equation (21) yields

1000000002 120000a0a1 2 2998800a2
0a1 þ 453789a3

0a1 2 2998800a0a
2
1 2 4598a2

0a
2
1

þ 2702a3
0a

2
1 þ 453789a0a

3
1 þ 2702a2

0a3
1 þ 89765a3

0a
3
1 2 13500a4

0a
3
1

2 13500a3
0a

4
1 þ 2000a4

0a
4
1 ¼ 0:

For each one of these two equations, we invoke the implicit function theorem to plot, in the

(a0,a1)-plane, the bifurcation curves (see Figure 4).

The black curves are the solution of the former equation at which saddle-node

bifurcation occurs, while the grey curves are the solution of the latter equation at which

period-doubling bifurcations occur. The black cusp is the curve of pitchfork bifurcation.

In the regions identified by letters, one can conclude the following:

2 4 6 8

B
C2

10
a0

2

4

6

8

10

a1

A

C1

E

D

Figure 4. Bifurcations curves for the 2-periodic non-autonomous difference equation with Allee
effects xnþ1 ¼ anx2nð12 xnÞ, anþ2 ¼ an and xnþ2 ¼ xn in the (a0,a1)-plane.
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. If a0; a1 [ A, then the fixed point x* ¼ 0 is globally asymptotically stable.

. If a0; a1 [ BnD, then there are two 2-periodic cycles, one attracting and one

unstable.

. If a0; a1 [ D, then there are two attracting 2-periodic cycles (from the pitchfork

bifurcation) and two unstable 2-periodic cycles.

. If a0; a1 [ ðC1 < C2ÞnðD1 < D2Þ, then there is an attracting 4-periodic cycle (from

the period doubling bifurcation) and two unstable 2-periodic cycles.

. If a0; a1 [ D1 < D2, then there are two attracting 4-periodic cycles (from pitchfork

bifurcation) and two unstable 2-periodic cycles.

. If a0; a1 [ E, then there are two attracting 8-periodic cycles (from period doubling

bifurcation), two attracting 4-periodic cycles (from pitchfork bifurcation) and four

unstable 2-periodic cycles.

It should be noted here that the bifurcation curves for the systemW shown in Figure 4

are incomplete. If we want to draw more bifurcation curves in the space of the parameters,

we must do the same for 4-periodic cycles, 8-periodic cycles and so on. Finding the

implicit solutions of these new equations involves horrendous computations. The

command ‘resultant’ does not produce answers after certain values of the degree of

the polynomial. So, for the systemW, unfortunately we are unable to draw these curves for

the 4-periodic cycle. However, it should be noted that AlSharawi and Angelos [3] have

used the command ‘resultant’ to investigate the bifurcations of the periodically forced

logistic map, and they were able to draw these curves for the 4-periodic cycles of the 2-

periodic system. Moreover, these authors drew the bifurcation surfaces for the 3-periodic

cycle of the 3-periodic system in the three-dimensional space of the parameters.

Finally, we should mention that Grinfeld et al. [12] have used the command ‘resultant’

much earlier to study the bifurcation of 2-periodic logistic systems.

Notes

1. Email: selaydi@trinity.edu
2. Email: holiv@math.ist.utl.pt
3. This work is part of the first author’s PhD dissertation.
4. The command ‘resultant’ is a powerful tool that helps us in finding the implicit solutions for

polynomial equations with low degree. We are not aware of similar techniques that work for
non-polynomial equations such as the Ricker map RpðxÞ ¼ x ep2x; p; x . 0.
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