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Abstract

Since the early 1980s, logica theories of belief revision have offered forma methods for the
transformation of knowledge bases or “corpora’ of data and beliefs. Early models have dealt with
unconditional acceptance and integration of potentially belief-contravening pieces of information
into the existing corpus. More recently, models of “non-prioritized” revision were proposed that
allow the agent rationally to refuse to accept the new information. This paper introduces a refined
method for changing beliefs by specifying constraints on the relative plausibility of propositions.
Like the earlier belief revision models, the method proposed is a qualitative one, in the sense that
no numbers are needed in order to specify the posterior plausibility of the new information. We use
reference beliefs in order to determine the degree of entrenchment of the newly accepted piece of
information. We provide two kinds of semantics for this idea, give alogica characterization of the
new model, study its relation with other operations of belief revision and contraction, and discuss its
intuitive strengths and weaknesses.
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1. Introduction: a new model for plausible reasoning without numbers

Up to now, belief change theories have been facing a dilemma. In qualitative theories
of the AGM variety [1,13,16] agents accept new incoming information without further
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quaification. Usually, thereis no deliberation as to whether to accept theinput or not. This
limitation has been addressed in recent research on “non-prioritized” belief change [20].
But if an agent accepts a piece of information, no degree of “certainty”, “security” or
“plausibility” is attached to it—belief is always just plain belief. So these models are all
rather crude.

In quantitative theorieson the other hand, agents do not, or in any case do not haveto,
accept new information simpliciter. In probability theory, plain conditionalisation (which
assigns probability 1 to new evidence) can be replaced by Jeffrey conditionalisation with
a certain chosen parameter (which specifies the posterior probability of the new evidence
at any arbitrary value between 0 and 1, see Jeffrey [22]). In Spohn’s[46] model of ordinal
conditional functions (now often called “ranking functions’, following a suggestion of
Goldszmidt and Pearl’s [18]) beliefs are fully accepted, but they can—and must—be
accommodated with a chosen value of security (i.e., the level of implausibility of their
negations). Obvioudly, this additional expressive power of quantitative approachesis an
advantage. It cannot be denied, however, that it has its price: The meaning of the numbers
employed is not clear. While in probability theory numerical values are often thought to
be explicable in terms of betting quotients, the precise significance of the numbers in
ranking functions remains largely unelucidated so far.> But also regarding probabilities,
the meaning of numbers can be disputed. Even amongst agents who are ideally “rational,”
room should be made for charactersthat are risk-seeking and for those that are risk-averse;
there may be effects of regret (Allais paradox), there may be effects of resource-bounded
reasoning capabilities, etc. Real asopposed to ideally rational agents are notoriously bad at
reasoning with probabilities.? Working with numbers helps us to come to terms with many
non-trivial modelling tasks, but it is based on parameters the meaning of which is not fully
understood, and it puts very heavy demands on the agents’ reasoning capabilities.

The present paper tries to show a way out of the dilemma. On the one hand, we fully
agree that there should be ways of specifying the strengths of new beliefs. On the other
hand, we are also impressed by the argumentsthat speak against the use of numbers: their
lack of clear meaning and intractability. We want to be able to express more than just
injunctionslike

Accept 5.

alaAGM. At the same time we want to avoid numerical formulations of commandslike
Accept g with probability p.

alaJeffrey, or
Accept 8 with degree of plausibility k.

a la Spohn.* Our idea is that it is a manageable task not only for ideal, but also for
real agents to perform revisions by comparisorSuch revisions do not employ numbers

1 Thereare actually afew attempts to provide such an elucidation, see [26, Chapter 8] and [47].

2 See, for instance, [17,37,48].

3 Thereis no good concept of plain acceptance in probabilistic contexts. Perhaps a better formulation would
therefore be “The probability of g should be set to p.”

4 For general discussions on various measures of plausibility, see[11,12,44,49)].
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as indices for beliefs; it is other beliefsthat serve as points of reference. The relevant
injunction is expressed by sentenceslike

Accept g with adegree of plausibility that at least equalsthat of «.

Why should one want to have an operation modelling this kind o belief change? Suppose
that a colleague tells us “Graham is negotiating with XXXL Company”. Should we accept
this piece of information? AGM say yes, Spohn says yes, too, and asks us to fix the
parameters; Jeffrey asks us to fix the parameters, but the notion of acceptance does not
really fit into his probabilistic framework. In real life, it may be hard to come up with “the
right” numbers. What we can do, however, is ask our friend how sure he is of this piece
of information. He might say that it is at least as well-confirmed as the claim that Graham
has got an offer from Medium Size Company. Another way of obtaining the same sort of
comparative information is by juxtaposing our assessments of the reliability of sources.
If our colleague is at least as trustworthy and well-informed as another person who has
testified to the truth about the offer from Medium Size the other day, we will wish to
accept the information about Graham’s negotiation at alevel of certainty that is at least as
high as our degree of belief in the offer from Medium Size. If the latter belief, however, is
not firm enough to overcome our doubts about Graham’s negotiations with XXXL, we are
likely to end up doubting both pieces of information.

The basic idea of this paper isto model degrees of acceptance by what is known in the
literature as epistemic entrenchmefit3,14,42]. In the intended paradigm cases the point of
referencewill be asentence « that isnot only believed, but isbelieved with sufficiently high
entrenchment—where “ sufficiently high” means that « itself will continue to be believed
after the belief change has taken place. However, we intend to conceive our studies so
broadly that thisintuitiveideais not a prerequisite for the viability of our formal approach.
It will frequently happen that accepting 8 (to any degree) somehow affects the degree of
acceptance of the reference sentence «. Thisis why we are immediately confronted with
difficult problems in the dynamics of epistemic evaluation when performing revision by
comparison.®

Let us briefly summarize what we have said so far with the help of symbols. First, all
the established alternatives to qualitative belief revision draw heavily on numbers. There
are different ways of representing (certain aspects of) belief states: Belief sets K (sets
of sentences closed under some standard background logic, as in the AGM approach),
probability functions P and Spohnian ranking functions «. While AGM have an operation
like K x B, Jeffrey probabilists have an operation like P + (8, p) and Spohn has an
operation like « * (B, k). Here the letters p and k stand for real numbers in the interval
[0, 1] and ordinal numbers respectively. The expansiorsymbol + indicates that both the
new information 8 and its denial are supposed to be “consistent” with P8 a requirement
that is not necessary in the case of revisionfunctionswhich we denote by the symbol .

In contrast to the numerical approaches, our model avoids reference to poorly
interpreted numbers and instead focuses on an operation that can be represented by a

5 One of the advantages of numbers as points of reference isthat they stay stable when other things are moved.
Beliefs do not in general share this stately property when other beliefs are changed.
6 Jeffrey conditionalisation only works if both P(8) and P(—p) are non-zero.



8 E. Fermé, H. Rott / Artificial Intelligence 157 (2004) 5-47

formula of the format K * (¢ < ). This notation indicates that the revision is actually
effected by a statement that compares the degrees of acceptance (more precisely: the
entrenchments) of & and . But there is a crucial asymmetry in the roles of « and 8: «
is the reference sentencg is the input sentencdn order to make this more perspicuous,
we will usethe notation K o, 8 for the revision-by-comparison operation. The belief state
K o, B isthe one that results after the agent has obeyed the instruction “ See to it that the
entrenchment of 8 isat least as firm as the entrenchment of «.”

In contrast to previous studies in belief change of the AGM variety, we will study a
simple model of implementing revision-by-comparisonin terms of afunction K o, 8 that
takestwo sentences o and 8 as arguments. We usetheletter K for the notion of abelief set,
i.e., aset of sentencesclosed under logical consequences.” Asiscommonin belief revision,
the belief set is supposed to come equipped with a belief-revision guiding structure, e.g.,
with an entrenchment ordering <. Our notation is not meant to suggest that belief sets
are full representations of belief states. Rather, the prior and posterior belief states in a
transition effected by arevision can beidentified with the belief-revision guiding structures
themselves. The function o takesabelief state and two sentences as arguments and returns
abelief state. Having said this, we believe that our notation which is chosen with a view
to maintaining continuity with the AGM tradition will not cause any confusion about the
matter.

For the most part of this paper (except in Section 9), we will take the initial belief
state (and thus the initial belief set) to be revised as contextually given and fixed. Still, we
have to deal with a dyadicfunction taking two sentences as arguments. This makes the
axiomatization of the model we propose somewhat more complicated and difficult than
AGM-style axiomatizations. Ultimately, however, the dyadic function will turn out to be
reducible, through anon-trivial case distinction, to acombination of monadic belief change
operations taking only one sentence as an argument.

We have mentioned that the reference sentence is usually supposed to be sufficiently
highly entrenched as compared to the (negation of the) input sentence. Thisisthe paradigm
case of application of revision-by-comparison, and in this case our operation will behave
like an ordinary kind of AGM revisionby theinput sentence. More precisely, the operation
we are going to study is an extended kind of AGM revision function that is suitable for
repeated (“iterated”) use. That iterations are possible is due to the fact that it is not belief
sets, but belief-revision guiding structures that are taken to represent doxastic states, and
that consequently, structures like entrenchment relations are the primary objects that get
changed by belief change functions.®

7 Throughout this paper, we presume without further notice that the background logic is Tarskian, i.e., satisfies
Inclusion, ldempotence and Monotony, and that it is compact, supraclassical and satisfies the deduction theorem.
In our notation, we switch between the conseguence relation - and the consequence operation Cn as we find it
convenient.

8 |terations allow aconvenient definition of asymmetrical version of revision by comparison. If an agent wants
to implement an operation that can be read as the instruction “See to it that the entrenchment of 8 is exactlyas
firm as the entrenchment of «”, she can use the operation (K o ) og o. Compare Theorem 14, condition (IT5)
below.
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If, however, the reference sentence is too weakly entrenched relative to the (negation
of the) input sentence, the attempted revision will fail and end up with a contractionof
the belief set, more precisely a severe withdrawabf the reference sentence [34]. Thisis
the first limiting case for which our operation reduces to an operation that is well known
from previous literature. If the agent wants to withdraw (severely) a sentence o from his
belief set, this can be achieved by making the falsity, L, at least as entrenched as o (or
equivalently, by making —« at least as entrenched as «).

Roughly speaking, the input sentence tends to initiate arevision, the reference sentence
is prone to be withdrawn. So the two arguments of the dyadic function are related to the
two main operations of AGM-style belief change operations.

A second, quite different limiting case is that of irrevocable belief chang@45]. This
is the case when the agent makes 8 maximally entrenched, i.e., as well-entrenched as a
tautology. In ordinary language, this happensif the agent comesto consider the truth of the
input sentence to be “as sure as fate” or “as clear as day”. No doubt is |eft that 8 is true,
and thisis settled once and for all, 8 is never going to be lost.

Both limiting cases concern operations where the dyadic function is reduced to a
monadic function (by taking L as the input sentence and T as the reference sentence
respectively). A further interesting operation is the monadic function * = o, with some
fixed reference sentence ¢. Because the agent can never ever recover — 8, once such an
operation K x 8 has successfully taken place, we call these operationsirrefutable revisions
Irrefutable belief revision is rather close to belief revision as axiomatized by Alchourrén
et a. [1]. The most striking differenceis that it is not necessarily “successful” (it is non-
prioritized in the sense of Hansson (Ed.) [20]), but that it invariably respects consistency
(even in the case of an inconsistent input sentence). Thusiit is even closer to “ credibility-
limited belief revision” in the sense of Hansson et al. [21].

A detailed study and self-contained axiomatizations of the three special cases of severe
withdrawal, irrevocable belief revision and irrefutable belief revision is deferred to a
companion paper to the present one [43].

2. Semanticsfor revision by comparison

Our semantics is motivated by the well-known systems-of-spheres modelling in the
style of [19] (which isin turn inspired by [27]). Formally, a sphere S is simply a set of
possible worlds. A system of spherger SOS is a non-empty set $ of nested spheres (in
the sense of set inclusion) with (N $ as the smallest sphere in $. The belief set K = Kg
associated with a system of spheres $ is the set of sentences that are true throughout the
innermost sphere of $. Intuitively, the innermost sphere containsthe most plausible worlds,
the second innermost sphere (without the innermost one) the second most plausibleworlds,
and so on.

Let [«] be the set of worlds that satisfy «. We call a sentence o universalwith respect
to the system of spheres $if | J$ C [«]. Theset W of all possible worldsis not necessarily
in$. If itis, wecall $itself universal.

Noticethat hereand in thefollowing, belief setsare only certain abstractionsfrom belief
states, while belief states are represented by some fairly complicated structure (a system of
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Fig. 1. The intended case.

spheres). Asis common in al approaches to iterated belief change, belief states, and not
just belief sets, are subject to change in the process of belief revision.

The main idea now, expressed in the possible worlds reading, is that the new system
of spheres generated by the change o, 8 is obtained by shifting the —g-worlds that are
closer to the original belief set (according to the prior system of spheres) than the closest
—a-worlds outwards up to the ring where the closest —«-worlds reside. Thisyields a new
system of spheres that represents the posterior belief state. The intended paradigm case
is depicted in Fig. 1. The posterior system of spheres which results from applying the
operation o, 8 to $will becaled .

What exactly does the revision-by-comparison operation o, 8 do? For sentences « that
are not universal with respect to $, we put

(Def $ from $):
$=({SN[Bl: SesandSC[a]}U{S: Se$and S Z [a]}) — {4}

If « is universal, but —8 is not universal w.r.t. $, wecanput $ = {SN[B]: S € $} — {4}
The case where both « and — are universal w.r.t. $ isavery special case which we define
toyield $ = {#}. Wewill return to this case later.

Clearly, this gives us another system of spheres. It is important that unless both «
and —p are universal w.r.t. $, the posterior SOS does not have the empty sphere as
the innermost sphere—which means that the belief set K’ = K¢ associated with $' is a
consistentheory. This makes the method suitable as a method for revisions by sentences
that are incompatiblewith the prior belief set. Noticethat it is not necessary that the sphere
determining the “firmness’ with which g is accepted is characterized with the help of
some sentence «. We could alternatively regard this model as a sphere-indexedevision
operation, indexed by an arbitrary threshold sphere S*, but we shall not further follow this
line of thought in the present paper.®

9 For asimilar approach using numbers, see [51].
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Asadightly different model, one can use orderings of worlds. Assume that a complete
and transitive ordering < over the worldsis given. The correspondence between SOSs and
orderings of worlds modelling is as follows. The innermost sphere in $ consists precisely
of the <-minimal worlds, and each spherein $is of the form {w: w < w’ for some fixed
w’}.1% Conversely, w < w’ if and only if each spherein $ that contains w’ also contains w.

The posterior ordering of worlds that results from applying the operation o, 8 to < will
becaled <'.

Now choose some <-minimal world that satisfies —«, and call it w—,. We assume that
such aworld exists provided that « isnot logically valid (this correspondsto Lewis's “limit
assumption”). If « islogically valid, i.e., if thereis no world satisfying —«, then we fix by
conventionthat w—,, ischosen asan arbitrary <-maximal world (we also assume that there
exist <-maximal worlds).

Now we can define the posterior ordering <’

(Def <’ from <):
w=<w  andw_yg < w or
w=<'w iff w=<w  andw and w’ areboth g-worlds or
w=<w-, andw’isa—p-world.

Observation 1. The ordering <’ thus defined is a complete and transitive ordering of
worlds.

The world determining the “firmness” with which 8 is accepted need not be identified
with the help of some sentence . We could alternatively employ this model as a world-
indexedrevision operation, indexed by an arbitrary threshold world w*, but we refrain
from doing so in this paper.

Itiseasy to check that the relation <’ just defined has the following properties:

e For al worldsw, w < w—y if and only if w <" w—g;
o For al g-worldsw, w—, < w if and only if w—q <" w;
e For al —=B-worlds w, w—q <’ w.

It will become clear later in this paper that these properties are desirable.

3. Revision by comparison in terms of epistemic entrenchment

Systems of spheres are a way of representing how well the agent’s beliefs are
entrenched. Intuitively, the idea is that a belief 8 is more entrenched than a belief «,
if al the —B-worlds are “farther out” than some of the —«-worlds. More precisaly, an
entrenchment relation < can be thought of as generated by a system of spheres $ by the
following definition

10 Alternatively, one could take this system of spheres minus the set W of all possible worlds. We neglect this
ambiguity, although it would lead to different belief setsin certain limiting cases.
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(Def < from $):
a<p ifandonlyif foralsSe$,ifsSC[a], thenS C[B].

Entrenchment rel ations need not be thought of as deriving from a systems of spheres. They
can be studied in their own right, independently from any possible worlds representation.
In fact, while we use the possible worlds representation as a motivation for the approach we
are advocating, we will turn on entrenchment relationsin most of the formal developments
to come. The relation between possible worlds and entrenchments was studied by Grove
[19], Gl?iirdenfors [13], Peppas and Williams [36] and Pagnucco and Rott [34], among
others.

In order to make entrenchments fit the needs of revision by comparison we slightly
generalize the definition of epistemic entrenchment as introduced by Gérdenfors and
Makinson [14].

Let £ be the set of all sentences in a propositional language. An relation < over L is
called arelation of epistemic entrenchmerit it satisfies the following conditions:

(E) fa<pandB <y,thena <y. (Transitivity)
(E2) If a8, thena < B. (Dominance)
(E3) a<anporB<anp. (Conjunctiveness)

For thefollowing it isimportant to note that as compared to Gardenforsand Makinson, we
do not include an additional ‘Maximality condition’ according to which 8 < « for every
B e L canholdonly if & isalogical truth (this requirement correspondsto the universality
of $).22 For reasons that will become clear later on, we call sentences that are no less
entrenched than T irrevocable sentence#n entrenchment relation < is caled trivial if
T < 1;thisholdsjustincase <= £ x £.13

It follows from (E1)—(E3) that an epistemic entrenchment is a complete pre-order
over L. While systems of spheres $ can be seen as essentialy ordering worlds outside
the set of worlds satisfying al current beliefs, entrenchment orderings essentially order the
sentences within the set of current beliefs.

We may now define the belief setk = K< associated with an entrenchment relation <
asthe set of all sentencesthat are non-minimal under <

(Def K<):
K. — {a: L<a}, ifL<T,
=7\ k., inthetrivial case T < L.

11 1n the converse direction, one can construct a system of spheres from a given entrenchment relation by
defining S € $if and only if thereis an « such that § = {w: w satisfies every g with« < B} (and S # W). See
[34, p. 528]. Except for some limiting cases, the two constructions dovetail nicely.

12 we will comment on amissing ‘Minimality condition’ presently. In later work, Gérdenfors and Makinson
[15] used (E1)~E3) for defining expectation ordering® be applied in nonmonotonic reasoning. Similar relations
without Maximality are also prominent in the possibilistic framework, see, e.g., Dubois and Prade’s [9] necessity
measures

13 Thetrivial entrenchment relation may be regarded as corresponding to the sphere system $ = {##} and to the
constant revision-by-comparison function K o =K | .
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Here K| = L denotestheinconsistent or “absurd” belief set.

Notice that like in the SOS model, belief sets are only abstractions from belief states,
while belief states themselves are now represented by the structure of the entrenchment
relation. Due to the properties of entrenchment relations, each such belief set K< is
logically closed. It is easy to check that K< = Kg if < derivesfrom a system of spheres $
by (Def < from $).

Definition (Def K<) validates the Gérdenfors-Makinson axiom of ‘Minimality’ for
entrenchment conditions, according to which for a consistent belief set K, al and only
non-elementsof K are minimally entrenched with respect to <. Thisis theidea on which
the following considerations are based. But we also want to draw the reader’s attention to
the fact that the set of current beliefs might in principle also be defined to be the set of all
sentences ‘ above a certain level” with respect to <.

In order to make things iterable, we need to revise not only the belief set but also the
entrenchment relation from which the belief set isderived. Let < be the prior entrenchment
relation determining the prior belief set K. Now assume that the agent accepts g at least as
certainly as «, and let <" be the posterior entrenchment relation determining the posterior
belief set K o, B. Then <’ is defined by
(Def <’ from <):

y<'s iff {04/\(,3—>)/)§(,3—>5), ity <a,
y <3, otherwise.

The most distinctive part of this central definition is that the new relation between y
and § is determined by the relation between the conditionals § — y and 8 — §, wherethe
antecedent 8 is the belief to be accepted. This condition is well known from irrevocable
belief revision[10,38]. However, this part of the definitionisrelevant only aslong ascertain
sentences, namely y and 8 — §, are less entrenched than «.

Definition (Def <’ from <) reflects our intended possible worlds reading according to
which the system of spheres generated by the change ‘o, 8’ is obtained by shifting the — 8-
worlds that are more ‘central’ or ‘plausible’ than the most central or plausible —«-worlds
out to the ring where the most plausible —«-worlds reside. We first show that (Def <’ from
<) indeed captures the semantical recipe to construct revisions-by-comparison in terms of
entrenchment.

Theorem 2. Let$ be a system of spheres a${cbe changed through revision by comparison
according to(Def $ from $). Let < and <’ be the entrenchment relations derived from
$and$ by (Def < from $), respectively. Ther’ can be obtained fronx by (Def <’
from <).

The proof for this theorem, as well as for the observations and theorems to follow, is
givenin Appendix A of this paper.

(Def <’ from <) isour official definition on which thefollowing work isbased. Like any
other definition of posterior entrenchmentsin terms of prior entrenchments, this definition
providesfor iteratedbelief change. But we will not address the problem of iteration before
Section 9.
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Observation 3. If < satisfies Transitivity (E1), Dominance (E2) and Conjunctiveness (E3),
then <’ does s0, too.

Like the prior entrenchment relation <, the posterior entrenchment relation <’ is a
complete pre-order of al the sentences of the language.

From the revised relation <’ we can easily define the revised belief set by putting K oy,
B = K-. Notice that we cannot take it for granted here that the posterior entrenchment
relation <’ satisfies non-triviality (the condition 1. < T usedin[40]). Infact,if both T <«
and T <=8 (i.e,if T <aA—p),thenwefind that the posterior entrenchment relation <’
gives y <’ § for arbitrary y and 8. This can be interpreted as a kind of epistemic collapse
and it is most natural to take the corresponding belief set to be the inconsistent theory
K 1 .2 In AGM theory, any inconsistent input leads to an epistemic collapse. In the present
model, the epistemic collapse is a very exceptional case that happens only if an agent is
told to promote a sentence the negation of whiclis irrevocable to the entrenchment level
of an irrevocable sentence.

After a few simplifying steps, we get the following characterization of the posterior
belief set in terms of the prior entrenchment relation

(Def o from <):

—B<an(PB—>vy), or

yeKoyp iff a<y, or

T<an-pB.
The most distinctive part of this definition isthat y isin K o, 8 if =8 < 8 — y. This
is typical for AGM-style acceptance of y in atheory revised by g [28, p. 97], and [39,
p. 144]. However, this part of the definition is relevant only as long as certain sentences,
namely —8 and y, areless entrenched than «.

Taking the revision-by-comparison operation o as primitive, we can define the prior
belief set by suitably choosing reference and input sentences in such away that the set of
origina beliefsis not changed at al. Later we shall see that it is expedient to define the
belief set K = K, associated with a revision-by-comparison operation o as K o 1.1

The crucia question now is: How can the definition of the new entrenchment relation <’
interms of the old entrenchment relation < be converted into an axiomatic characterization
of—iterated—revisions by comparison

(a) for belief change with afixed reference sentence «;
(b) for belief change with variable reference sentences.

We will tackle the more general problem (b) first and consider the special case (a) under
the name “irrefutable belief revision” in the companion paper [43].

Before doing this, however, we have a closer look at how the operation of revision-by-
comparison works.

14 Theset {y: L <’ y} isempty in this case, and thusis not alogically closed set of sentences at all.
15 This definition is not circular, because, as pointed out above, o really operates on belief states(like systems
of spheres or entrenchment relations), and not on belief sets
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4. What the operation does

Let again <’ be the posterior entrenchment relation that determines the revised belief
set K oy B. In order to get afeeling for what the operation o, 8 actually does, wefirst have
alook at the relative posterior entrenchmentsof «, 8, and arbitrary other sentences y .

Remember that the goal of the operation o, 8 isto make g at least as entrenched as «.
Itis easy to show that the definition of <’ indeed guaranteesthat always

a<'B

but that it does not do any extralifting. 8 ends up being more entrenched than « only if it
was more entrenched than « to begin with:

a<'p iff a<§p.
One canin fact show that for an arbitrary sentence y
a<'y iff a<y.
On the other hand, for an arbitrary sentence y
y<'B iff y<aory<8g.
Clearly, the entrenchment rel ation between two sentences that are at |east as entrenched as
a inthe prior belief state will not be affected by the operation o, 8:
Ifa<yanda <Sthen:y <'§ iff y <.

In the rest of this section, we distinguish and discuss four basic cases (see Fig. 2). These
cases exhaust the space of logical possibilities. They are not disjoint, but where more than
one of them applies, they yield identical results.

4.1. The intended paradigm case

The intended application of revision by comparison is the case when the reference
sentence « is more entrenched than both the input sentence 8 and its negation —g, i.e.,
when 8 <o and -8 < a.

Case Entrenchment Kind of change
Theintended case: B<aand—B <a Koy B=K=x*8
AGM-style revision

The vacuous case: a<p Koy B=K

No change

Theunsuccessful case:  a<—-Banda<T KoyzB=K=«a
Withdrawal

Theepistemiccollapse: T <aoandT<—-f Koy B=K]|

Fig. 2. The four basic cases.



16 E. Fermé, H. Rott / Artificial Intelligence 157 (2004) 5-47

In this case, no simplification of (Def <’ from <) is possible, but we can telescope
the characterization of the posterior belief set (because in this case o < y implies =8 <
B—v):

Kogf={y: "B<Bp—>y}=Kxp

where x is the ordinary AGM revision function based on entrenchment, generalized to a
context without the Maximality condition for <. Interpretation: In the ordinary case, where
«a is selected as a comparatively well-entrenched belief, the new operation coincides with
an AGM revision—as far as one-step revisions of belief sets are concerned.

A special situationwithin the paradigm case arises when « is indeed maximally
entrenched. If T < «, then o, leads to the following change, according to (Def <’
from <):

y<'s iff (B—y)=(B—9).

Let usbriefly consider the special casewhere T < «. Notethat in this case, we alwayshave
K oy B = K * B, where x is entrenchment-based revision in the style of Gérdenfors and
Makinson. Correspondingly, we do not have the AGM postulate of Consistency (K*5). In
our account, the condition that the posterior belief set isinconsistent only if =8 isalogical
truth is replaced by the condition that the posterior belief set isinconsistent only if —f isat
least asentrenchedas T (that —8 be“irrevocable’). More details about thecase T < « are
discussed in the companion paper to the present one under the heading irrevocable belief
change(after Segerberg [45]).

4.2. The vacuous case

The vacuous case is the one in which o < 8 holds anyway, so that the goal state of the
operation o, 8—Viz., that 8 be at least as entrenched as «—is present to begin with (for
the sphere representation, see Fig. 3). In this case, nothing changes:

o]

) —>

Fig. 3. The vacuous case.
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Lemmad. If « < 8, then

y<'s iff y<s.

And evidently, for the posterior belief set, we get
Koy B=K.

Interpretation If 8 isalready at least as entrenched as «, we do not haveto do anything.
In effect, this case only differs from the case of Section 4.1 if 8 isnot in the belief set K
(andthus, by o < B8, ¢ isnotin K either). If gisinthebelief set, then K o, 8 = K = K * 3,
where x isasin AGM, so the case of the previous section subsumesthe present one. If 8 is
notin K, however, g isnotin K o, 8 = K, in contrast to K x 8 which includes 8. It turns
out that the operation o, 8 can be unsuccessfuh the sense that 8 does not get accepted at
al. For this reason we sometimeshave K + 8 ¢ K o, B, evenif =g isnotin K.

4.3. The unsuccessful case

The unsuccessful caseistheoneinwhicha < —g anda < T (seeFig. 4). Becausethen
aA(B—>y)<a<-p<(B—8), by (El) and (E2), we can smplify (Def <’ from <)
and get that

y<'s iff y<aory<s.

For the posterior belief set, we obtain
Koy B=K=a

where = isthe severe withdrawaflunction based on < [34], i.e.,
Kta={y:a<y}.

Interpretation If =g isat least as entrenched as «, then the instruction to see to it that the
entrenchment of g is at least as firm as the entrenchment of o does not suffice to render
B accepted, but rather renders o rejected. The reference sentence just hasn’t been strong

[—al]

Fig. 4. The unsuccessful case.
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Fig. 5. The epistemic collapse.

enough to achieve acceptance of the input sentence. We will presently show that g8 failsto
be accepted in K o, B if and only if « < =, and that in this case « is rejected, too. If the
agent intends to guarantee that the revision-by-comparisonis “unsuccessful” and, thereby,
to eliminate the reference sentence, he may choose the ‘input sentence’ _L—which will not
beputinto K.

Severe withdrawal is a limiting case of revision by comparison. We have aready
mentioned another limiting case, that of irrevocablerevision. Thelatter method is basically
an extension of AGM revision by an extra condition for iterated revisions. The former
method isan aternativeto AGM contraction which has not yet been studied asamethod for
iterated belief change, but its generalization to iterated functionsis fairly straightforward.
Both limiting cases are studied in Rott [43].

4.4. The epistemic collapse

The epistemic collapse is a consequence of an instruction as absurd as the instruction to
accept a contradiction with the strength of atautology. More precisely, the curious situation
arisesswhen T <o and T < —8 (see Fig. 5). The definition (Def <’ from <) then reduces
toy <’ 8§, for every pair of sentences y and 8. An equivalent way of expressing the same
isjust to say that T < L, from which it follows that <=L x L. (Def K<) tells us that
in this case K’ is inconsistent. With revision by comparison alone, we can never recover
from a state of epistemic collapse. Once caught in an entrenchment relation with T < L,
no operation of the form ‘o, 8" will ever lead the agent out of his predicament.

5. Postulatesfor one-step revision by comparison

We are now going to present a brief and economical axiomatization, which is
unfortunately not very intuitive. Much of it relatesageneral revision-by-comparison K o, 8
to arevision-by-comparison of the more specific form K o,, L. Asaready mentioned, such
operations are essentially operations of belief contraction (or “belief withdrawal”) rather
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than belief revision. The reader will be able to form a better idea of how o works after we
have derived alist of properties from the set of axioms.

Asiscommonin the belief revision literature, we use the abbreviation K + « to denote
theset Cn(K U{a}). We have six fundamental axiomsfor one-step revision by comparison.

(Cl) Koy B=Cn(K oy ). (Closure)
(C2) If Cn(w) =Cn(y) and Cn(B) =Cn(8), then K o, B = K o, 6. (Extensionality)
(C3) fa¢ Kog L, thenK og L S Koy L. (Strong Inclusion)
(C4) IfeeKoy L, thenae Kogy. (Irrevocability)
(C5) fa e K oga—p L, then K oy B = (K ogr—p L) + B. (Reduction 1)
(C6) Ifx ¢ K ogr—p L, then K oy B =K ogr—p L. (Reduction 2)

Extensionality and Closure make clear that we are dealing with the “knowledgelevel” [33],
whereit is the content that counts, and syntactical variation isirrelevant. Strong Inclusion
isaproperty taken over from an axiomatization of the operation of severe withdrawal [34].
Intuitively, it saysthat if « isnot more entrenched than 8, then the withdrawal of o results
in a superset of the withdrawal of g. According to Irrevocability, if a direct attempt at
withdrawing « from K fails, then o will survive any revision by comparison. (C5) and
(Ce6) jointly show that by using a suitable case distinction, the operation of revision by
comparison o, 8 with its two arguments (reference sentence o and input sentence 8) can
essentially be reduced to the operation of o, L that takes only one argument. It isimportant
to see that the power of the dyadic(binary) function can be simulated by a sophisticated
application of amonadic(unary) function. It is hard to think of a direct motivation for the
Reduction postulates (C5) and (C6). What we can say in favour of them is that they make
for a compact axiomatization that fits the semantics and has appealing consequences.

From (C5) and (C6), it is easy to derivethat K or T=K o) T =K oj L. From
the intuitive description and the semantic modellings above, it is clear that none of the
operationsoT T, oy T and o | introduces any changes to the belief state. So any of the
belief sets K o1 T, K o T and K o) L can intuitively be taken to represent the set of
current beliefsi.e., the belief set K = K, corresponding to a given operation o. For the
sake of simple proofs, we choose K o L totakethisrole, and we say that o isarevision-
by-comparison operationon K = K o 1.

Lemma 5. Given this definition oK, axioms(C1)—(C6) entail thato satisfies

(Vacuity)
Ifa ¢ K, thenK o, 8 =K.

Vacuity says that if the reference sentence is not believed itself, then revision by
comparison does not change the belief set.
6. Derived propertiesof one-step revision by comparison

We now give a list of properties that have a close connection to the classical AGM
[1] postulates for belief change. First we note that the AGM properties of Closure and
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Extensionality—(K 1) and (K*6) in the usual numbering—have counterpartsin (C1) and
(C2). But there are more analogies which we reflect by keeping the widely used AGM-
numberings, and adding some more descriptive names at the right-hand side.

Observation 6. Let o be an operation satisfying (C1)—C6), and let the set K = K, of
current beliefsbe definedas K o) 1. Then o satisfies:

(Kx2) If « € K oy Bthen 8 € K o, B. (Weak Success)
(Kx3) Koy BC K+ 8. (Inclusion)
(Kx4) If =g ¢ K,then K C K o, 8. (Preservation)
(Kx5) a A= € K ogn-pg Liff Koy B=K]. (Consistency)
(K%7) Kog (BAY) S (KoapB)+y. (Superexpansion)
(Kx8) If =y ¢ K oy B, then K o, 8 C K o4 (B A Y). (Conjunctive Preservation)
(Kx7&8) Koy (BVy)=KogBOrKoy(BVy)=Ko,yor
Kog (BVYy)=KogBNKoyy. (Digjunctive Factoring)
(K=8%) If a ¢ K ogrp v, then K ogngy =K oq y.

(K-D) Kogrpy =Kogy Or Kogngy =Kogy. (Decomposition)

The Weak Success condition (K%2) saysthat if the reference sentence « isretained asa
belief, then the revision by the input sentence 8 is successful in the sense that g8 actually
gets accepted.

Inclusion (K«3) and Preservation (Kx4) are very close to the AGM postulates with a
similar label. AGM, however, use a strengthening of (K«4), namely,

(K«d) If =g ¢ K, then K + B C K o, B. (AGM'’s 4th condition)

InAGM, (Kx4') followsimmediately from Preservation together with Success (« € K * «)
and Closure. In our model, this postulateis not valid, for the same reasons that stand in the
way of the unrestricted Success condition 8 € K o, 8.

Superexpansion (Kx+7) and Conjunctive Preservation (Kx8) have analogues in the
seventh and eighth AGM postulates for revisions (here: revisions by 8 A y). But other
than in AGM, (K*8) does not imply that y isin K o, (8 A ) (i.e., it does not imply a
certain form of ‘success').

The seventh and eighth AGM postulates for contractions have counterpartsin

(K=7) KogyNKogy CKogngy. (Conjunctive Overlap)
(K=8) If o ¢ K ogng v, then K ogagy € K oq . (Conjunctive Inclusion)

which follow immediately from (K-D) and (K-87), respectively.
The following rule aso follows immediately from (K-D):

(K=7&8) K ogrnpy =K oqy O Kogrpy =Kogy
or Kognpy=KogyNKogy. (Conjunctive Factoring)
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Disjunctive Factoring and Conjunctive Factoring correspondto similar AGM propertiesfor
revision (by 8 Vv y) and contraction (with respect to a A 8), respectively. Decomposition
is a strengthening of (K=7&8). It was mentioned in [1, Observation 6.3(a)] as one of the
postulates to characterize maxichoice contraction, and in [34, Lemma 2(ii)] as one of the
properties of severe withdrawals.

Notice that the typical AGM-style properties (K-7) and (K-8) for contractions can be
strengthened considerably in the present context.

Observation 6 and its consequences confirm our earlier impression that revision by
comparison has characteristics of revision (with respect to the input sentence) and at the
same time characteristics of contraction (with respect to the reference sentence). Roughly
speaking, one can view K o, 8 asaqualified revision of K by 8: Theinput sentence g8 is
accepted “were it not for the worlds that falsify «”. But K o, 8 can at the same time be
regarded as a qualified withdrawal of « from K: « is given up in the agent’s belief state,
“wereit not for the worldsthat verify 8”.

Let usfinally have alook at anumber of further interesting propertiesof the operation o,
some of which are interesting in themselves, some of them needed to prove other things.

Observation 7. Let o be an operation on a belief set K that satisfies (C1)—(C6). Then o
satisfies:

(QL) feeKoglanda ¢ K oy L, thenK oy L C K opg L.
(Q2) a e Koy —p iff a € Kog—a.
(Q3) If y e K oy —y,theny € K o4 B.

(Q4) Ifa e Koy LthenB e K oy 8. (Irrevocable Success)

(Q5) BeKor§B.

(Q6) K ogr—p L S K oy B. (Severe withdrawal lower bound)
Ifa¢ Koglor—feKo-gl, theneven K ogr—g L =K o4 B.

(Q7) Koy BC K oT (a — B). (AGM revision upper bound)

IfaeKogland—g¢Ko-gLl,thenevenK oy =K o1 ax — B.
(Q8) Koy L =K o4 —ar.
(Q9) Koq =K oq (e — B).
(Q10) If e € K oy B, then K oy, B =K o1 B.
(Qll) Be Koy B iff (e Koy B OF B €K oy —f).
(Q12) « e Kopg L iff (e Kog—a or BeKogl).
(Q13) Ifa ¢ Kog—~aand B ¢ K o, =8 then « ¢ K o, —a.
(Q14) fa Ay ¢ K ogny L,then a ¢ Ko, mxOry ¢ K o —y.
(Q15) a € Koy Liff Kog L =K.
(Q16) Ifa ¢ K o L, then K oy L € K ogap L.
(QL7) If e ¢ K oy L,then K oy L C K o4 B.

Properties (Q6) and (Q7) show that our operation K o, 8 iS, in a precise sense,
“between” an AGM revision by @« — B and a severe withdrawal with respect to the
negation of this sentence.
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7. How to express entrenchmentsin terms of revisions

A convenient way to express entrenchments in terms of revisions by comparison uses
the fixed input sentence L

(Def < from o):
a<p iff a¢KoglorpeKogl.

We first need to make surethat the relation < so defined isindeed an entrenchment relation
in the technical sense introduced in Section 3. Note that 8 € K og L is equivalent to
K og L =K, by (Q15).

Observation 8. If o satisfies (C1)—(C6), then < as defined by (Def < from o) is an
entrenchment relation, i.e., it satisfies (E1)—E3).

Referenceismadein (Def < from o) to revisionswith fixed input sentence L, equivalent
with severe withdrawals.1 It is actually a unary belief change operation here that defines
the entrenchment relation. (Def < from o) is the definition that we will use in our proofs,
but it isinstructive to have alook at afew equivalent versions, some of which use genuine
revisions by comparison.

Observation 9. The following conditions are all equivalent:

(8 a¢KoglorpeKog.l.

(b) a ¢ Kog—aorpekKog.l.

() a¢Kog—pBorfeKog.l.

(d) a ¢ KognpLOrBeKogngl.

(e a¢ Kor—(xApB)orpeKor—(xAPB).

Condition (€) gives perhaps the most interesting variant of (Def < from o). Reference
is made here to revisions with fixed reference sentence T, equivalent with irrevocable
revisons.l’ Again, it is essentially a unary belief change operation that defines the
entrenchment relation.

8. Entrenchment-based revision by comparison: representation theorems for
one-step revisions

We show that the class of entrenchment-based functions of revision-by-comparison
coincides exactly with the class of functions satisfying (C1)—(C6).

16 Essentially the same condition asin (Def < from o) isused in [34, pp. 525-526], where it is a so shown how
to construct systems of spheres from severe withdrawal functions.
17 See the companion paper [43]. Essentially the same condition is used in [21, proof of Theorem 13].
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Theorem 10 (Soundness). Let < be an entrenchment ordering that satisf{&d)—E3).
Furthermore leto be the entrenchment-based revision-by-comparison function defined by
condition(Def o from <). Thene satisfieg C1)—(C6). Moreover,K, = K<, and < can be
retrieved fromo with the help of(Def < from o).

Theorem 11 (Completeness). Let o be a revision-by-comparison function satisfy{i@f.)—
(C6). Then there is an entrenchment relatisnsatisfying(E1)—E3) such thato can be
represented as being generated frenwith the help of(Def o from <), andK < = K.

As may be expected, the entrenchment relation < mentioned in the completeness
theorem can be derived from o with the help of (Def < from o).

Due to Theorem 2, the soundness theorem aso applies to sphere-based revision by
comparison. Using known results about the very close relationship between systems of
spheres and entrenchments (see the references mentioned in Section 3), it is clear that the
compl eteness theorem is valid for sphere-based revision by comparison as well.

9. Entrenchment-based revision by comparison: representation theoremsfor
iterated revisions

So far we have only looked at one-step revisions. Given an entrenchment relation
< which represents a belief state, however, we can generate an iterated revision-by-
comparison operation by repeated applications of (Def <’ from <) and (Def K-).*® We
would like to know the properties of the repeated operation o thus generated. More exactly,
we want to know how a two-fold application of o relates to single applications of o. If
we have an answer to this question, we can reduce any finite number of revisions by
comparison to single applications of o. There is a price to be paid for this reduction, of
course: Therewill beintricate case distinctionsto be made. In addressing theiterated case,
then, the general question to ask is under what circumstances we have

¢ € (KoypB)oys.

However, this caseis still very complex. The problem of iteration is a delicate matter even
in the case of ordinary AGM revision without any specification of plausibilities for input
sentences (see[8]). Thus clearly, our function that takes three things (abelief state and two
sentences) as argumentsrather than only two (abelief state and one sentence) must be very
involved. What we expect is an effect similar to the effectsin the simpler case of iterations
of AGM revision, where (K * 8) x § issomehow related to revisionsof K by 8,8 or B A 6.
L et us see whether we have analogous structures here.

18 Remember from Section 3 that (Def o from <) is a consequence of (Def <’ from <) and (Def K<). The
most important part of our construction is the repeated change of the entrenchment relation (or, for that matter: of
the system of spheres). Aswe pointed out in Section 1, our notation leaves implicit the fact that the first argument
of o isredly abelief staterather than abelief set
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Fortunately, we can restrict ourselves to a specia case of the above, viz. the question
what the conditions are for

§€(Koyp)oy L.

By the Reduction axioms (C5) and (C6), we know that the answer to thisquestionisal we
need to know. Thisisthe crucia condition:

(IT) (K ogpB) oy L
(Kogsy L)+B, ifKo, L#K|  anda € K oq (B A—Y),
=1 Koy LNKo, 1, ifKo, L#K, anda ¢ K oy (B A—Y),
K., if Ko, L=K,.

Unfortunately, (IT) is very complex. Of course it would be nicer if it could be derived
from ssimpler and more elegant, yet valid postulates for iterated belief change, but we do
not see how this can be achieved. (IT) will enable us to prove (Def <’ from <) from the
o-postulates and (Def < from o). Before doing that, let us extend the soundness result of
Theorem 10 to the case of iterated revision-by-comparison:

Theorem 12. Let < be an entrenchment relation satisfyirf§1)—(E3). Let o be the
entrenchment-based iterated revision-by-comparison function definegftayrcondition
(Def o from <) and (Def <’ from <). Theno satisfieqIT).

The following theorem can be seen as an extension of the completeness result
Theorem 11:

Theorem 13. Let o be an iterated revision-by-comparison function satisfy(i@4)—(C6)
as well as(IT), and leto’ be the revision-by-comparison functigassociated withk’ =
K o4 B) which is defined by

K/o;,(S:(Koa,B)oyS.

If < is the entrenchment relation derived frosnby (Def < from o) and if <’ is the
entrenchment relation derived from by (Def < from o), then< and <’ satisfy(Def <’
from <).

Note that the posterior entrenchment <’ constructed in Theorem 13 is indeed uniquely
determined by the prior entrenchment < through (1T), (C5) and (C6).

Condition (IT) isfairly hard to understand. To get a better picture of repeated revisions,
we take down the following interesting properties of revision-by-comparison functionsthat
are generated from < by means of (Def o from <) and (Def <’ from <).

Theorem 14. Leto be an iterated revision-by-comparison function forsatisfying(C1)—
(C6) as well aqIT). Theno satisfies the following conditions

(IT]) (KogB)ogy =Kou(BAY).

KoyB, ify¢KoylorKoy,l=Kj,

(IT2) (KogB)oy = { K o, B, otherwise
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(|T3) (K oq B) Oyﬂ:(K Oy B) ou B.

(Kog L)N(Kogl), ifKoyl,Kogl#K],

T4 Koy L 1=
(T4 (Koa L)og {KL, otherwise

K oga, if0l¢KOﬂJ_OI'KOﬂJ_=KL,

(IT5) (Kowpopa= { K oy B, otherwise

(IT1) says that for identical reference sentences, iterated revisions can be treated as
revisions by conjunctions; this entails commutativity of revisions by comparison with a
fixed reference sentence. In (1T2), the two cases cannot be conjoined into a set-theoretic
combination of K o, 8 and K o, B, because these sets may be inconsistent, as, e.g., in
thecase o < =8 < y. (IT3) establishes commutativity of revisions by comparison with a
fixed input sentence. For the special case of severe withdrawal (the unary operationo 1),
(IT4) shows that it is usually possible to take the intersection of K o, g and K o,, 8. The
operation considered in (1T5) isasymmetrical variant of revision-by-comparison that sets
a and B to an equal degree of entrenchment.

Now we have found out that iterations of revision-by-comparison functions are fairly
well-behaved in some special cases. Other principles that seem plausible at first sight,
however, fail. For instance, unrestricted commutativity

(K oy B) oy 6= (K o, 8) oy B
doesnot holdin general, asis shown by the following example. Let £ have only four atoms
p,q,rands,andlet K =Cn{r, p <> s}. Then

Kop,q=K,

(K opq)ors=Cn({p,r,s}),

Ko,s:Cn({p,r,s}),

(Kors)opq= Cn({p,q, r,s}).

For a simple possible worlds model of the same situation, consider, for instance, the
system of sphereswith just one sphere containing four worlds characterized by the literals

(pvq’ns)v <p’ _'qu’s>1 (_‘qua"v _'S> and <_'p’ -q,r, _'S>-

10. Discussion
10.1. Related work

In an elegant and dense paper, Cantwell [7] presents an idea of raising the plausibility
of asentence (more precisely, of anon-belief). Though developed independently, the work
presented in this paper turns out to be very close to the way Cantwell’s raising mechanism
works.

The most significant difference between raising and revision by comparison is that
Cantwell does not present his operation as a revision operation, and in fact the new
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belief set he defines (his “standard of belief”, [7, Definition 11]) is inconsistent in the
belief-contravening case. This problem can be resolved by a second step of consolidation
(Cantwell’s Definition 14), but consolidation is not an integral part of the idea of raising. It
seems fair to say that both in Cantwell’s paper and in the present one expansion is viewed
asalimiting case which is approached from different directions. For Cantwell, expansionis
the limiting case of raising where the raising goes up to the point at which the hypothesisis
not just made more plausible, but is actually turned into a new belief. For us, an expansion
isthelimiting case of arevision by a sentence that is consistent with the original belief set.

When the relative entrenchments of two sentences are shifted, it is hard to say whether
the first is raised to the level of the second, or whether the second is lowered to the
level of the first. We thus essentially agree with what Cantwell [7, p. 67] says about the
(im-)possibility of comparing degrees of acceptance across purely qualitative structures.
We have not thought of revision by comparison as an operation of raising mainly because
in our work the unsuccessful case, where revision by comparison reduces to a severe
withdrawal, is a very important one. And in this case it seems much more natural to us
to say that the input sentence is not raised, but the reference sentence is lowered (to the
point at which it is not a belief any more).1°

The proposed model is not the only model conceivable that specifies a security level
(degree of acceptance) for the input sentence in terms of areference sentence that typically
is already believed. There is an aternative “foundationalist” idea (cf. [3]) where one
simply addsa constraint to an existing set of constraints for possible worlds models or
orderings of sentences. Constraints of the form needed are expressible in natural language
by conditionals like ‘If not botha and g, then(still) 8’ which in terms of entrenchment
expresses the strict preference o < .20 Negated conditionals of the form ‘It is not the
case that: if not botlw and 8, then(still) &’ can be taken to express the weak preference
o < B.2! The task afterwards is to construct one or more distinguished, in some sense
minimal or maximal semantic model(s) that satisfy the enlarged set of constraints. In
contrast to this idea, the approach that we follow in this paper is a “coherentist” one
which incorporates an input like « < g8 directly into a given well-balanced relation of
epistemic entrenchment, without recourse to the set of sentences or constraints that may
have figured asinputsin the epistemic history of the agent. Our operation aims at satisfying
the new constraint with minimal perturbation of the prior entrenchment relation and
maximal internal coherence.?? An alternative coherentist account of changing belief states
by conditionalsis presented in [23].

19 We have not investigated here anything like Cantwell’s operation |, 8 of “lowering” that is supposed to
lower the plausibility of B to the plausibility of «.

20 Compare [2,25,30,39,41,50].

21 A model for dealing with both positive and negative conditional assertions is developed in [4].

22 Coherence is guaranteed by the very fact that the posterior ordering is an entrenchment relation satisfying
(E1)HE3).
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10.2. Problems

We see two main problems with our model. First, as we have seen, the agent cannot
revise by g when —g is highly entrenched, more precisely, when —g is a least as
entrenched as the reference sentence «. A solution might consist in a strategy of choosing
as reference sentence some « which isjust alittle bit more entrenched than —. This will
lead to aposterior belief state in which 8 isaccepted, if only with weak entrenchment. But
it is doubtful, at least in some situations or according to some interpretations, whether it
makes sense to think of the reference sentence as something that the agent is always free
to choose.

A second problematic feature of the model is that it tends to make orderings coarser
and coarser along a series of repeated revisions.?® Semantically speaking, by throwing
the comparatively plausible —g-worlds al together into the first —«-ring, we lose all
plausibility distinctions between them. Similarly, put in terms of entrenchment, we lose all
distinctions between those consequences of 8 which are comparatively poorly entrenched,
viz., at most as entrenched as «.

A different, but related point is that by using revision-by-comparison alone, we can
never build up an informative belief state from the state of complete ignorance.?* In this
state, the only potential reference sentences are the maximally entrenched ones, which a
priori are only the logical truths. Similarly, as was mentioned before (in Section 4.4), we
can never escape the state of epistemic collapse by using revision-by-comparison.

Clearly, this is a disadvantage. Two kinds of remedy are available. First, we can try to
find more complicated variations of the proposed model that do not exhibit this kind of
weakness. However, it may turn out that the resulting mechanism is so complex as not
to alow for a perspicuous logical characterization. Second and perhaps more promising
for iterated belief change, we can combine revision-by-comparison with well-known
operations of iterated belief change which have the opposite property, i.e., that introduce
finer and finer distinctions along a series of revisions. One such model is Boutilier's [5,6]
“natural revision” that always moves a certain set of worlds inwards, creating a new
sphere in the very center of the system of spheres. Another model for iterated revision
that introduces new distinctions has been investigated by Nayak [29], Nayak et a. [31],
Konieczny and Pino Pérez [24], Papini [35], Nayak et al. [32] and others. Combining such
models (which take only one argument, the input sentence) with revision-by-comparison,
there is no danger of ending up with ever more coarse-grained plausibility orderings
of worlds or entrenchment orderings of sentences. However, the combination approach
burdens us with the task of providing a methodology for deciding when to apply which
revision method for what reasons. This is difficult, to be sure, but it may just be the right
way to go in a purely qualitative setting. And it is certainly a challenging task for future
work.

23 |f welook at the possible worlds modelling, this description seems intuitively right. Formally, however, the
only case of a genuine coarsening (where <’ is a proper superset of <) happens if a revision-by-comparison is
unsuccessful (i.e.,, B8 ¢ K oq B).

24 1n the system of spheres modelling, the state of complete ignorands represented by $ = {W}, in the
entrenchment modelling by the relation <= {(«, 8): ¥ « or F B}.
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Appendix A. Proofs
The following preparatory lemmawill be helpful in the proofs.
Lemma 0. Leto be an operation of revision by comparison that satisfie§—(C6). Then

(&) Kogp C(Kogn-pl)+8.

(b) K ogn-p L S KoqpB.

(€) fa e Kog Bthena € K oga-p L.

(d) fae Koy L,thenKo, 1 =K.

(€) fae Koy L, thenK oyng L =K og L.

(f) fa ¢ Kog L, thenK ognpg L =K oy L.

(@) fKog L =Koy, L, thenK ognpg L =K ogny L =K ogagay L.
(h) Ifo ¢ K ogay L, thenK ogpny L =K oy L.

(i) faeKogny L,thenK ogpny L =Ko, L.

() faoeKogLlandf ¢ K og L, thenkK ognpg L =K og L.

Proof. (a), (b) and (c) trivially follow from (C5) and (C6).

(d) Let @ € K o, L. Then it follows by (C2) that « € K oysr—1 L. Hence by (C5)
Koyl =(Kogr-1 L)+ L =K.

(e) Leta € Koy L. Itfollowsby (C4) that o € K ognpg L. If B € K ogap L itfollowshby
(C1) and (C4) and the previousresult (d) that K ogng L =K = Kog L.If B¢ Kognp L,
then by (C4) 8 ¢ K o L, fromwhichit followsby (C1) that o A B ¢ K og L. Hence two-
fold application of (C3) yields K oqng L =K og L.

(f) Let « ¢ K og L. Then by (C3), K og L. € K o, L. It follows by (C1) that
anp¢Kogl. Thenby (C3) K og L C K ognp L. It follows by (C4) that o ¢ K oy L,
then by (C1) and (C3) K oy L € K ogap L. By (C4) and (C1) either o ¢ K ognp L
or B¢ K ogag L. Then by (C3) K ognp L € K 0y L OF K 0gpg L C K og L. Hence
Kogng L =Koy L.

(9) Let K og L =K o, L. Wewill provefirstly that K oyng L = K oqay L. We have
the following cases:

(1)Be Kopg L. Thenby (d) y € K o, L. Henceby previous(€) K ogny L =Koy L=
K ognp L.

(2 B¢ KogL.Thenby (d)y ¢ K o, L.
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(2D Ifa¢ Kog L, thena ¢ K o, L. Hence by previous (f) K ogng L =K oy L =
K ogny L.

(22)fa e KogL,thena € Ko, L.Sinceby (Cl)aAp ¢ Kog L andaAy ¢ Ko, L,
(C3) yields that K og L € K ognp L @and K o, L € K ogny L. SO o € K ognp L
and o € K ogry L. Dueto (C4) B ¢ K oqnp L and y ¢ K oqa, L. Hence by (C3)
KogrngLl=Kogl =Ko, L =Kogny, L.

Secondly, applying exactly the same argument as beforeto K oqag L = K ogny, L, wWe
get that K O ABAY 1=K OuAy Ay 1=K Ouny 1, by (Cl)

(h)Leta ¢ K ogry L. By (CA) o ¢ K oy L. Thenby (C1) @ Ay ¢ K oy L. Then by
two-fold application of (C3), K ogny L =K o L.

(i) Leta € K ogny L. (1) ¥ € K oqny L. Thenby (C1) and (C4) y € K o, L. Hence
by (d) K ogrny L=Koy, L=K,.(2) y ¢ K ogny L. Thenby (h) K ogry, L =Ko, L.

() Let e e Kog L and B ¢ Kog L. By (Cl) a A B ¢ K o L. Then by (C3)
K og L € K ognp L, fromwhichit follows by (C1) and (C4) that 8 ¢ K oqng L. Hence
by (C3), K ogngp L=Kog L. O

Proof of Observation 1. Werefer to thethreelines of (Def <’ from <) as (1), (2) and (3),
without further specification.

First we show that <’ is complete, i.e., that for any worlds w1 and wy, we have that
either wy <" w2 or wo <" wi.

If wy and w7 areboth B-worlds, then w1 <" w, or wz <" w1 by (2) and the completeness
of <.

So let without loss of generality w, bea—g-world. If w1 < w—y, thenby (3) wy <" wo,
and we are done.

So supposethat w—q < wi. If w2 < w1, then by (1) w2 <’ w1, and we are done.

So suppose finally that wi < wa2. Then w—y < w1 < w2, SO w—y < w2. SiNCE w1 < w2,
we get wi <’ wy, by (1), and we are done.

Second, we show that <’ is transitive. So assume that w1 <" w2 and wy <’ w3. By
definition (Def <’ from <), the latter means that one of the following is true:

(@) w2 <xwzand w—y < w3.
(b) w2 < w3 and w, and w3 are both g-worlds.
(€) w2 < w—y and wz isa—p-world.

If (a) istrue, then we get from w1 <’ w2, (Def <’ from <) and the transitivity of < that
inany case wi < w3 and w—y < w3, so by (1), wy <’ w3.

If (b) istrue, then we have to have a closer look at how w1 <’ w» came about.

If w1 < w2 and w—y < w2, then we get from the transitivity of < that w1 < w3 and
W-o < w3, SO by (1), w1 <" w3,

If w1 < wz and both w1 and w» are g-worlds, then we get from the trangitivity of <
that wy < w3 and both w1 and w3 are 8-worlds, so by (2), w1 <’ w3.

The case where w1 < w—, and wz isa—g-world is not possible, since w, has aready
been assumed to be a g-world.

If (c) istrue, then we get from w1 <" wy, (Def <’ from <) and the transitivity of < that
inany case wi < w—, and wz isa—pB-world, so by (3), w1 <’ w3. O
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Proof of Theorem 2. We show that (Def <’ from <) captures in terms of entrenchment
the semantical recipe to construct revisions-by-comparison. In thefollowing, let [«] denote
the set of al worldsthat satisfy «.

Let $ be the system of spheres and <’ be the entrenchment relation associated with
K oy 8. Thenwe have

y </ §iff

iff forall Se$,if SC[y], thensS C[6]
Jand SN[B] S [y], then SN [B] S [6] and
Jand S C[y], then S C [§]
alN[B—vy], thenSc[f—46] (I) and
Jand S € [y], then S C [5]. @

iff fordl Se$, { -
¢
If SC
iff foral Se$, { S<
¢

Now let us distinguish cases.
Casel: y <a,i.e,fordl Se$,if S C[y],then S C [«]. Inthiscase, (II) isvacuously
satisfied, and y <’ § reducesto (1), which means by definition that « A (8 — y) < 8 — 8.
Case2: o < vy, i.e, thereis an Sp € $ such that Sp C [y] and So gz [ec]. In this case,

S C [a] impliesthat S C Sp, since $isnested, and that S C [y].

We show that in this case for every S € $, the conjunction of (1) and (I1) is equivalent
with the claim that for all S € $,

if S C[y], then S C []. (i

First, let S € $ and suppose that (I1I’) holds. Then clearly (I1). For (), suppose that
S C [a]. We have just seen that in this case it follows that S C [y]. Hence by (I1'),
S C[8] S [B — §], asneeded for (1).

Conversely, let S € $ and suppose that (1) and (I1) hold. If in addition S ¢ [«] then (I1)
implies (1'). Moreover, (I1) implies that So € [8]. So, on the other hand, if in addition
S C [a] then S € Sp C [6], as needed for (I1").

(11") means by definition that y < §.

In sum then, we get precisely (Def <’ from <). O

Proof of Observation 3.

(E1) Let y <’ § and § <’ ¢. Then we have four cases, according to the definition of <':

QDarPB—-y)<PB—>8adaA(B— 38 <(B— ¢). Dueto (E3) we have two
subcases:

(11) ¢ <a A (B — 5), from which it follows by (E1) that « < (8 — ¢). By (E2),
aA(B—y)<a,thenby (E1), a A (B — y) < (8 — ¢). Hence, by definition of </,
y<'¢.

12 (B—>d8) <an(B—3).Thenwehavea A (B—>y)<(B—>8) <aAn(B—38) =<
(B — ¢), and by (E1) it followsthat o A (8 — v) < (B — ¢). Hence, by definition of <,
sincey <a,y <’ ¢.

Qan(B—y)<(B— 8 ands < ¢.Itfollowsfrom definitionthat y <o anda < 3.
Then by (E1), @ < ¢, and y < ¢, hence by the definition of <, y <’ ¢.
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@B y=<dsdandan(B—368 <(B— ¢). We prove that this is not a valid case. By
definition, @ < y, and § < «, then (E1) yields § < y, contradiction.

(4) y <8 and § < ¢. Then, by definition, § <« and y < «, and by (E1) we obtain
y <¢.Hencey <’ 4.

(E2) Let y F 6. We have two cases:

(1) y <a.Sincey 38, (B — y) - (B — 8), then by (E2) (8 — y) < (8 — 5), and,
againby (E2) a A (B— y) < (B8 — y). Then, by (E1), a A (B — y) < (B — 8), hence
y <'8.

(2a <y.By(E2),y <é.Hencey <.

(E3) We divide the proof in cases.

(D) Let o < 8. We have two subcases:

(1.1) Let y <. Then by (E1) and (E2) y A8 <. By (E2), § < (8 — §). Then (E1)
yieldsa < (8 —8).By (E2) e A (B—y) <a,0by (El) a A (B — y) < (B — 9).
By (E2) a A (B — ) =(B—y). Henceby (E1) and (E3) a A (B — y) = (B —> ¥) A
(B — 8), whichisequivaenttoa A (8 — v) < (8 — y A8), hencey <’y A § by (Def
<’ from <).

(12 Leta <y.Thena <y AS.By (E3) either y <y Ad oré <y A8, hence, by (Def
<’ from <), eithery <’y Adoré <’y AS.

@ Lety<ogadd<a,theny Ad<a.By(E3), B—=>y)<(B—y)A(B—9)
or (B—>38) <(B—y)A(B— ), whichisequivdentto (8 > y) <(8— y AS) or
B—=>8)=B—>ynd.BYy([Ed,an(B—>y)<(B—>y)andan(B—>¥ <(f—9).
Then,by (El),aAn(B—y)<(B—>yAd)oran(B—38) <(B— yAS), henceby (Def
<'from<),y <’y Adors<'yAS. O

Proof of Lemma 4. Let o < 8. If a < y, the claim isimmediate from (Def <’ from <).
Solet y <a. Thenby (Def <’ from <), y <’ § meansthata A (B — y) < 8 — 6.

We first show that this condition implies y < §. On the one hand, we have y < «
and o < 8, s0 by Transitivity we get y < . On the other hand, we have y < « and
by Dominancey < (B — y), 0bya A (B —>y)<B — 5, wegety <pB — §. By the
entrenchment properties, y < g and y < 8 — § taken together give y <.

To show the converse, suppose that < §. This, taken together with the supposition
that « < B and the entrenchment properties, alows us to form the following chain:
aANB—>yY)SBAB—y)<y<5§<B— 4 s0byTrandtivity,a A (B — y) < — 3,
and wearedone. O

Proof of Lemmab. Let o ¢ K o; L. Then by (C4) and (C1), we know that @ A = ¢
K ogn-p L, s0 by (C1), L ¢ K ogn—p L. Therefore, by (C3), K ogr-g L S K o1 L.
Thus o ¢ K ogr-pg L, and by (C6), we get K oq B = K oqn—-pg L. As a first result,
we thus have K o, 8 C K o L. For the converse inclusion, we first note that by (C1),
aAn—f¢Koy L. By (C3),then, Ko L C K oyn—g L, and since we aready showed
that K oy B = K ogr-p L, wehave K o) L C K oy 8. Insumthen, K o, =Ko, L,8s
desired. O

Proof of Observation 6. Let o satisfy (C1)—(C6), anddefine K =K o L.
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(K#2) Leta € K o, B. Thenby (Lemma0(c)) « € K oga—p L. Thenby (C5) K o, B =
(K oga—pg L)+ B.Hence B € K oy B.

(K=3) Let ¢ ¢ K, then by Vacuity, K o, B=K C K +B8.If = K,thenK o, B C
K+pB=K,.LletaceKand—p ¢ K. Thenby (C1) « A = ¢ K oyn—p L = (by Vacuity)
= K. Thenby (C5), duetoa € K ogr—p L, K 0y B = (K ogr-p L) +p =K +B.

(K#4) Let -8 ¢ K. If a ¢ K, by Vacuity K = K o, 8. If « € K, we have proven in
(K«3) that K o =K + 8. Hence K C K oy 8.

(K5) For one direction let « A = € K oys—g L and the rest follows from Lemma
0(d). For the other direction, let K o, 8 = K. Then o € K o, B and by (Lemma 0(c))
o € K ogr-pg L fromwhich it follows by (C5) that K o, B = (K oqn—p L) + B. Hence, by
(C1), =B € K ogn—p L and, by (C1) again, o A —=f € K ogn-pg L.

(K#7) We split the proof in cases:

(1) an—(BAy)¢K Oy An=(BAY) L. Then by (Cl) aAn—-B¢K OuA=(BAY) L. Itfollows
by (C3) that K Oan—=(BAY) 1 CK Oy n—p 1. fa ¢ K Oy n—p 1, then K o, B A ]/) = (by
(C6)) K ogn—(gry) L S K ogr—pg L =K o4 B S (K oy B)+y.If e Kogr-g L, then
K oo (BAY) S (K oupa(pry) L) + (B AY) S (K oapp L) + B) +y = (by (C6))
(Koo B)+vy.

(D aA=(BAY) €K ogr(gnry) L. It followsby (C1) and (C4) that o € K ogr—p L,
then by (C5) K og B = (K ogn—p L) + B. Then (K oq B) + ¥ = ((K 0gr-p L)+ B) + .
By (C1) and (C4), =(B A y) € K ogr-pg L. Hence (K o, B) + y = K, from which it
followsthat K o (BAY) C (K oy B) + y.

(K#8) Let =y ¢ K oy 8. We split the proof in cases:

(1) @ € K ogr—p L. Then by (C5) K oy B = (K ogr—p L) + B. Then =(B A y) ¢
K ogr—g L, and a A =(B A y) ¢ K ogr—pg L, from which it follows by (C3) that
o € K ogn-p L C K ogr-(ry) L. Then (K oga—g L) + B S (K oga—(gay) L) +(BAY).
Hence, by (C5), K o4 BC K oy (B AY).

(2) @ ¢ K ogr—p L. Then by (C6) K oy B = K ogp—-g L. By (C) a A=(BAY) ¢
K ogn—pL.Hence K oq B = K ogn—pg L € (by (C3)) € K oga—(gry) L S (by LemmaO(b))
C Kog (BAY).

(K#7& 8) We split the proof in cases:

(1) -8 ¢ K o—g L and =y € K o-pg L: It follows by (C1) that « A =B A =y ¢
K o-g L. Then (C3) yields =y € K ogn—pgr—y L. By (C1) and (C4) it follows that
a A—=B ¢ K oga—pr—y L. Since by (C1) a A =8 ¢ K o—g L it follows by (C4) that
aA—B ¢ K oga-pg L and by (C1) that « A =B A =y ¢ K oga—p L. Then by two-fold
application of (C3) K ogn—pr—y L = K oga—p L. If & € K ogr—pa—y L, it follows
that K oy (B Vy) = (K Oan—pa—y L) + (B Vy)= (due to —y € K Oan—BA—y 1)
=(K OaA—=BA—y D+B=(K Oan—p L) +B=KoqB,by(CS5). Ifa ¢ K Oan=BA—y 1,it
follows by (C6) that K oy (BV ¥) =K oga—pgr—y L =K ogr-p L =K o4 B.

(2) =y ¢ K o—, L and =g € K o, L. Dueto the symmetry of the case, it follows that
Koy (BVy)=Koyy.

(3 —BeKopglor-y¢Kopgl,and—y € Ko, Lor—p ¢ Ko-, L.Dueto(C4),
we have two possibilities: (3.1) =g € K o—g Land —y € Ko—, L or(3.2)~y ¢ Ko-g L
and—p ¢ K o_, L.

(3.1) By (C4) =g and —y € K ogr—-gr—y L. Then it follows by Lemma O(i) that
K ogn-pr-y L =K ogp-p L = K ogpn—y L. Ifa ¢ K Oan—pr-y L, it follows by (C6)
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that K oq (BVYy) =Koy B =Koy y. Now let o € K ogn—gr—y L. We know that
K ogn—pr—y L+ (B VYy)=K ogr-g L+ =K =K ogr-y L + y. Hence, by (C5),
Koy (BVy)=KoyB=Koy,y.

(3.2) It follows by (C3) that K o—g L = K o—,, L. Then by Lemma0(g) K ogr—pr—y
L =K ogrp L =K ogr—y L. Then (K ogr-pr—y L)+ (BV ¥) = (K ogr-pry L) +
BN (K ograpr—y L)+ = (K ogn-p L) + BN (K ogr—y L)+ y. Hence, by (C5) and
(C6), Koy (BVYy)=Kog BNK oq y.

(K=8") Leta ¢ K oqnp ¥, By LemmaO(b) o ¢ K ogrpr—y L, and by (C1), x A B ¢
K ognpr-y L. So by (C6), K oang ¥ = K ognpr—y L. BY (C,an—y ¢K Oanpr—-y L.
Then by Lemma 0(h), K ogrpr—y L = K oga—y L. @ isnot in this set. Hence by (C6),
Koyy=Kogn-y L.HeNCE K ogrgy =K o y.

(K-D) Inthe proof of (K-8") we haveprovedthat K ogngy = K og v if @ ¢ K ognpy.
Similarly,if 8 ¢ Kogapy,then Kogagy = Kogy.LetaAB € K ogagy. Thenitfollows
by Lemma0(c) that @ A B € K ognga—y L @nd by (C5) K ogng ¥ = (K ognpa—y L) +¥.

(D If =y € Kogapa-y L, itfollowsby (C1), (C4) and LemmaO(d) that K ogrpr—y L =
Kogn—y L =Kogr-y L =K, fromwhichitfollowshby (C5) that K ogpngy = Koy =
Kolg Y.

(2) If =y ¢ K ognpga—y L, it follows by (C1) that o A =y ¢ K ognga—y L and
BA—Y & K ogapr—y L. Thenby LemmaO(h) K ogrpr—y L = K ogn—y L =K oga—y L.
Henceby (C5), K ogngy =K oqy =Kogy. O

Proof of Observation 7.

Q) LetaeKog Ll anda ¢ K oy L. Then, by (C1), a A B ¢ K o L. From (C3) it
followsthat K oy L € K ognp L.

(1)If Be K og L, thenby LemmaO(d), K o, L C Kog L =K.

(2 If B¢ K op L, then by (C1) and (C3) K o L C K ogap L, SO @ € K ognp L,
s0 by (C4) B ¢ K ognp L, from which it follows that K oqng L = K og L. Hence
Koy LS Kog L.

(Q2) We first show that @ € K oy =B iff @ € K ognp L. Let @ € K o —B. The
assumption that o ¢ K ogapg L implies by (C6) that K o, —=f = K oqapg L and we have
a contradiction. Therefore o € K oq g L. For the converse, let o € K oyp L. Then, by
Lemma O(b), o € (K ogrp L) + =B = K o, =p. Now we show that o € K og - iff
o€ Kognpg L. Let o € K og —a, then by Lemma 0(a) @ € (K oqnpg L) + —a, hence
o € K ogap L. Fortheconverse, let a € K oqnp L, by LemmaO(b), o € K og —a.

(Q3) Let y € K oy —y. Then, by Lemma 0(8) y € (K ogny L) + —y, then y €
Kogny L.By LemmaO(i), K ogny L = Kog L. Ifa € Koy L,by (Cl),a Ay € Kogay L,
thenby (C4) and (C1) y € K o 8. Now let & ¢ K o, L, thena A = ¢ K o, L, then by
(C3) K oy L € K ogn—p L. Henceby LemmaO(b) y € K oy L € K oy B.

(Q4) Leta € K oy L.By (C4), @ € K o, B, hence (Kx2) yields 8 € K o, B.

(Q5) Followstrivially from (C1) and (K*2).

(Q6) See Lemma 0(b).

For the second part, we have two cases. (1) Let o« ¢ K o—g L: Then it follows by
Lemma O(f) that K ogr—g L = K o, L and by (C4) that o ¢ K o, L. Hence by (C6)
K ogn—p L =K o4 B. (2) Let =8 € K o—g L: Then it follows by Lemma O(e) that
K ogr-g L =Koy L. If ¢ Koy L then (C6) K ogr-g L =K og . Ifx € Koy L
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then (C1) and (C4) yielda A =8 € K oga—p L, fromwhichit follows by Lemma 0(d) that
K oqn-p L =K. Henceby LemmaO(b) K ogr-p L =K o4 B.

(Q7)By (C5), K o1 (¢ = B) = (K ogr—p L) + (@ = B). If « € K oy s—p L it fOllows
by (C5) that K oy B = (K oga—g L) + 8 = (K ogr-pg L) + (@ — B). If a ¢ K ogr—p L it
follows by (C6) that K oy 8 = K ogr—g L S (K oga-p L) + (@ — B).

For the second part, let « € K o—g L and = ¢ K o—g L. Then by Lemma 0O(j),
K ogn-p L =K o-g L. Then by (C5), K oy 8 = (K oun—pg L) + B. It follows by (C5)
that K ot (@ — B) = (K oT a—(@—p) L) + (@ — B) =(by C2) (K ogpr-p L)+ (@ — B) =
(K ogr—pg L) +B.Hence K oy B =K ot (0 — B).

(Q8) If ¢ ¢ K oy L, thenby (C2) and (C6) K oq —~a = K oy L. If @ € K o, L, then by
LemmaO(d), K o L. =K andby (C5) K oy ma = (K 0y L) +—-a =K.

(Q9) Itfollowsby (C2) that K ogr—p L = K ogr—(a—p) L. If & € K 0 p—(a—p) L, then
(K ogp—(a—py L)+ (@ = B) = (K ogr—pg L) + B. Applying (C5) and (C6) to both K o
and K o, (@ — B), then, we see that they areidentical.

(Q10) Let @ € K o B, then by Lemma O(C) o € a € K oqa—g L. By Lemma O(h)
it follows that K ogr—g L = K o-g L = (C2) K oTA-p L. Hence by (C5) K o, B =
(K oan—p L)+ B=(KopgL)+B=Korp.

(Q11) (&) If « € K o4 B, follows by (K«x2). If 8 € K o, = follows by (Q3).

(=)Letpe Ko, Banda ¢ K o, B. Then by LemmaO(b), « ¢ K ogn—p L, A B &
K ogn-p L.BYy (C3), Kogn-gL S KogagL.By (Ce)pekK Oan—p L C Kogag L. Thus
by LemmaO0(b), 8 € K oy —f.

(Q12)(=)Letac Kog Land B ¢ K og L. Thenby LemmaO(j) K og L = K ognq L.
Hence by LemmaO(b) @ € K og —a.

(<) If B € K o L, theleft-hand sidefollowsby LemmaO0(d). If « € K og —a, it follows
by (Q3).

(QI3) Letaw ¢ Kog—a and B ¢ K o, =f. (CA) yields B ¢ Kog L. (1) y € Ko, L.
Then by (C4), y € K ogny L, from which it follows by (C4) that o ¢ K ogn, L, then
o ¢ (K ogny L) + —a, hence by Lemma 0(a), o ¢ K o), —~a. (2) ¥ ¢ K o, L. Then by
(Q12)a ¢ Kog L and B ¢ K o, L. Itfollowsfrom (C3)that K o, L S Kog L S Koq L,
thenao ¢ K o, L, hence, by (Q3) @ ¢ K o), —a.

(Ql4) Leta Ay ¢ K ogny L. Theneither o ¢ K ogny L OF y ¢ K ogn, L. Hence by
(C2) and (C6) o ¢ K 0, —ax OF y ¢ K o4 —y.

(Q15) Followstrivialy from (Kx5), replacing 8 by L.

(Q16) Let @ ¢ K oy L, thenby (CL) ¢ A 8 ¢ K o L, from which it follows by (C3)
that K oq L € K ognp L.

(Q17) followsfrom (Q6) and (Q16). O

Proof of Observation 8. We show that < indeed satisfies (E1)—(E3).

(El) Leta <pandB <y, thatisa ¢ Kog L orfeKogl,andasop ¢ K o, Lor
y € Ko, L, by (Def < fromo).

Weneedtoshow that o < y,i.e,a ¢ Ko, Lory e Ko, L. Assumethaty ¢ K o,, L.
Then B ¢ K o, L, and hence, by (C3), K o, L € K og L. By (C4), we know that
B¢ Kopgl.Hencea ¢ K og L, and since K o, L isasubset of K og L, we also have
o ¢ K o, 1,asdesired.
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(E2) Let a = B. In order to see that o < 8, we need to show that o ¢ K og L or
B € K og L. But thisisimmediate from (C1).

(E3) In order to see that either « <a A B or 8 < a A B, we need to show that either
a ¢ KogrgLloranpeKogpgl,orelse ¢ Kogng Ll oranpeKoqng L. Butthis
isimmediate from (C1). O

Proof of Observation 9. That (a) and (b) are equivaent follows from (Q12).

That (b) and (c) are equivalent follows from (Q2).

(€) > (d): (1) @ ¢ K oo —=B. Then by Lemma O(b), « ¢ K oqnpg L. (2) B € K op L.
Thenby (C4) B € K ognp L.

(d) — (e): By (C5), since T € K OTA(eAp) 1 wehave K ot —(xAB)=(K OTA(eAp)
1)+ —=(@AB). SOif a ¢ KogrpgL,by (Cl) (@ AB) > a ¢ KogrpgL,0ag¢
(K oTa@nrp) L)+ (@A B) =K or =(aAB). If B Kogrg L=KoTr@ang LS
(K oTa@@np) L) + —(a A B) followsimmediately that 8 € K o1 —=(a A B).

(e > (@:LetaeKoglandB ¢ Kog L. Thena AB ¢ K og L.By (C3), Kog L C
K Oanp 1,thenax e K Ounp 1=K OTA(eAp) 1 C Kot —(ax A PB). Since,B ¢ K og 1 we
havea A B ¢ K oqnp L, by (C4) and (C1), since o € K ognp L, Wwehave 8 ¢ K ognp L.
By (C1) and (C2) then —(a A B) — B ¢ K oTanp) L fromwhich it follows by Lemma
O@that ¢ K o ~(@ AB). O

Proof of Theorem 10 (Soundness

(C1) Let y € Cn(K o4 B). Then, by the compactness of the underlying logic, thereis
a finite subset {81, ...,68,} C K oy B, such that {31, ...,68,} F y. We have to prove that
y € Koy B.1f THa A =g, then by definition, K o, 8 = L, hencetrivialy y € K o4 B.
Solet THFaA—B.

We first show that §1 A --- A 8, € K o, B. FOr this purpose we are going to prove that
if 31€ Koy Banddz e K oy thends Adz € K oy B. Therest follows by iteration of the
same procedure. So suppose §1 € K oy B and §2 € K o, B.

By (E3), we have that either §1 < 81 A §2 or 82 < §1 A 82. We can assume without loss
of generality that 51 < §1 A 82 fromwhich it followsthat §1 < §5.

If o <81, thenby (E1) @ < 81 A 82, hence by (Def o from <), 81 A 82 € K o4 B.

If on the other hand 81 < «, it follows by (Def o from <) that =8 < o A (8 — 81). If
a < &2, by (E)+(E3) weobtainthat =8 <a A (B —81) <a <82 < B — 2. If §2 < «,
then by (Def o from <) =8 <a A (8 — §2). Hence in any case =8 < a A (8 — 82).
From = <a A (B — 81) and =8 < a A (B — §2) it follows by (E3) and (E1) that
—B<aAn(B— (611N82).Hencedy Ad2 e K oy B.

By repeated use of this argument, we get that §1 A --- A 8, € K oy B. We have
81N+ N8, Fy, fromwhichitfollowsby (E2) that 1 A--- A8, <y. lfa <81 A+ A6y,
thenby (E1) @ < y,hencey € K o 8. If ontheother hand §1 A - - - A8, < o, thenby (Def o
from<) =B <aA(B— (81A---A8)).BY (E2)a A (B — (B1A---Adp)) San(B—y),
soby (E1) =B <a A(B— y).Hencey € K o, B.

(C2) Trivial.

(C3) Let o ¢ K og L. Then it follows by definition of o that « < g and 8 < T. Let
y € Kog L. Thenp < y; (El)yieldsthat o < y,theny € Ko, L, hence Kog L € Ko, L.
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(C4) Let o € K o, L. Then it follows by definition of o that T < «. (1) 8 < «. Then
by definitionof o, € K ogy. (2) « < 8. Thenby (ED)HE3) T <fAa <BA(y = a).
(2.1) =y < BA(y = a). Then by definitionof o, € K og y. (22) BA (y = @) < —y.
Then by (E1)«E3) T < 8 A —y. Hence by definition of o, @ € K og y.

(C5) Let € K oqn—p L. Then by definition of o we havetwo cases: (1) T <a A —.
Then by definition of o it followsthat K oy 8 = (K ogn—g L) +B =K. (2)a A—=p <.
From (1) we can assume that o« A =8 < T. By (ED)—(E3) a A =8 <a A (B — y) iff
aA—-B<pB—yandsinceby (E3) -8 <a A =8, (EL) yidds =8 <a A (B — y) iff
a A—p < B — y.Henceby definitionof o, y € K o, Biff - y € K ogn-p L.

(C6) Let o ¢ K oyn—pg L. Then by definitionof o c A =p < T and o <o A —f. By
(E1)«E3) for al y it followsthat « A (B = y) <a <a A =B < —=B. Then for al y,
-8 L aA(B— y). Hence by definitionof o, y € K oy B iff a <y iff a A =8 < y iff
y € K ogn-p L.

(Ko =K<) K, isdefinedtobe K o L. But by (Def o from<),a € K o) L if and only
if

-l <lA(lL—>a) or

1l <a or

T<lA-Ll
which reduces(since T < L isimpossible) to thedigunction L <« or T < L. But thisis
exactly what the definition of K< comes down to.

(= from o) Finally, we show that < can beretrieved from o with the help of (< from o).

(=)Leta<pandp ¢ K og L. By definitionof o, B < T.Then g L v and T £ B,
hence by definition of o, « ¢ K og L.

(&) Let B € K og L. By definitionof o, T < 8. By (E2) &« < T, then by (E1) « < B.
Leta ¢ K og L. Hence by definitionof o, < 8. O

Proof of Theorem 11 (Completenegs We define < from o with the help of (Def < from
o). Due to Observation 8 < is an entrenchment relation that satisfies (E1)—«(E3). Then we
use < to construct a revision-by-comparison operation o’ with the help of (Def o from <).
We need to show that o’ = o.
Lety € K o, B.
By (Def o from <), this means that
either-8 <a A (B — )
Oora <y
orT <anA-p.
By (Def < from o), this means that
either(aAn(B—y)eKopgland—B¢Ko-g L
or(IyeKoyl,anda ¢ K oy L
or (I e A—=p € K ogr-p L.
First we show that each of (1), (1) and (111) impliesy € K o4 8.
Suppose that (1) is true. By (C1) « € K o—g L. Then by Lemma 0(j) K o—g L =
K oga—pg L from which it follows by (C1) that (8 — y) € K oqr—pg L. Hence by (C5)
y € Koy B.
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Next supposethat (1) istrue. Then by (Q12) y € K o, —y, from which we get by (Q3)
that y € K oy B.

Now supposethat (I11) istrue. Then by (K«5) K o 8 = K, hencey € K o, 8.

Now we show that conversely y € K o, B impliesoneof (1), (I1) and (111).

Let y € K o, B. Then, according to (C5) and (C6) we have the following subcases:

()B—yeKogn-pLada e K ogn-p L. If = € K ogn—pg L, it follows by (C1)
that (111) is satisfied. If =8 ¢ K oqn—p L, it follows by (C4) that =8 ¢ K o—g L and by
LemmaO(h) that K oga—g L = K o—g L. Thenby (C1) o A (8 — y) € K o—g L, hence
(1) is satisfied.

(2) yeKogn-p L anda ¢ K oga-pg L. By (C4) o ¢ K o, L and by Lemma O(h)
K oga-p L =K oy L.Hencey € K o, L and so (I1) is setisfied.

Finally, we show that K< = K,. By the definition of K<, we know that o« € K< iff
either L <o or T < _L.Butby (Def < from o), thismeansthat « € K< if and only if

either @€ Ko, Land L ¢ Ko 1)
or(T¢Ko, LorLeKoy 1)
which reduces, thanksto (C1), to thedigunctione € Ko; L or L € K oj L. Thisinturn

reduces, again thanksto (C1), to @ € K o L. Thus we have shown that K< isidentica
withKo| 1 =K,. O

Proof of Theorem 12. For this proof, we rely on the “trandation” of facts about one-step
revisions by comparison into the language of entrenchments, i.e., on (Def o from <), and
on the properties of entrenchments.

We begin with the left-hand side of (IT).

8 € (K ogfB)oy L,

iff (by (Def o from <) and afew simplifications)
eithery <'sor T <'y

iff (by (Def <’ from <))

eitherB >y <aAn(B—8) ands <aor
y<danda <38
oraA(B—>T)<(B—y)and T <aor
T<yada<T.

Sincea A (B — T) isequivaent with « and < is transitive, the left-hand side of (IT) is
satisfied iff one of the following holds:

@ B—oy<an(B—8adé<a,

(b) y<édanda <3,

(€ T<p—-yadT=<e,

(d) T<yada<T.
Now we turn to the right-hand side of the condition (IT). What will it mean, in terms
of entrenchment, that § € (K o4 B) o, L if we employ the right-hand side of (IT)? The
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conditions spelt out in the following lines are to be read digunctively. (Def o from <)
givesusthat
(B—o>y<B—-8oT<B-oypy)andy<Tad(B—>y<aorT=<a)
or
(a<édorT<ag)yand(y <dorT<y)andy <Tanda<pf—->yanda<T
or
T<y.
Now let us split up the first two linesinto four disuncts each
Q) B—oyv<B—odandy<TadB—>y<a
2 Boyvy<B—odandy<TadT <«
B T=<Boyady<TadB—->y<a
4 T<Boyady<TadT=<a«a
or
5) a<dandy <dandy <Tanda<pB—->yanda<T
6) a<sdadT<yady<Tada<p—>yanda<T
(7) T<agady<dandy <Tanda<p—>yanda<T
B T<ogadT<yady<Tanda<pB—o>yanda<T
or
9 T=<vy
Of these conditions, (6), (7) and (8) are plainly inconsistent, while (3) is inconsistent
with entrenchment properties. (1), (2) and (5) can easily be reduced by the application of
entrenchment properties. Condition (2) in fact implies (1) and can thus be dropped. In (4),

the condition y < T can be dropped due to the presence of the diunct (9). In sum, we get
the following:

1) B—oy<B—sadB—y<a,
(4 T<B—oyadT=q,
5) a<dandy <sdanda < — v,
@ T=v
In order to prove that condition (IT) isvalid, it remains to prove that the digunction of
(1), (4), (5) and (9) is equivalent to the diunction of (a), (b), (c) and (d).
First, we check that (1)-or-(4)-or-(5)-or-(9) implies (a)-or-(b)-or-(c)-or-(d).
(2) impliesthat either (a) isthe case or
B—>y<B—>8 and B—-y<a and a<§,

areall true. But thisimplies (b) (since 8 — y < § impliesy < §).
(4) implies(c). (5) implies (b). (9) impliesthat either (d) isthe case or

T<yadT <q,

are both true. But thisimplies (c) (since T <y implies T < 8 — y, by (E2) and (E1)).
Second, we check that (a)-or-(b)-or-(c)-or-(d) implies (1)-or-(4)-or-(5)-or-(9).
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(a) implies (1). (b) impliesthat either (5) is the case or
y<édandae <dandp — y <a,

areall true. But thisimplies (1) (Since — y <a <3§ < B — §).
(c) implies (4). (d) implies (9).
Thisfinally provesthat (IT) isvaid. O

Proof of Theorem 13. Let the revision-by-comparison function o satisfy (C1)—(C6) as
well as (IT). Let < be derived from o and let <’ be derived from o’ with the help of (Def
< from o), where o’ for K’ = K o, B8 isdefined by

K/o;,3:(Koa,B)oy8.

We want to show that < and <’ satisfy (Def <’ from <).
Lety <’S.
By (Def < from o), this means that

Yy ¢ (KogB)osLorde(Koqf)os-L.

Using (IT), we can givethefollowing list of all waysof making this condition true (read
thelist asalong digunction). (1)—(4) correspondto y ¢ (K oq B8) o5 L, (5)—(7) correspond
tos e (K oy B)os L.

(1) B>y ¢KogsslandKos L#K| ando € K oy (B A—6),
(2 y¢KoglandKos L K| anda ¢ K o, (B A —9),

(B v¢KoslandKos L #AK, anda ¢ K oy (B A —6),

(4 y¢KiandKos L =K,

(5) p—>6cKopssLlandKos L# K| anda € K oy (B A —6),
(6) e Koy LNKosglandKos Ll #K, anda ¢ K oy (B A —6),
(7) e K;andKos L =K.

Now (4) is plainly impossible, and (6) is inconsistent with (K«5): § € K o5 L impliesthat
K os 1. = K. The second conjunct of (3) and the first conjunct of (7) can obviously be
dropped. So we end up with adigunction of

(1) B>y ¢KopssLlandKos L# K| anda € K oy (B A —6),
(2) y¢ KogLand Kos L# K| anda ¢ K oy (8 A —0),

(3 y¢KosLanda ¢ K oq (B A —6),

(5) B—>8cKopgsLlandKos L#K| ando € K oy (B A —8),
(7) Kos L=K,.

Now we know from the proof of Theorem 11 that o can be generated from < with the
help of (Def o from <). For the specia case where 8 equals L, (Def o from <) simplifies
toy € Ko, L iff eithera <y or T < «, and consequently, K o, | = K iff T <. Using
thesefacts, we can “trandate” the remaining five casesinto conditions about entrenchments
(to beread digunctively):
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(Al) B—-y<B—-dadp—-Ss<Tadé<Tad(B—>d<aorT<a),
(A2) y<oganda<Tads<Tad(e<p—>sdanda <T),

(A3) y<édands<Tad(a<p—>danda <T),

(A5) T<B—>dads<Tand(B—d8<aorT <a),

(A7) T <54.

Let us now simplify (Al). Wecandropd < T, sinceitisimpliedby 8 — 8 < T (using
(ED)HE3)). Wecanalsodrop T < «, sincetogetherwith g — § < T, itimpliesg — § <«
(using (E1)—«E3)). Having the latter as a conjunct, we can finally drop what isimplied by
it, namely B — 8 < T. In (A5), notethat T <8 — § rulesout 8 — § < a. Because of
(A7), we can finaly drop al conjuncts of theform § < T in (A2), (A3) and (A5). So we
have the following simplified array of conditions (to be read digunctively):

Al) B>y <B—>dsandB—68<a,
(A2) y<aganda<f—danda <T,
(A3) y<éanda<pB—>danda <T,
(A5) T<B—6adT <a,

(A7) T <.

On the other hand, the two conditions of (Def <’ from <) can be split up into three
conditions (likewise to be read disjunctively):

() a<Bp—->dandy <«,
() B—-y<p—dandy <«,
() y<sanda < y.

It remains to be shown that each of the conditionsin the more complicated list implies
a digunction of the conditionsin the last list, and vice versa. This is what we will check
now, using the entrenchment conditions (E1)—(E3) without further explicit mentioning.

(Al) implies(I), sinceit entails y < «.

(A2) implies (1).

(A3) implies(l), if y < «;itimplies(Il), if & < y.

(A5) implies (1) [and also (11)].

(A7) impliesthe digunction of (1) and (111) [and aso the digunction of (11) and (I11)].

Now for the converse direction.

(1) implies (A2), if « < T; itimplies (A5),if T <.

(1) implies (A1), if 8 —> 8 < «. It implies (A2), if botha < —>dand o < T. It
implies (A5), if botha < —d8and T <a.

(1) implies (A3).

In sum, we have shown that (Def <’ from <) issatisfiedby <and <’. O

Proof of Theorem 14. Let o be an iterated revision-by-comparison function for K
satisfying (C1)—C6) aswell as (IT).

The following proofs for the iteration conditions (1T1), (IT2), (IT3) and (IT5) will not
be made by direct use of (IT), but via entrenchment representations of one-step revisions
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by comparison. Let < be the entrenchment relation derived from o by (Def < from o) and
let <’ be the entrenchment relation derived from o’ by (Def < from o) as explained in
Theorem 13. Then we know from Theorems 11 and 13 that the function o can be generated
from < and <’ with the help of (Def o from <) and that < and <’ arerelated by (Def <’
from <). We will use these resultsfreely in the following. (The proof of (1T4) will proceed
by adirect derivation from (IT).)

(IT1) 6 € (K oy B) oq y istrueiff (by Def o from <)

either(case 1) =y <’ a A (y — §)
or (cae2)a <'§
or (cael3) T <’ a A—y.

In case 1 we have (by Def <’ from <)

eithera A (y > 8) <aand (B — —y) <a A (B— (@ A (y = 8)))
or(@<aA(y—38))and—-y <aA(y —98).

But the latter caseisimpossible: @ < a A (y — §) contradictsthe entrenchment postul ates
(ED—EJ).

So we are left with the first case in which (8 > —y) <a A (B — (@ A (y — §))) is
equivalentwith =(BAy) <a A ((BAy) — 8). Moreover, o A (y — 8) < a isguaranteed
by the entrenchment properties.

Soinsum, case 1reducesto =(BAy) <a A ((BAY) — 8).

In case 2 we have

eithers <aand (B — @) <a A (B —3)
orae<danda <.

But the former caseisimpossible, since (8 — «) < « isimpossible, and hence (8 — «) <
a A (B — 8) isimpossible, by the entrenchment postul ates.
Thuswe remain with the latter case, i.e., o < 4.
Soinsum, case 2 reducesto o < 3.
In case 3we have
eitherT <aanda A(B—> T)<B— (a A—y)
ora<TadT <aA-y.

By the entrenchment properties, the lower lineisimpossible, and this reducesto
T<ogandT=<pg—> -y

or, whatisthesame, to T <a A = (8 A y).
Since either case 1 or case 2 or case 3 obtains, we remain with the condition

—“(BAy)<an((BAy)—>38) or
a<é or
T<aA=(BAY)
which definesthe fact that § € K o, (8 A v), by (Def o from <).
(1T2) By (Déf o from <), § € (K oy B) oy B iff
either—8 <y A (B — §)
ory <'$
orT<'yA—p.
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By (Def <’ from <), thismeans

(x): either(B— —B)<aA(B—> Y AB—=)andy A(B—8) <«
o—B<yA(B—-8anda<yAB—6)
or(B—oy)<an(B—8ads <«
ory <danda <38
oran(B—>T<B—>yAr—-B)andT <«
ooT<yan-ganda<T.

By the entrenchment properties, y A (8 — 8) <« holdsiff eithery <aor8 — § <a. S0
(x) can be simplified to

(xx): either-B <aA(B—>yY)A(B—> 8 andy <«
or—B<an(B—(yAd))ads—§<a
o—-B<yA(B—8anda<yAB—6)
orB—-y)<aAn(B—8andd<a
ory <danda <38
orT<aA—-8
ooT<yan—-ganda<T.

Now we distinguish two cases.
Letincase 1 bey < «. Lines3 and 7 of (x*) are impossible in this case, and the rest
reducesto
either—8 <a A (B — (y A6))
or—B<an(B—(yArd))adp—é<a
or(B—y)<an(B—8ands <a
ora<$§
orT <aA-—pg.

Here the second line can be dropped since it impliesthefirst. The last term of thethird line
is superfluous because of the fourth line. We end with the complex

either—8 <a A (B — (y AS))
or(B—>y)<aAn(p—9)
ora<§

orT <aA-pg.

It is easy to check that the first two lines of this complex are equivalent with =8 <
aA(B—9).
Thus, by (Def o from <), incase Lwehaves € (K oy B) o, B iff 6 € K oy B.
Consider now case 2 wherea < y. Lines 1, 4 and 6 of (xx) are impossible in this case,
and the rest reducesto
either—-8 <aA(B— (y Ad)andB — 8§ <«
or—-B<yA(B—>8anda<pB—3
ory <é
orT<yA—B.
Since—>38<a<yimpliesf—>8§=<an(B— y), wecan simplify the first line of
thiscomplexto -8 < 8 — 8 and 8 — & < «. Since @ < y, we can equivalently say that
“B<yAn(B—>8adp—<a.
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So thefirst two lines of this complex are equivaent with =8 <y A (8 — §).

Thus, by (Def o from <), in case 2we have § € (K oy B) o, B iff 5 € K o), B.

Since y <o encodes y ¢ K o, L or K o, L = K, (by Q15), our case distinction
matches exactly the one formulated in (1T2).

(1'T3) From the proof of (1T2), weknow that § € (K o4 B) o, B can be decided by acase
distinction. If y < «, then the conditionis

gither =8 <a A (B — §)
ora<$§
orT<aA-B.

If, on the other hand, & < y, then the conditionis

either = <y A (B — 9)
ory <é
orT<yA—g.

Using aperfectly symmetrical argument, wedecide$ € (K o, 8) o, B by acasedistinction.
If @ <y, thenthe conditionis

either =8 <y A (B —9)
ory <$
orT <y A—p.

If, on the other hand, y < «, then the conditionis

gither -8 <a A (B — §)
ora<$§
or T <aA-B.

In order to provethat (K oy B) o) B = (K oy, B) oy B, We check the cases. Obviously, the
conditionsfor theinclusion of § areidentical if « < y orif y <.

It remains to check the case where both « < y and y < «. By the conditions for
entrenchment relations, equal entrenchment of & and y entails that

—-B<an(B—>8) Iiff =<y A(B—9),
a<d iff y<d,
T<an—-pg iff T<yAn-g.

Soin thislast case, the conditions agree as well, and we are done.
(IT4) (K oy L)og L

(Koyisp )+ 1, if Kog L#K| anda € K oy (L A—p)
:(by|T)[(KoaJ_)ﬂ(Ko/5J_), if Kog Ll#K| anda ¢ K oy (L A—p)
K, ifKo/gLZKJ_
K, ifKo,gJ_;éKlandaeKoaJ_
:[(KOQL)Q(KOﬁL), if Kog L#K|anda ¢ K oy L
K, ifKOﬂJ.:Kl

(Kog L)N(Kogl), ifKogl,Kogl#K]|
= (by Q15
by Q ){K otherwise.

)
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(IT5) By (Def o from <), we have that

Y € (Kogp)opa
holdsif and only if

either—a <’ B A (a — y)
org<'y
or T <'BA—-a.

By (Def <’ from <), this means that

eitherf - —a <aA(B—> (BA(@—>y))adBA(a— y) <a
or—-a<BAla—>y)anda<BA(@—y)
orB—>B<an(B—y)andy <a

orf<yanda<y
oran(B—>T)<B—->BAr—a)adT <a
orT<BA—-aanda <T.

Given the properties of entrenchments, this collection of conditions reduces to the
following complex of conditions:

(%): either—av—-B<an(B—>y)andBA(d—>y) <«
or—a<pBA(@—y)anda <BA(a—y)
orf<yanda<y
orT<aA-p
ooT<BA—-oanda <T.

Now we make a case distinction. Case Lisa < 8. Inthis case (%) reducesto

either—av—-<aand—aVv-<pB—>yadpAr(a—y)<a
ora,—~a<pBada,—a<a—y

org<y

orT <.l

orT<BA—a.

Taken together with o < 8, thefirst two lines of this complex imply —a < 8 A (@ — y).
(Notethat thefirst linetaken together with o < g implies—av -8 < gand —av -8 < y.)
Conversely, —a < 8 A (¢ — y) taken together with o < 8 implies that one of the first
two lines of the complex is satisfied. (Notice that —a« < 8 A (¢ — y) implies that both
- < B and —a < o — y, by the entrenchment conditions. Assuming then that the second
lineis not satisfied impliesthat either 8 <@ ora — y <o, hence B A (@ — y) < a. Also,
—a < BA(a—y)implies(BA(x— y)) = —a) < BA(x— y),ie,~aV—BV-y <
B A (¢ — y),andthisyidds—a V-V -y <y aswedlas—a Vv -8V -y <a.)
Insum, wefindincase 1that y € (K oy B) op « iff

—a<BA(@—>y) oOr

B<y or
T<BA—a,

i.e., by (Def o from <), iff y € K og cr.
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Continuing with the case distinction, we now turnto case 2 where 8 < «. Lines2 and 5
of (x) areincompatible with this case, and the rest reducesto

either—a v =8 <a A(B—y)
Oora <y
orT <anA-p.

Thefirst line of thisimplies—8 <a A (8 — ).

Conversely, =8 < a A (B — y) taken together with 8 < o implies the first line of
the complex just written down. (Notice that =8 < o A (B — y) implies ((a¢ A (B —
y) = —B)<aA(B—y)ie, (—aVv-BV-y)<an (B — y), by theentrenchment
conditions.)

Insum, wefindincase2that y € (K oy B) op « iff

—B<an(PB—->y) or
o<y or
T<anA—pg,

i.e., by (Def o from <), iff y € K o4 B.
Sincew < g encodesa ¢ K og L or K og L = K (by Q15), our case distinction is
exactly theoneformulated in (IT5). O
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