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Abstract
The stability of stationary spots on cathodes of arcs in vacuum and ambient gas is investigated
by means of the simulation of the temporal evolution of perturbations imposed over
steady-state solutions. Two cases of loading conditions are considered, namely, spots
operating at a fixed current (the case typical of small-scale experiments) and spots operating at
a fixed voltage (the case typical of high-power circuit breakers). Results are reported on spots
on large copper cathodes of vacuum arcs and on spots on tungsten cathodes of high-pressure
argon arcs. It is shown, in particular, that if the ballast resistance in small-scale laboratory
experiments with a high-current arc is insufficient, the potential consequence may be a thermal
explosion of a spot, if the arc burns in vacuum, and massive melting of the cathode surface, if
the arc burns in ambient gas. This conclusion conforms to trends observed in the experiment.
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1. Introduction

Considerable advances have been attained in the course of
the past 15 years in the theory and modeling of current
transfer to cathodes of arcs burning in ambient gases (e.g.
[1] and references therein; [2–7] may be cited as further
examples). In particular, two- (2D) and three-dimensional
(3D) solutions describing, in a self-consistent way, stationary
spots on cathodes of arcs in ambient gases can be computed
nowadays as a matter of routine with the use of steady-state
solvers. Recently, the same approach has been applied to the
simulation of stationary spots on cathodes of vacuum arcs [8].

An important issue concerning solutions that describe
stationary configurations and have been computed by means
of steady-state solvers is their stability under some or
other experimental conditions. The stability of different
regimes of steady-state current transfer to cathodes of arc
discharges, including regimes with spots, was investigated in

the framework of the linear stability theory with the use of
analytical methods [9] and the eigenvalue solver of the software
COMSOL Multiphysics [10]. An alternative approach to the
investigation of the stability of stationary solutions is to perturb
a stationary solution and then follow the development of the
perturbed solution in time by means of a nonstationary solver.
This approach, while significantly more demanding in terms of
CPU time, allows one to predict the final result of development
of perturbations of unstable states.

In this work, the latter approach is applied to the
investigation of the stability of stationary solutions describing
current transfer, in the first place in the spot mode, to cathodes
of arcs burning in vacuum and ambient gas. Two limiting cases
of loading conditions are considered, namely, spots operating
at a fixed current and spots operating at a fixed voltage;
the cases typical of, respectively, low-current arcs and high-
current arcs in circuit breakers. The temporal evolution of the
perturbed solution is followed until one of the four outcomes
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occurs: the perturbation decays, i.e. the spot returns to the
original unperturbed state; the local temperature decreases
down to the average temperature, i.e. the spot is extinguished;
the temperature in the spot rapidly rises to very high values, up
to the critical temperature, which can be termed an ‘explosion’
of the spot; the arc attachment expands and a significant part or
the whole of the front surface of the cathode becomes quite hot,
which can be termed ‘massive melting’ of the cathode surface.

The outline of the paper is as follows. The numerical
model is briefly introduced in section 2. Results of the
numerical investigation of the stability of stationary modes of
current transfer to cathodes of arcs in vacuum and ambient
gas, performed by means of numerical simulation of the
development of perturbations in time imposed over steady-
state solutions, are reported in sections 3 and 4, respectively.
Conclusions are summarized in section 5.

2. The model

The model of plasma–cathode interaction employed in the
above-cited works [2–8] exploits the fact that a significant
electric power is deposited by the arc power supply into the
near-cathode space-charge sheath. A part of this power is
transported from the sheath to the cathode surface and heats
up the surface up to temperatures sufficient for thermionic or
thermo-field electronic emission. The rest of the deposited
power is transported by the electric current into the arc column.
As a consequence, the plasma–cathode interaction is, to the
first approximation, not affected by processes in the arc
column. Note that the arc column is affected by the plasma–
cathode interaction through energy flux and electric current
from the near-cathode plasma to the arc column.

In order to correctly describe the energy flux from the
near-cathode plasma to the surface, one needs to consider,
in addition to the near-cathode space-charge sheath, also the
ionization layer, which is a thin plasma region adjacent to
the sheath where the energy flux to the cathode surface is
generated. Since the combined thicknesses of the sheath and
the ionization layer are much smaller than a characteristic
radius of the arc attachment, current transfer through this
region is locally one dimensional (1D). Therefore, the problem
of arc–cathode interaction may be solved in two steps. In the
first step, a 1D problem of current transfer across the sheath
and the ionization layer is solved and characteristics of these
zones are found as functions of the local temperature Tw of
the cathode surface and of the near-cathode voltage drop U

(a combined voltage drop in the sheath and the ionization
layer, which is assumed to be the same for all points of the
arc attachment). In particular, densities of the net energy flux
and the electric current from the plasma to the cathode surface
are found: q = q(Tw, U), j = j (Tw, U).

In the second step, distributions of temperature T and
electrostatic potential ϕ in the cathode body are calculated by
means of solving, in the cathode body, the time-dependent
multidimensional heat conduction equation, written with
account of Joule heat generation in the cathode body, and the
current continuity equation supplemented with Ohm’s law:

ρccp

∂T

∂t
= ∇ · (κ ∇T ) + σ (∇ϕ)2 , (1)

Figure 1. Geometry of the problem. (a) 2D spot attached to a planar
infinite cathode. (b) 2D spot attached to a cylindrical cathode with a
hemispherical tip. (c) 3D spot attached to a cylindrical cathode with
a flat front surface with a rounding at the edge.

∇ · (σ∇ϕ) = 0. (2)

Here t is time, ρc, cp, κ and σ are, respectively, the mass
density, specific heat, and thermal and electrical conductivities
of the cathode material. The dependences q(Tw, U) and
j (Tw, U) calculated in the first step serve as boundary
conditions for equations (1) and (2) at the cathode surface:

κ
∂T

∂n
= q(Tw, U), σ

∂ϕ

∂n
= j (Tw, U), (3)

where n is a direction locally orthogonal to the cathode surface
and directed outside the cathode.

Three different geometries shown in figure 1 are
considered: an axially symmetric (2D) spot attached to a
planar infinite cathode (figure 1(a)), a 2D spot attached to
a cylindrical cathode with a hemispherical tip (figure 1(b)),
and a 3D spot attached to a cylindrical cathode with a flat
front surface with a rounding at the edge (figure 1(c)). In the
case of the planar infinite cathode, equations (1) and (2) are
solved in 2D in the cylindrical domain designated OABC in
figure 1(a). Boundary conditions (3) apply on the cathode
surface; line OA in figure 1(a). Far away from the spot the
temperature of the cathode body tends to a given value Tcool

(the average temperature of the cathode) and the potential tends
to zero. The corresponding boundary conditions on lines AB

and BC are implemented as in [8]. In the case of a cylindrical
cathode with a hemispherical tip, equations (1) and (2) are
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solved in 2D in the domain designated OABC in figure 1(b).
Boundary conditions (3) apply on the front and lateral surface
of the cathode; line OAB. The base of the cathode (line BC)
is assumed to be maintained at a fixed temperature Tcool by
external cooling and the electrostatic potential here is set equal
to zero. The geometry shown in figure 1(c) is similar to that
shown in figure 1(b) except that the cathode has a different
shape and the spot is 3D.

Results reported in this paper refer to copper cathodes of
vacuum arcs and tungsten cathodes of arcs operating in argon.
The thermal and electrical conductivities κ(T ) and σ(T ) of
copper and tungsten were assumed to be the same as in [8]
and [6], respectively. The specific heat values cp(T ) of copper
and tungsten were evaluated with the use of data from [11]
and with account of the latent heat of melting (which was
introduced along the same lines as is done in the simulation of
metal casting [12]; see [13] for details). Functions q(Tw, U),
and j (Tw, U) were determined as described in [14] for the
copper cathodes of vacuum arcs and in [15] for the tungsten
cathodes of arcs burning in argon.

The above model neglects the effect of the arc column
over cathode spots, which can come into play in some
situations, and does not account for convective heat transfer
due to motion of molten metal and changes of shape of
the cathode surface, which may occur due to motion of
molten metal, microexplosions and ejection of macroparticles.
Nevertheless, the model has given a number of useful results,
also in nonstationary cases (e.g. [13, 16]), and a nonlinear
investigation of the stability of stationary solutions describing
steady-state spots in the framework of this model seems to be
a natural and timely step.

The procedure is as follows. A stationary solution T =
T0(r), ϕ = ϕ0(r), U = U0 is computed by means of
a steady-state solver for a given value of the spot current,
I = I0. Then a perturbation is imposed over this solution
and a nonstationary solver is invoked with this perturbed
solution being the initial condition. If in the course of temporal
evolution the perturbation decays and the system returns to
the stationary solution T0(r), ϕ0(r), then the stationary spot
described by the solution is stable (against the considered
perturbations and for the loading conditions being considered).
Otherwise, the spot is unstable and the question is what will
happen to it in the course of temporal evolution?

One can consider different forms of the perturbation im-
posed over the steady-state solution. However, trial calcula-
tions have shown that the final outcome stability/instability
does not depend on the shape of the perturbation. Most of the
results reported in this work refer to perturbations of the dis-
tribution of the cathode temperature introduced in the simple
formβ[T0(r)−Tcool], whereβ is a given parameter characteriz-
ing the initial level of perturbation of the cathode temperature,
with the distribution of potential being unperturbed. In other
words, the initial condition for nonstationary modeling was
T (r) = T0(r) + β[T0(r) − Tcool], ϕ(r) = ϕ0(r).

The nonstationary modeling is performed without
perturbation of the electric control parameter: it is maintained
during the whole simulation run U = U0 or I = I0 in the
cases of voltage- and current-controlled spots, respectively.

Note that the model of a spot operating at a constant voltage
is appropriate for conditions of very high current arcs, such as
those in high-power circuit breakers, where many tens or even
hundreds of spots operate in parallel and ignition or extinction
of a spot does not appreciably affect the arc voltage. The
model of a spot operating at a constant current is of interest in
connection with moderate-current arc devices and small-scale
experiments, where the arc power supply is current-controlled
and there is (ideally just) one or a few cathode spots. Note
that in both cases of voltage- and current-controlled spots the
voltage drop in the near-cathode layer is assumed to be the
same at different points of the cathode surface. Distributions
along the cathode surface of other parameters, including the
density of electric current to the cathode surface, are related to
the distribution of temperature of the cathode surface and have
to be computed at each time as a part of the solution.

Both steady-state and nonstationary modeling in this
work was performed by means of the commercial software
COMSOL Multiphysics. The finite-element mesh has to be
strongly nonuniform, in particular in the vicinity of the spot
edge due to a very fast variation of the density of the energy flux
coming from the plasma. A free triangular mesh with several
successive refinements in the spot region was used in the 2D
geometries shown in figures 1(a) and (b). A free tetrahedral
mesh was used for the 3D geometry shown in figure 1(c).

3. Stability of vacuum arc spots

This section is concerned with the results of the investigation
of the stability of stationary solutions describing spots on
copper cathodes of vacuum arcs. As the first step, we neglect
nonuniformities of the cathode surface and assume that the
cathode is an infinite half-space. The results reported in this
section refer to Tcool = 1200 K.

Detailed simulations of stationary spots on copper
cathodes have been reported in [8]. Here, we only mention that
the calculated temperature of a stationary spot (about 4400 K),
while being higher than the boiling temperature of copper, is
in line with the values given in other works; e.g. [17].

An example of the temporal evolution of perturbations of
a voltage-controlled spot is given in figure 2 for four levels
of initial perturbations: β = ±1%, ±2%. The maximum
temperature in the cathode body, Tmax, is shown on different
scales in figures 2(a) and (b). Also shown in figure 2(b) is the
temperature of the cathode surface at the center of the spot,
Tc. Note that in the cases where the initial perturbations of
the cathode temperature are negative (β < 0), the highest
temperature in the cathode body at all times is attained on
the cathode surface at the center of the spot, so Tmax = Tc

and the corresponding lines in figure 2(b) coincide. The
spot current is shown in figure 2(c) and the temperature of
electrons in the near-cathode plasma layer above the center of
the spot in figure 2(d). The horizontal lines in figures 2(a)–(d)
represent the steady-state values (or, in other words, values
corresponding to the unperturbed state). Note that since the
highest temperature in the cathode body in the unperturbed
state is attained on the cathode surface at the center of the spot,
there is only one horizontal line in figure 2(b).

3
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Figure 2. Development of perturbations of a voltage-controlled vacuum spot. U = 20 V. (a) Maximum temperature in the cathode body,
Tmax (see supplementary data at stacks.iop.org/PSST/23/054007/mmedia). (b) Tmax (solid, dashed) and Tc the temperature of the cathode
surface at the center of the spot (dotted). (c) Spot current. (d) Electron temperature in the near-cathode plasma layer above the center of the
spot.

One can see that if the perturbations of the cathode
temperature are positive or negative at the initial moment
(i.e. β is positive or, respectively, negative), then they remain
positive or, respectively, negative at all times. At the first phase,
the perturbations decrease on the time scale of nanoseconds,
so Tmax and I approach steady-state values. Note that in the
case of positive perturbations (β > 0) the cathode surface
at this phase is cooled down faster than the interior of the
cathode, so the temperature maximum is shifted inside the
cathode and Tmax > Tc. During some microseconds, Tmax and
I remain close to the stationary values, and the spot radius
as well (the corresponding figure is skipped for brevity). At
around 10 µs the perturbations start growing once again and
rapidly enter the nonlinear phase. In the case of positive
perturbations, the temperature maximum is shifted from the
surface into the cathode volume and in the course of around one
microsecond or less Tmax and I increase up to extremely high

values. One can say that a thermal explosion occurs. In the case
of negative perturbations, the spot cools down to temperatures
below 2000 K in the course of a few microseconds, after which
it continues cooling down at a slower rate and at t of the order
of 100 µs Tmax is virtually indistinguishable from Tcool. One
can say that the spot is destroyed by thermal conduction.

The same trends are seen in figure 3, which illustrates the
temporal evolution of the distribution of the temperature in the
cathode body. During some microseconds, the distribution is
close to the steady-state one; figure 3(a). The temperature
maximum which is formed inside the cathode body at the
nonlinear phase of development of positive perturbations is
localized at a distance of a few µm under the cathode surface;
figure 3(b).

Thus, stationary solutions describing steady-state spots
are unstable if the near-cathode voltage is not affected by
processes in a spot. There are two scenarios of the nonlinear
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Figure 3. Temporal evolution of distribution of the temperature over the cathode surface (solid) and in the body of the cathode along the axis
of symmetry (dotted); voltage-controlled vacuum spot, U = 20 V.

development of perturbations: thermal explosion for ‘positive’
perturbations and destruction of the spot by thermal conduction
for ‘negative’ perturbations.

The characteristic time scales for different variants are
given in table 1. Here t1 represents the time during which
the amplitude of the perturbation is reduced to one-half of its
initial value; t2 denotes the time in which the amplitude of the
perturbation attains 500 K; and t3 denotes the time in which
the amplitude of the perturbation attains 2000 K. Note that
the amplitude of the perturbation here means |Tmax − T

(st)
max|,

where Tmax = Tmax(t) and T
(st)

max are the maximum values of the
temperature of the cathode body described by, respectively,
the perturbed (time-dependent) solution and the stationary
solution.

It should be stressed that the modeling reported in
this section refers to a semi-infinite cathode with uniform
properties and a planar surface. It should be expected
that nonuniformities in cathode properties or geometrical

Table 1. t1: time scale of the initial decay of the perturbation; t2:
time of beginning of the nonlinear phase of the instability; t3 − t2:
time scale of development of the nonlinear phase.

β t1(ns) t2(µs) t3 − t2(µs)

1% 1.6 12.2 1.6
2% 3.7 10.2 1.6

−1% 1.0 9.4 2.3
−2% 1.2 7.5 1.8

nonuniformities of the cathode surface will significantly reduce
the time of beginning of the nonlinear phase of development
of instability. Therefore, data on t2 shown in the table may be
used as upper estimates and also for qualitative analysis. In
particular, one can see that the thermal explosion in the case
of positive perturbations begins a little later than the thermal-
conduction destruction in the case of negative perturbations.
The time of beginning of the nonlinear phase also depends
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Figure 4. Development of perturbations of a voltage-controlled
vacuum spot; β = 1%, U = 20 V; solid: Tmax; dotted: spot radius
Rs ; 1: simulations without account of Joule heating; 2:
σ = 3.7 × 106 S m−1; 3: σ = 1.6 × 106 S m−1; 4: σ = σ(T ).

on the initial level of the perturbation: stronger perturbations
enter the nonlinear phase a little earlier, as could be
expected.

The above results refer to perturbations which have, at the
initial moment, the form β[T0(r)−Tcool] with β = ±1, ±2%.
However, the same scenarios of development of instability
occur also for other perturbations. It is interesting to note
that when the initial level of positive perturbations is reduced
(β � 0.5%), the maximum of temperature occurs on the
cathode surface (i.e. Tmax = Tc) until the perturbation enters
the nonlinear phase.

It is clear that the region of very high temperatures
underneath the cathode surface that is formed in the course
of the nonlinear phase of the development of positive
perturbations is a consequence of Joule heat generation in
the cathode body. In order to illustrate this relation, the
development of positive perturbations of a voltage-controlled
vacuum spot computed without account of Joule heating is
shown in figure 4 (lines 1). Note that the spot radius plotted
in this figure is estimated as the position of a point where
the distribution of the density of energy flux from the plasma
attains the maximum value; see figure 2b of [8] and its
discussion. The spot remains unstable; however, the outcome
of the development of perturbations changes: the increase in the
maximum temperature (which occurs on the cathode surface)
during the nonlinear phase is quite modest, while the spot
radius increases to extremely high values. One can say that
positive perturbations result in massive melting of the cathode
surface in the case where there is no Joule heat generation in
the cathode body. Note that negative perturbations result in
destruction of the spot by thermal conduction as before.

A question arises as to how important the variability of
the conductivity of the cathode material is; one is reminded, in
this connection, of the concept of thermal runaway introduced
by Hantzsche [18, 19] as an instability caused by a positive

Figure 5. Decay of perturbations of a current-controlled vacuum
spot; I = 47.0 A; solid: Tmax; dotted: voltage U .

feedback between Joule heat production in the cathode
body and temperature because of the Wiedemann–Franz law.
Lines 2 and 3 in figure 4 depict results of simulations of
the development of positive perturbations performed with the
electrical conductivity of the cathode material being constant
and equal to 3.7 × 106 S m−1 or 1.6 × 106 S m−1, which are
values of the dependence σ(T ) for copper at T = 2000 K and
4000 K, respectively. For comparison, also shown in figure 4
are data computed for the variable σ ; lines 4. (Note that the
solid line 4 in figure 4 depicts the same data as the line marked
β = 1% in figure 2.) One can see that the development of the
instability in the case σ = 1.6 × 106 S m−1 is similar to that in
the case of variable σ , although values of the spot radius at the
nonlinear phase in the former case are somewhat higher. In
the case σ = 3.7 × 106 S m−1 the spot radius at the nonlinear
phase is still higher, although still much lower than that in the
case of infinitely high σ (i.e. without Joule heating).

One concludes that what affects the development of
instability against positive perturbations is not the variability
of the conductivity of the cathode material but rather its
magnitude.

It is clear that the limitation of the current per spot
should produce a stabilizing effect. This is indeed the case,
as one can see from figure 5, which refers to the case of
the spot current being maintained fixed. Both positive and
negative perturbations decrease on the time scale of tens
of nanoseconds, so Tmax and U approach the corresponding
steady-state values and remain close to these values ever after.
Thus, stationary spots are stable for I fixed. This conclusion
conforms to results of the 0D analysis performed in [17, 20],
where the spot is described only on the integral level, according
to which a steady-state solution can be reached in the course
of evolution of a spot at a fixed current.

6
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Figure 6. Current–voltage characteristic and maximum temperature
of the cathode; p = 1 bar, cylindrical cathode with hemispherical
tip, R = 1 mm, h = 12 mm.

4. Stability of current transfer to cathodes of arcs in
ambient gas

This section is concerned with the results of the investigation of
the stability of stationary solutions describing current transfer
to cathodes of arcs in ambient gas. As an example, we
will consider conditions of experiments with high-current
arcs [21] typical of, e.g., welding devices or plasma torches,
and of experiments with low-current arcs [22] typical of
HID (high-intensity discharge) lamps. In both cases, the
plasma-producing gas is argon. The cathode is made of
tungsten and has the shape of a cylinder with hemispherical
tip of radius R = 1 mm and height h = 12 mm under
conditions [21] and the shape of a cylinder with a flat front
surface with a rounding of radius 100 µm at the edge with
R = 0.75 mm and h = 20 mm under conditions [22]. In both
cases, Tcool = 300 K was set.

Detailed simulations for conditions of experiments [21]
and comparison with the experiment have been reported in
[6, 23]. Here, we only mention that the current transfer in this
case occurs in an axially symmetric mode which embraces
states with a hot spot at low currents and states with a diffuse
temperature distribution at high currents; a transition between
these two regimes occurs with hysteresis. The latter means that
graphic representations of characteristics of the mode reveal a
retrograde section, which is shown by the dotted line in figure 6.

In principle, the most relevant case for the conditions
of experiments [21] is that of a current-controlled spot.
Nevertheless, it is of interest to consider also the case of a spot
operating at a fixed voltage, for the purposes of comparison
with the results for vacuum and also to get an idea of what
happens in experiments with high-current arcs in ambient gas
if the ballast resistance is not sufficiently high to fix the current.

Voltage-controlled steady states are unstable, similarly
to voltage-controlled cathode spots of vacuum arcs. As an

Figure 7. Development of perturbations of voltage-controlled
current transfer to cathode of an Ar arc; dashed: simulations
without account of Joule heating; U = 30 V, β = 1%, p = 1 bar,
cylindrical cathode with hemispherical tip, R = 1 mm,
h = 12 mm. (Supplementary data available at
stacks.iop.org/PSST/23/054007/mmedia)

Figure 8. Distributions of the temperature along the cathode surface
during the development of a perturbation of a voltage-controlled
steady state; dashed: simulations without account of Joule heating;
U = 30 V, β = 1%, p = 1 bar, cylindrical cathode with
hemispherical tip, R = 1 mm, h = 12 mm.

example, the temporal evolution of a perturbation of a voltage-
controlled steady state with U = 30 V (and I = 6.0 A) is
shown in figures 7 and 8 for the initial perturbation β = 1%.
d in figure 8 is the distance from the center of the front surface
of the cathode measured along the generatrix, so the range
0 � d � 1.57 mm corresponds to the front (spherical) surface
of the cathode while the range d � 1.57 mm corresponds to
the lateral (cylindrical) surface.

7
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Figure 9. Distributions of the temperature along the cathode surface
during the development of a perturbation of a voltage-controlled
steady state; U = 10.2 V, β = 1%, p = 1 bar, cylindrical cathode
with hemispherical tip, R = 1 mm, h = 12 mm.

There is no initial decrease in perturbation on the
nanosecond scale, in contrast to the case of cathode spots
of vacuum arcs, and perturbations develop on the scale of
milliseconds. During the first 10 ms the area on the cathode
surface heated to temperatures above 4000 K expands from
d � 0.2 mm to d � 0.6 mm, the arc current increases from
7 A to approximately 200 A, and Tmax increases from 4200 to
around 4800 K. In the interval 10 ms � t � 25 ms Tmax does
not change much; however, the area of the hot region and I

continue to grow steadily. At around 25 ms the temperature
maximum is shifted from the surface into the cathode volume
and both Tmax and I start growing in an explosive way;
however, by that time the whole region d � 3 mm attains
a temperature exceeding 4000 K and the arc current exceeds
1 kA. In other words, the whole front surface of the cathode
is melted before the explosion could occur. The Joule heating
does not significantly affect the massive melting; it would have
occurred also in the absence of Joule heating.

As seen from the curve labeled 1 ms in figure 8, the above-
considered steady state is associated with a small (of radius
around 0.2 mm) spot at the center of the front surface of the
cathode, which is typical of the low-current regime. The
evolution of perturbations of voltage-controlled steady states
with high currents is illustrated in figure 9, which refers to the
state with U = 10.2 V and I = 100 A. There is no spot in this
steady state: the whole front surface of the cathode collects
current. Again a massive heating occurs, however, on a longer
time scale. Note that the maximum of temperature on the
lateral surface which is seen for t � 540 ms is due to Joule
heating in the cathode body, as discussed in [6], and may be
viewed as a precursor of thermal explosion which would have
happened a bit later.

Skipping for brevity detailed results for negative
perturbations of voltage-controlled steady states, we note that

such perturbations result in the destruction of steady states
by thermal conduction as in the case of cathode spots of
vacuum arcs; however, this happens slower. For example, for
β = −1% Tmax remains virtually unchanged during an initial
interval that varies from t ≈ 1 ms for U = 30 V to 0.3 s for
U = 10.2 V and then starts decreasing, attaining the value of
Tcool on the scale of a few seconds.

Current-controlled steady states of current transfer are
stable except the intermediate states in the range of hysteresis
(i.e. those corresponding to the retrograde section shown by
the dotted line in figure 6). These states are unstable: positive
thermal perturbations result in a transition to a state belonging
to the regime with a diffuse temperature distribution (and a
lower Tmax), and negative perturbations result in a transition
to a state belonging to the regime with a hot spot (and a
higher Tmax). It is interesting to note that thermal perturbations
change sign in the course of their development in this
case.

One can conclude that the pattern of stability of steady
states under conditions of high-current arcs in ambient gas has
some features in common with the stability of cathode spots
in vacuum arcs, but is not quite the same: the instability of
voltage-controlled states develops significantly slower and in
the case of positive perturbations results in massive melting
of the cathode surface rather than in thermal explosion.
This difference between arcs in vacuum and ambient gases
is indeed observed in the experiment. Intermediate steady
states in the range of hysteresis are unstable even if current-
controlled.

Let us now consider the conditions of the experiment with
low-current arcs [22]. Under these conditions, the current
range is narrow and a good control of arc current in the
experiment is a must. Therefore, in this work results on
stability are reported only for fixed current and perturbations
introduced in terms of current variation: the initial condition
for the modeling of a steady state corresponding to I = I0

was assumed as the stationary solution corresponding to I =
I0 + �I (it was �I = ±0.1 A in simulations).

Two modes of current transfer have been observed in the
experiment [22], the axially symmetric diffuse mode and a 3D
mode with a spot attached at the edge of the front surface
of the cathode. Detailed simulations of these two modes
and comparison with the experiment have been performed
in [22, 24, 25]. Here, we only mention that the diffuse mode
exists at all currents and the spot mode exists at I � 6.9 A
and comprises two modes (which are usually called branches)
separated by a turning point, as shown in figure 10. The
spot is hot and well pronounced on the high-voltage branch
(the one with a higher voltage in the vicinity of the turning
point) and is colder and somewhat diffuse on the low-voltage
branch.

Current-controlled steady states of the diffuse mode and
the high-voltage branch of the spot mode are stable. Steady
states belonging to the low-voltage branch of the spot mode
are unstable: development of the perturbation of a steady state
with I = I0 results in a steady state with the same current
belonging to the diffuse mode or to the high-voltage branch of
the spot mode.
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Figure 10. Current–voltage characteristic and maximum
temperature of the cathode; solid: high-voltage branch of the spot
mode; dotted: low-voltage branch of the spot mode; dashed: diffuse
mode; p = 2.6 bar, cylindrical cathode with a flat front surface with
a rounded edge, R = 0.75 mm, h = 20 mm.

According to the pattern of stability of the diffuse and
spot modes against infinitesimal perturbations [9, 10], the high-
voltage branch of the spot mode is stable; the low-voltage
branch is unstable; the diffuse mode is stable beyond the
first bifurcation point (for I > Ib, Ib being the current
corresponding to the bifurcation point where the first 3D spot
mode branches off from the diffuse mode) and unstable at lower
currents (at I < Ib). In the experiment [22], the cathode is thin
and the first bifurcation point is positioned at very low currents
(very high voltages). Therefore, the results on stability against
finite perturbations, described in the preceding paragraph, fit
into this pattern.

5. Conclusions

Stationary solutions describing steady-state spots on cathodes
of vacuum arcs are unstable if the near-cathode voltage is not
affected appreciably by ignition or extinction of an individual
spot; the case typical of high-power circuit breakers where
many tens or even hundreds of spots operate in parallel. Two
scenarios of development of the nonlinear phase of instability
have been found: thermal explosion for ‘positive’ thermal
perturbations and destruction of the spot by thermal conduction
for ‘negative’ perturbations. The fact that thermal explosion
occurs even in the case of planar cathode, which is the one
treated in this work, is remarkable, although in this case the
time of its beginning is rather long, of the order of 10 µs.
Stationary spots are stable if the spot current is not affected by
processes in the spot; the case typical of small-scale laboratory
experiments.

The stability of stationary regimes of axially symmetric
current transfer under conditions of high-current arcs in
ambient gas is similar but is not quite the same: the instability of
voltage-controlled states develops significantly slower and in
the case of positive perturbations results in massive melting of

the cathode surface rather than in thermal explosion; current-
controlled steady states are stable except the intermediate states
in the range of hysteresis.

It follows that if the ballast resistance in a small-scale
laboratory experiment with a high-current arc is insufficient,
the potential consequence may be thermal explosion of the
spot, if the arc burns in vacuum, and massive melting of the
cathode surface, if the arc burns in an ambient gas. This
conclusion conforms to trends observed in the experiment.

The above-described difference between behaviors of
cathode spot in vacuum and ambient gas is a manifestation of
the Joule heating being substantial in the case of vacuum and
negligible in the case of ambient gas. In order to understand
the latter difference, let us compare QJ the power dissipated
in the spot due to Joule effect with Qc the power loss of a spot
due to heat conduction. QJ is of the order of j 2R3

s /σ and Qc of
the order of κT Rs, Rs being a characteristic value of the spot
radius. Thus, the ratio QJ/Qc is of the order of Ij/κσT . The
current per spot and the temperature of spots on copper vacuum
arc cathodes and on tungsten cathodes of high-current arcs in
ambient gas are comparable. The product κσ evaluated at the
spot temperature is higher by a factor of about 3 in the case
of copper. On the other hand, the current density in the spot
on the copper cathode is three orders of magnitude higher than
the current density in the case of tungsten cathode; e.g. [26].
Thus, the occurrence of a thermal explosion in the case of
copper vacuum cathode and of massive melting in the case
of tungsten cathode of arcs in ambient gas is a consequence
of very different values of the current density in vacuum and
ambient-arc cathode spots.

Note that the dimensionless quantity Ij/κσT has
appeared previously in the theory of cathode spots in vacuum
arcs: a 1D equation of heat conduction does not admit steady-
state solutions if this quantity exceeds a certain value, a result
associated with the concept of thermal runaway [27, p 178].
However, the numerical calculations [8] showed that the latter
result is irrelevant beyond 1D: a steady-state solution always
exists in 2D. In this work, the quantity Ij/κσT has a different
meaning: it governs the development of heating instability of
voltage-controlled spots.

Current-controlled steady states of the diffuse mode and
of the high-voltage branch of the spot mode on a thin cathode
typical of low-current arcs in HID lamps are stable. Steady
states belonging to the low-voltage branch of the spot mode
are unstable. These results fit in the pattern of stability of
the diffuse and spot modes against infinitesimal perturbations
established previously [9, 10].
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