Maps between Different Kinds of Two-Level
Credibility-Limited Revision Operators

MARCO GARAPA, Universidade da Madeira, Funchal, Portugal and Centro de Investigagio em
Matematica e Aplicacdes (CIMA), Evora, Portugal

EDUARDO FERME, Universidade da Madeira, Funchal, Portugal and NOVA Laboratory for Computer
Science and Informatics (NOVA LINCS), Caparica, Portugal

MAURICIO D. L. REIS, Universidade da Madeira, Funchal, Portugal and Centro de Investigaciio em
Matemética e Aplicacdes (CIMA), Evora, Portugal

Two-level credibility-limited revision is a non-prioritized revision operation. When revising through a two-level
credibility-limited revision, two levels of credibility and one level of incredibility are considered. When revising
by a sentence at the highest level of credibility, the operator behaves like a standard revision, if the sentence is at
the second level of credibility, the revision process results in a standard contraction by the negation of that sen-
tence. If the sentence is not credible, then the original belief set remains unchanged. In this article, we introduce
a novel constructive method for two-level credibility-limited revision operators, based on a modified version
of entrenchment relations. Additionally, we propose a semantics for this type of operators, based on Grove’s
systems of spheres. Furthermore, we present axiomatic characterizations for the newly proposed operators.

CCS Concepts: « Computing methodologies — Nonmonotonic, default reasoning and belief revision;
« Theory of computation — Logic;

Additional Key Words and Phrases: Two Level Credibility-limited Revisions, System of Spheres, Epistemic
Entrenchment

ACM Reference format:

Marco Garapa, Eduardo Fermé, and Mauricio D. L. Reis. 2025. Maps between Different Kinds of Two-Level
Credibility-Limited Revision Operators. ACM Trans. Comput. Logic 26, 3, Article 16 (July 2025), 33 pages.
https://doi.org/10.1145/3733830

1 Introduction

The research area that studies the dynamics of knowledge is known as belief change (also referred
to as belief revision or belief dynamics). One of the main goals within this area is to model how
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rational agents modify their set of beliefs when confronted with some new information. The main
model of belief change is the AGM model [1]. In this conceptual framework, an agent’s belief is
represented by a sentence, and the agent’s belief state is represented by a logically closed set of
(belief-representing) sentences. These sets are called belief sets. The AGM model considers three
kinds of belief change operators, namely expansion, contraction, and revision. An expansion occurs
when new information is added to the set of beliefs of an agent, and none of the previous beliefs is
removed. The expansion of a belief set K by a sentence « (denoted by K + «) is the logical closure
of KU {a}. Contraction, on the other hand, involves the removal of information from an agent’s
belief set. Revision is the process wherein new information is added to an agent’s belief set while
ensuring consistency, provided that the new information itself is consistent. Of these operations,
expansion is the only one that can be uniquely defined. The remaining two operations are governed
by a set of postulates that determine the behavior of each function, thereby establishing conditions
or constraints that must be satisfied.

Although the AGM model has acquired the status of a standard model of belief change, several
researchers (for an overview see [7] and [8]) have highlighted its limitations in various contexts.
Consequently, several extensions and generalizations to the framework have been proposed. One
criticism of the AGM model that appears in the belief change literature is the total acceptance
of the new information, which is characterized by the success postulate for revision. “The AGM
model always accepts the new information. This feature appears, in general, to be unrealistic, since
rational agents, when confronted with information that contradicts previous beliefs, often reject it
altogether or accept only parts of it” [9]. This can happen due to various reasons. For instance, the
new information may lack credibility, or it may contradict previously held highly entrenched beliefs.

Models in which the belief change operators considered do not always satisfy the success postu-
late (contrary to what is the case regarding the AGM model) are designated by non-prioritized belief
change operators [23]. Credibility-limited (CL) revision operators [25] are non-prioritized belief
revision operators. They rely on the credibility of the sentences by which the revision is performed. If
that sentence is considered to be credible, then the credibility revision operator works as a standard
AGM revision; otherwise, it leaves the original belief set unchanged. Two-level credibility-limited
(2LCL) revision operators are non-prioritized revision operators that were proposed (independently)
in [11] and [2]. In the definition of these operators, an additional level of credibility is taken into
account. When revising by means of a 2LCL revision operator two levels of credibility and one level
of incredibility are considered. When revising by a sentence at the highest level of credibility, the op-
erator behaves as a standard revision. In this case the new information is incorporated in the agent’s
belief set. If the sentence is at the second level of credibility, then the outcome of the revision process
coincides with a standard contraction by the negation of that sentence. In this case, the new infor-
mation is not accepted but all the beliefs that are inconsistent with it are removed. This behavior is
motivated by the intuition that the new information lacks sufficient credibility to be to incorporated
in the agent’s belief set, but creates some doubt in the agent’s mind making her lose all the beliefs that
are inconsistent with it. If the sentence is considered to be not credible, then the original belief set
remains unaltered.

To illustrate the different attitudes towards a particular item of information depending on the
level of (in)credibility assigned to it, Bonanno presented the following example:

Example 1.1 ([3]). Consider three husbands, A, B, and C, who all believe their wives are faithful.
A trusted friend informs each that his wife is having an affair:

—Husband A accepts the claim, believes his wife is unfaithful, and files for divorce.
—Husband B dismisses the claim as not credible and remains firm in his belief in his wife’s
faithfulness.
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—Husband C reaction is somewhere in the middle: he abandons his belief in his wife’s faithfulness
without fully accepting her unfaithfulness, remaining open to the possibility of her being
unfaithful (and, perhaps, hires a private investigator to resolve the uncertainty).

In real-world scenarios, new information varies in its degree of credibility. By using information
categorized into three distinct and mutually exclusive categories, 2LCL revision operators ensure
that:

—Highly credible information is incorporated effectively, in accordance with AGM revision
principles. This ensures that the belief set evolves to accommodate trustworthy new informa-
tion.

—Moderately credible information prompts a cautious approach. Rather than fully accepting it,
the agent removes conflicting beliefs while not incorporating the new information directly.
This corresponds to a standard contraction and is useful for dealing with uncertain or partially
reliable sources.

—Non-credible information is ignored, preserving the integrity of the belief set. This avoids
polluting the belief set with unreliable data.

Therefore, 2LCL revision operators enable a more context-aware approach to belief revision com-
pared to standard revisions. This can be useful in designing more effective artificial rational agents
for applications such as decision-making, knowledge management, and Al systems.

In this article, we propose a construction for 2LCL revision operators based on entrenchment
relations. Then we present a semantic characterization for this operator based on Grove’s systems
of spheres. Additionally, we present axiomatic characterizations for such operators. This article
subsumes and significantly extends the study presented in [12], where a construction for 2LCL
revision operators was introduced, based on Grove’s systems of spheres. However, no proofs were
provided in that paper.

This article is organized as follows: In Section 2, we introduce the notations and recall the
main background concepts and results that will be needed throughout this article. In Section 3,
we recall the definition of 2LCL revisions and provide some results concerning these operators.
In Section 4, we introduce the entrenchment-based two-level credibility-limited (E2LCL)
revision operators and present a representation theorem for such operators. In Section 5, we
present the definition of system of spheres-based two-level credibility-limited (SS2LCL)
revision operators, thus providing the semantic counterpart for the 2LCL revision operators and
we axiomatically characterize these operators. In Section 6, we present a brief survey of related
works. In Section 7, we summarize the main contributions of the article and briefly discuss their
relevance. In the Appendix, we provide the proofs for Theorems 4.5 and 5.4.

2 Background
2.1 Formal Preliminaries

We will assume a propositional language £ that contains the usual truth functional connectives:
- (negation), A (conjunction), V (disjunction), — (implication), and < (equivalence). We will also
use L to denote the set of all formulas of the language. We denote by Cn(A) the set of all logical
consequences of A. We assume that Cn satisfies the standard Tarskian properties, namely inclusion,
monotony, and iteration. Furthermore, we will assume that Cn also satisfies supraclassicality, com-
pactness, and deduction. We will sometimes use Cn(a) for Cn({a}), A+ a for a € Cn(A), + « for
a € Cn(0), A¥ afor a ¢ Cn(A), and ¥ a for a ¢ Cn(0). The letters a, f, . . . will be used to denote
sentences of L. Lowercase Latin letters such as p, g, ... will be used to denote atomic sentences
of L. A B, ... shall denote sets of sentences of L. K is reserved to represent a set of sentences that
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is closed under logical consequence (i.e., K = Cn(K))—such a set is called a belief set or theory.
K, denotes the inconsistent belief set formed by all sentences (i.e., K, = £). The expansion of
a belief set K by a is Cn(K U {a}), which we will denote by K + a. We will use the symbol T
to represent an arbitrary tautology and the symbol L to represent an arbitrary contradiction. A
possible world is a maximal consistent subset of L. The set of all possible worlds will be denoted by
M r. Sets of possible worlds are called propositions. The set of possible worlds that contain R € £
is denoted by ||R||, i.e., ||R|| = {M € M : R € M}.If R is inconsistent, then ||R|| = (. It holds that
(N 0 = L. The elements of R are designated by R—worlds. For any sentence «, ||| is an abbreviation
of ||Cn({a}||) and its elements are designated by @-worlds. Given a binary relation < on £ we shall
write ¢ < f to denote that « < ff and £ a. Additionally, we use @ =< S as an abbreviation for
a=Xfand f = a.

2.2 AGM Revisions

The revision of a belief set consists of incorporating new beliefs into that set. In a revision process,
some prior beliefs may be retracted in order to produce a consistent belief set as the output. The
following postulates, which were originally presented in [17-19], are commonly known as AGM
postulates for revision:!

(x1) Kxa = Cn(Kxa) (i.e., Kxa is a belief set). (Closure)
(*2) a € Kxa. (Success)
(*3) Kxa CK+a. (Inclusion)
(%4) If —a ¢ K, then K + o C Kxa. (Vacuity)
(x5) If @ is consistent, then Kxa is consistent. (Consistency)
(x6) IfF a & B, then Kka = Kxpf. (Extensionality)
(*7) Kxa NKxf C Kx(a V f). (Disjunctive overlap)
(*8) If —a ¢ Kx(a V ), then Kx(a V ) C Kxa. (Disjunctive inclusion)

Closure states that the revised belief set is deductively closed. Success asserts that the newly
received information must be accepted. Inclusion states that at most elements of K + « are incorpo-
rated as a result of revising the belief set K by the sentence a. Vacuity states that if the incoming
information is consistent with the initial belief set, then any belief deducible from the incoming
information taken together with the initial belief set should be included in the resulting belief set.
Consistency assures that the outcome of the revision of a belief set by a consistent sentence is itself
consistent. Extensionality states that the revisions of a belief set by logical equivalent sentences
produce the same output. Disjunctive overlap and disjunctive inclusion specify the principles for
revising by disjunctions. When taken together with the other six AGM revision postulates, they
are equivalent to the more intuitive postulate:

(*V) Kx(aV p) =Kxa or Kx(aV ) = Kxf or Kx(a V ff) = Kxa NKxp. (Disjunctive factoring)

According to disjunctive factoring, the outcome of a revision by a disjunction is either identical
to the revision by one of the disjuncts or to the intersection of the outcomes of the revisions by
each of the disjuncts. For a more detailed discussion of the rationale behind the AGM postulates,
see [19, 21, 24].

Definition 2.1 ([1]). An operator x for a belief set K is a basic AGM revision if and only if it
satisfies postulates (x1) to (%6). It is an AGM revision if and only if it satisfies postulates (x1)
to (x8).

'The postulates were already presented in [1] but with slightly different formulations.
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2.3 AGM Contractions

The contraction of a belief set consists of removing some beliefs from that set, without adding
any new beliefs. The following postulates, which were presented in [1] (following [17, 18]), are
commonly known as AGM postulates for contraction:

(+1) K+a=Cn(K =+ ) (i.e, K+ « is a belief set). (Closure)
(+2) K+-acCcKk (Inclusion)
(+3) Ifa¢K, thenKCK=+a. (Vacuity)
(+4) Ifra,thena ¢ K=+ a. (Success)
(+5) KC (K=+a)+ea. (Recovery)
(=6) Ifra e p,thenK+a =K<+ p. (Extensionality)
7)) K+a)Nn(K=+p) CK=(aAp). (Conjunctive overlap)
(+8) K=+ (aApf) C K+ awhenever a ¢ K=+ (a A f). (Conjunctive inclusion)

Closure states that the outcome of a contraction is a belief set. Inclusion asserts that no new beliefs
are incorporated as a result of a contraction operation. Vacuity states that nothing is removed
when contracting by a sentence that is not in the original belief set. Success asserts that contracting
by a non-tautological sentence results in its removal. Recovery states that contracting and then
expanding by any given sentence allows to recover (at least) the original belief set. Conjunctive
overlap and conjunctive inclusion determine how to contract conjunctions. When combined with the
other six AGM contraction postulates, they are equivalent to the following postulate, which states
that the outcome of a contraction by a conjunction is identical to either the contraction by one of
the conjuncts or to the intersection of the outcomes of the contractions by each of the conjuncts.

(V) K+(aApP)=K+aorK+(aAP)=K=+orK=+(aAp)=K=+anK= . (Conjunctive
factoring)

For a deeper discussion of the rationale behind these postulates, see [19, 24].

Definition 2.2 ([1]). An operator =+ for a belief set K is a basic AGM contraction if and only if it
satisfies postulates (+1) to (+6). It is an AGM contraction if and only if it satisfies postulates (+1)
to (+8).

The Levi and Harper identities make contraction and revision interchangeable.
Levi Identity ([28]): Kxa = (K + —a) + a.
Harper Identity ([26]): K + a = (Kx—a) N K.

These identities allow us to define the revision and the contraction operators in terms of each
other. The Levi (respectively Harper) identity enables the use of contraction (resp. revision) as primi-
tive function and treat revision (resp. contraction) as defined in terms of contraction (resp. revision).

2.4 Entrenchment-Based Contractions and Revisions

Roughly speaking, an entrenchment is an ordering of the sentences of the language according to
their epistemic importance. The idea underlying these structures is that when compelled to remove
one of two beliefs, an agent is more willing to abandon the belief that occupies a lower position in
the entrenchment. In the following definition we recall, from [19, 20], the set of properties that an
epistemic entrenchment order (with respect to a belief set K) is assumed to satisfy.

Definition 2.3 ([19, 20]). An ordering of epistemic entrenchment with respect to a belief set K is a
binary relation < on £ which satisfies the following postulates:
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(EE1) Foralle,f,6 € L,ifa < pfand f < thena < 4. (Transitivity)
(EE2) Foralle,fe L,ifat fthena < p. (Dominance)
(EE3) Foralla,fe Lia<aAPorf<anp. (Conjunctiveness)
(EE4) WhenK #K,,a ¢Kiffa < fforallfe L. (Minimality)
(EE5) If f<aforall fe L, thent a. (Maximality)

(EE1) states that an epistemic entrenchment order is transitive. (EE2) asserts that if « entails f3,
then « is at most as entrenched as f, since it is impossible to give up f without also giving up a.
(EE3) relies on the fact that to remove a conjunction, one must give up at least one of its conjuncts;
hence, a conjunction must be at least as entrenched as one of its conjuncts. (EE4) states that beliefs
with lower entrenchment are those which are not included in the belief set, while (EE5) asserts
that tautologies are (exactly) the beliefs with the highest degree of entrenchment.

In the following proposition we recall some properties satisfied by epistemic entrenchments.

PROPOSITION 2.4 ([20, 21]). Let < be a relation.

—If < satisfies (EE1) and (EE2), then it also satisfies:

Intersubstitutivity: If r ¢« < o’ and+ f & [/, thena < f ifand only if o’ < f'.
—If < satisfies (EE1), (EE2), and (EE3), then it also satisfies:

Connectedness: Either a < for f < a.

It is possible to define an entrenchment-based contraction + and an entrenchment-based revision
* from an epistemic entrenchment ordering <, by means of the following conditions [4, 19, 20, 25,
30, 34]:

Kﬂ:{ {(BeK:a<aVp) if ¥a

K if Fa
| {p:ma<a— B} if ¥«
K*a_{i: if +-a

For an explanation of why the conditions « < a V fand & < & — f appear in the definitions of
entrenchment-based contraction and revision operators, respectively, see [24, p. 100].

We now present an example to illustrate the operation of epistemic entrenchment-based con-
traction, which can be easily adapted for epistemic entrenchment-based revision.

Example 2.5. Consider a language £ built from the finite set of propositional symbols {p, q}
and the Boolean connectives —, A, V, = and <. Let K = Cn({p A q}), and let + be the epistemic
entrenchment-based contraction on K, based on an epistemic entrenchment relation < with respect
toK, suchthat p < q. As (p Aq) Vpand (p A q) V q are logically equivalent to p and g, respectively,
it follows by intersubstitutivity that (p A q) Vp < (p A q) V q. By properties (EE1), (EE2), and
(EE3), it follows that p A ¢ =< p < q. Therefore, p Aq =< (pAq) VpandpAqg<(pAq) Vg
Hence, g € K+ (p A g), but p ¢ K=+ (p A q). Since —p and —q are not in K, it follows that they
are also not elements of K + (p A q). Furthermore, by (EE1) and (EE2), it also follows that if « is
a logical consequence of g, then p A g < (p A q) V a. Thus, Cn({q}) € K=+ (p A q). Among the
distinct belief sets of the language under consideration, the only ones that contain Cn({q}) are
L,Cn({=pAgq}),Cn({p Aq}) and Cn({q}). Of these, the only one which is disjoint from {p, =p, =q}
is Cn({q}). Therefore, since the outcome of an epistemic entrenchment-based contraction is a belief
set, we can conclude that K + (p A q¢) = Cn({q}).

It holds that entrenchment-based revision and contraction operators are characterized by the
(eight) AGM postulates for revision and contraction, respectively [19, 20].
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2.5 System of Spheres-Based Operations of Belief Change

Grove [22], inspired by the semantics for counterfactuals [29], proposed a structure called system of
spheres and a way of using this structure for defining revision functions. Figuratively, the distance
between a possible world and the innermost sphere reflects its plausibility towards ||K||. The closer
a possible world is to ||K||, the more plausible it is. A system of spheres can also be viewed as a
special type of total pre-order on possible worlds. In this pre-order, the worlds in ||K|| occupy the
lowest position, while higher positions correspond to worlds that are considered increasingly less
plausible.

Definition 2.6 ([22, 24]). Let K be a belief set. A system of spheres, or spheres’ system, centered
on ||K]| is a collection S of subsets of M, i.e., S € P (M), that satisfies the following conditions:
(S1) S is totally ordered with respect to set inclusion; that is, if U,V € S, thenU CVorV C U.
(S2) |K|| € S, and if U € S, then ||K|| € U (||K]| is the C-minimum of S).

(S3) My € S (M is the largest element of S).

(S4) For every a € L, if there is any element in S intersecting |||| then there is also a smallest
element in S intersecting ||«||.

The elements of S are called spheres. For any consistent sentence a € £, the smallest sphere in S
intersecting ||a|| is denoted by S,.

(S1) states that spheres are totally ordered by set inclusion, i.e., that they are concentric. (S2)
and (S3) specify, respectively, that ||K|| and M, (the set of all possible worlds) are the smallest and
largest spheres. (S4) asserts that for any consistent sentence «, there exists a smallest sphere that
intersects ||a]|.?

Given a system of spheres S centered on ||K]||, it is possible to define expansion, revision, and
contraction operators based on S. To expand a belief set K by a sentence «, we intersect the set of all
a-worlds that are contained in |[K||. In the principal case where ||K|| N ||«|| # O (i.e., « is consistent
with K), the most plausible a-worlds reside within the innermost sphere ||K||. Intersecting all
these a-worlds produces a set that, on one hand, implies a, and on the other hand, because fewer
worlds are intersected than those lying in ||K||, results in a superset of K. If ||K|| N ||a|| = 0, then
K+ a =10 = L. To revise K by a non-contradictory sentence «, we intersect the a-worlds that lie
in the narrowest sphere around ||K|| which contains a-worlds. To contract K by a non-tautological
sentence @, we start by adding the most plausible —a-worlds to the set of ||K||-worlds. In this
way, we obtain a superset of ||K|| that has some —a-worlds. Afterwards, by intersecting all these
worlds, we obtain a belief set that is contained in K and does not imply a. We note that by “most
plausible —a-worlds” we mean the worlds lying in the smallest sphere around ||K|| that contains
some —~a-worlds. The following definition formalizes the ideas exposed in this paragraph.

Definition 2.7 ([22]). Let K be a belief set.

(a) An operation + on K is a system of spheres-based expansion operator if and only if there
exists a system of spheres S centered on ||K|| such that for all « it holds that:

K+a = (KN fl)-

(b) An operation + on K is a system of spheres-based contraction operator if and only if there
exists a system of spheres S cenetred on ||K|| such that for all « it holds that:

Kozl NE-anllmal) VIKI) i l|-all # 0
’ K otherwise

%If a is inconsistent, then ||| = 0.
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(c) An operation *x on K is a system of spheres-based revision operator if and only if there exists
a system of spheres S centered on ||K|| such that for all « it holds that:

N Sa Nllall) if [l # 0
L

Kxa = .
« { otherwise

We now present an example illustrating the operations of system of spheres-based contraction
and system of spheres-based revision.

Example 2.8. Consider a language £ built from the finite set of propositional symbols {p, q} and
the Boolean connectives —, A, V, — and <. Let K = Cn({p, q}). In the language under consideration,
there are only four possible worlds: w; = Cn({p, q}), w2 = Cn({=p, q}), ws = Cn({p, ~q}), and
wy = Cn({—p, ~q}). Therefore, ||K|| = {w;} and ||-p|| = {wz, ws}. Let S be a system of spheres
centered in [[K||, such that S = {{w1}, {w1, wz}, {w1, wo, w3, w4} }. Hence, S_, = {wy, wp}. Let +
and x be, respectively, the system of spheres-based contraction and revision operators based on
S. Then, K+ p = N((S-p N [I=pl) U IKI) = N({wz} U{wi}) = N{wi, we}) = wi Nwy =
Cn({p.q}) N Cn({=p.q}) = Cn({q}) and Ks=p = (S-p N [[=pll) = M{w2} = w2 = Cn({-p. q}).

It holds that system of spheres-based revision and contraction operators are characterized, by
the (eight) AGM postulates for revision and contraction, respectively, as stated in the following
two propositions.

ProrosITION 2.9 ([19, 20, 22]). Let K be a belief set and + be an operator on K. The following
statements are equivalent:

(a) + is an AGM contraction operator.
(b) + is an entrenchment-based contraction operator.
(c) =+ is a system of spheres-based contraction operator.

PROPOSITION 2.10 ([19, 20, 22]). Let K be a belief set and x be an operator on K. The following
statements are equivalent:

(a) * is an AGM revision operator.
(b) * is an entrenchment-based revision operator.
(c) * is a system of spheres-based revision operator.

The last two propositions state that the classes of entrenchment-based contraction (respectively,
revision) and system of spheres-based contraction (respectively, revision) operators coincide. In
fact, in [33] it was proven in a direct way that an epistemic entrenchment relation with respect to
K can be constructed from a system of spheres centered on ||K||, and vice versa.

3 2LCL Revisions

The 2LCL revisions are operators of non-prioritized revision. When revising a belief set by a
sentence «a, the first step is to analyze the degree of credibility of that sentence. If the original
status of a sentence « is rejected (i.e., the agent believes that -« is true), then after performing a
2LCL revision by «, the resulting status of « is: (i) accepted if « is at the first level of credibility;
(ii) indeterminate (i.e., neither a nor -« belong to the revised belief set), if « is at the second level
of credibility; (iii) rejected, if it is not credible. When performing a 2LCL revision by a sentence
that is considered to be at the highest level of credibility, the 2LCL operator works as a standard
revision operator. If the sentence is considered to be at the second level of credibility, then that
sentence is not incorporated in the revision process, but its negation is removed. When revising
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by a non-credible sentence, the original belief set remains unchanged. The following definition
formalizes this concept.

Definition 3.1 ([2, 11]). Let K be a belief set, * be a basic AGM revision operator on K and Cy and
Cr. be subsets of L. Then © is a 2LCL revision operator induced by %, Cy and C, if and only if:

Kxa ifaeCy
Koa=1 (Kxa) NK ifaeCy
K ifa ¢ (CLUCRH)

In the previous definition Cy U Cf, represent the sentences that are considered to have some
degree of credibility. Cy and Cy, represent, respectively, the set of sentences that are considered to
be at the first (highest) and at the second level of credibility. Note that if % is a basic AGM revision
(respectively, AGM revision), then the operator + defined from * by means of the Harper identity
(K + p) = (Kx=f) NnKis a basic AGM contraction (respectively, AGM contraction) [1, 17, 18, 31].
Thus, the second condition of the previous definition states that if « is at the second level of
credibility, then the outcome of the 2LCL revision by « coincides with the outcome of a standard
contraction of K by —a. The revision of the belief set by a non-credible sentence (i.e., by a sentence
that is not in Cyy U Cr) leaves the original belief set unchanged.

This construction can be further specified by adding constraints to the structure of two the sets
of credible sentences. In [13, 15, 25], the following properties for a set of credible sentences C were
proposed:

Credibility of Logical Equivalents: If - & <> f5, then a € C if and only if f € C.?
Single Sentence Closure: If & € C, then Cn(a) C C.

Element Consistency: If « € C, then a #.L.

Credibility Lower Bounding: If K is consistent, then K C Ct

Additionally, in [11] the following condition that relates a set of credible sentences C and a
revision function * was introduced. This condition, designated by condition (C - %), states that if a
sentence « is not credible, then any possible outcome of revising the belief set K through x by a
credible sentence contains —a. The intuition underlying this property is that if @ is not credible then
its negation cannot be removed. Thus, its negation should still be in the outcome of the revision by
any credible sentence.

Ifa ¢ Cand f € C, then —a € K% f. (C-x)

3.1 2LCL Revision Postulates

We now recall some of the postulates proposed in [11] to express properties of the 2LCL revision
operators. The first postulate was originally proposed in [32], the second in [27], the third in [25],
and the remaining ones in [11].

(Consistency Preservation) If K is consistent, then K © « is consistent.
(Confirmation) If « € K, thenK© a =K.
(Strict Improvement) If « e KO aand+ a — f,then f e KO S.

3In [25], this property was designated by closure under logical equivalence and was formulated as follows: If - & < f3, and
a € C,then f € C.

4We note that, more rigorously, the expression “with respect to K” should be included in the designation of this property, as
it relates C and K. However, this will be omitted throughout the text, as there is no risk of ambiguity when referring to this

property.
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(N-Recovery) K C KO a + —a.

(N-Relative Success) If @ € KO o, thenK© a =K.

(N-Persistence) If = € K© f, then = € KO a.

(N-Success Propagation) If -« e KO @ and f + @, then - e KO S.

(Weak Relative Success) c e KoaorKoa C K.

(Weak Vacuity) If —a ¢ K, then K C KO «.

(Weak Disjunctive Inclusion) If -2 ¢ KO (a V f),then Ko (aV )+ (a V) CKO a + a.
(Containment) If K is consistent, then KN (K@ a) + «) CKO a.

Consistency preservation states that the outcome of a revision of a consistent belief set is consistent.
Confirmation ensures that the outcome of a revision by a sentence that is contained in the belief set
leaves that belief set unchanged. Strict improvement states that if a sentence is in the outcome of a
revision by it, then the same thing happens regarding every logical consequence of that sentence.
N-recovery ensures that if the outcome of revising a belief set by a certain sentence is (subsequently)
expanded by the negation of that sentence then all the initial sentences are recovered. N-relative
success ensures that when revising by any given sentence, either the belief set is left unchanged
or the negation of that sentence is removed. N-persistence intuitively states that if a negation of a
sentence is kept when revising a belief set K by that sentence, then it should also be kept when
revising K by any other sentence. N-success propagation informally states that if the negation of
a sentence is removed when revising a belief set by that sentence, then the same thing happens
regarding every logical consequence of that sentence. Weak relative success states that either o
is incorporated when revising by it or nothing is added. Weak vacuity states that a revision by a
sentence that is consistent with the original belief set does not cause the loss of any original belief.
Weak disjunctive inclusion ensures that if « is consistent with the outcome of the revision of K
by a V f, then the outcome of the expansion of K® (a V ff) by a V f is a subset of the outcome
of the expansion of K © a by a. Containment informally states that whenever K is consistent the
sentences that are added to K © « as a result of an expansion by « are not contained in K.

The following propositions present relations among some of the postulates presented above.

ProrosriTION 3.2 ([11]). Let K be a consistent and logically closed set and ©® be an operator on K. It
holds that:

(1) If © satisfies closure, consistency preservation, weak relative success, and N-recovery, then it
satisfies N-relative success.
(2) If © satisfies weak vacuity and inclusion, then it satisfies confirmation.

ProprosITION 3.3. Let K be a consistent and logically closed set and © be an operator on K that
satisfies N-recovery and closure. Then © satisfies containment.

Proor. Let K be a consistent and logically closed set and © be an operator on K that satisfies
N-recovery and closure. Assume that f € KN ((K© a) + @). Hence, f € Kand @ — ff € KO « (by
deduction and © closure). On the other hand, by ® N-recovery it holds that § € (K©® a) + —a. Thus,
by deduction and © closure, it yields that =« — f € K © . Therefore, from {& — f,—~a — f} + f
it follows, by © closure, that f € K©® a. Thus, KN (Ko a) +a) CKOa m|

PRoOPOSITION 3.4. Let K be a consistent and logically closed set and © be an operator on K. If ©
satisfies closure, vacuity, consistency preservation, N-recovery, strict improvement, and disjunctive
inclusion, then it also satisfies:

Ife e KOaand-f¢Koa,thenff e Ko p.
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Proor. Assume that « € K© o and —=f ¢ K © a. We will prove by cases:

Case (1) —a ¢ K. Hence by © vacuity it follows that K € K © a. Hence —f ¢ K, from which it
follows by © vacuity it follows that f € K© .

Case (2) ~a € K. By © N-recovery it follows that -« € K® f + —=f. Thus, by deduction and ©
closure, it yields thata — f e KO S.

On the other hand, from @ € K © « it follows by © strict improvement that @ vV f € K© (a V f).
Thus by © consistency preservation it holds that either —a ¢ Ko (aV ) or = ¢ KO (aV f). Assume
towards a contradiction that = € K© (a V ). Hence —~a ¢ K© (a V f), from which it follows
by © disjunctive inclusion that K ® (@ V ) € K© a. Hence = € K © a. Contradiction. Therefore
-f ¢ KO (a Vv ). From which it follows by © disjunctive inclusion that K© (a Vv ) C Ko S.
Hence {a — f,a Vv f} € Ko B. It yields that {&« — f,a V B} + f. From which it follows by ©
closure that f € Ko S.

Hence in both cases considered it yields that f € K© S. O

In the following proposition we recall from [11] an axiomatic characterization for a 2LCL revision
operator induced by an AGM revision and sets Cy and Cy, satisfying certain properties.’

ProposITION 3.5 ([11]). Let K be a consistent and logically closed set and © be an operator on K.
The following conditions are equivalent:

(1) © satisfies weak relative success, closure, inclusion, consistency preservation, weak vacuity,
extensionality, strict improvement, N-persistence, N-recovery, disjunctive overlap, and weak
disjunctive inclusion.

(2) © is a 2LCL revision operator induced by an AGM revision operator x for K and some sets
Cy, Cr € L such that: Cy, satisfies credibility of logical equivalents and element consistency,
Cu N Cr = 0, Cy satisfies element consistency, credibility lower bounding and single sentence
closure and condition (Cy U Cy - %) holds.

4 E2LCL Revisions

In this section, we present the definition of E2LCL revision operators. We start by presenting the
notion of extended epistemic entrenchment with respect to a belief set K.

Definition 4.1. An ordering of an extended epistemic entrenchment with respect to a belief set K is
a binary relation < on £ which satisfies the following postulates:

(EE1) Foralle,f,6 € L,ifa X fand f < d thena < 4. (Transitivity)
(EE2) Foralle,fe L,ifat fthena < p. (Dominance)
(WEE3) If L<aApf, thenaxaAforf2aAp. (Weak conjunctiveness)
(WEE4) Ifa ¢ Kand ff € K, then a < f. (Weak minimality)
(EEc) For all  and f it holds that either « < f or § < a. (Connectedness)
(EEv) If —a ¢ K, then 1< a. (Vacuity)
(EE6) If @ <1 and 1< f5, then =f < —a. (Negation ordering)

An extended epistemic entrenchment with respect to a belief set K is a binary relation < on L.
Contrary to standard epistemic entrenchments, sentences that are not in K may not be equally
entrenched, as condition (EE4) of standard epistemic entrenchments is replaced by (wEE4) in
extended epistemic entrenchments. This allows to place sentences, that are not in K, in different

5The list of postulates of the representation theorem presented in [11] included additionally the postulate containment;
however, as Proposition 3.3 illustrates, containment follows from closure and N-recovery.
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levels of the entrenchment. This assumption appears to be perfectly reasonable. For example,
one might not believe that there is any kind of life form on Mars, nor that the Moon is made of
cheese. But it is natural to attribute a greater degree of credibility to the former than to the latter.
Another crucial difference between extended epistemic entrenchments and standard ones is that
(EE5) does not hold in the former, allowing the possibility of non-tautological sentences to be
maximally entrenched.® (EE1) and (EE2) are properties of standard entrenchments. (WEE3) and
(wEE4) are weakened versions of (EE3) and (EE4), respectively. (WEE3) imposes a condition on
conjunctions. It states that conjunctiveness can be applied as long as the considered conjunction
is not minimally entrenched. Note that, as we permit the possibility that sentences not in K may
not be equally entrenched, the precondition 1< a A  of (WEE3) is required. Let us consider the
following example: one can attribute a certain level of credibility to the assertion that a particular
planet hosts some form of life (o) and at the same time assign a certain degree of credibility to
the absence of life in that same planet (—«). However, the conjunction of both claims—that there
is both some form of life and no form of life in that planet @ A -« is not credible at all. Thus
a A —a 21, but 1< a and 1< —a. (WEE4) states that sentences in K are more entrenched that
those that are not. (EEc) is a property of standard entrenchments, which follows from (EE1), (EE2),
and (EE3) [20]. Since in this definition a weaker version of (EE3) is used, it is necessary to include
(EEc) in the list of properties that characterize extended epistemic entrenchments. According to
(EE2) contradictions are in the lowest level of the entrenchment. Having this in mind, (EEv) states
that if —a ¢ K, then « is more entrenched than the contradictions. On the other hand, having in
mind that formulas with lower level of entrenchment are more easily abandoned, (EE6) intuitively
states that if « is at the lowest level of the entrenchment and f is not, then —f should be easier to
abandon than —a.

The following propositions introduce other properties of extended epistemic entrenchments: (i)
if a formula is not minimally entrenched, then its negation is not maximally entrenched; (ii) if «
and f are maximally entrenched, then the same happens regarding o A f.

PROPOSITION 4.2. Let X be a relation that satisfies (EE1), (EE2), and (EE6). Then it also satisfies:
(EE7) If L< «, then —a < T. (Boundary)

Proor. Let < be a relation that satisfies (EE1), (EE2), and (EE6). Assume that 1< «. It holds (by
(EE2)) that 1. <1. Thus by (EE6) ~a < — L. From which it follows, by Proposition 2.4 that ~a < T.
[m}

ProrosITION 4.3. Let K be a consistent belief set and < be a relation on K that satisfies (EE1), (WEE3),
and (WEE4). Then it also satisfies:
(EE8)IfT 2aand T X B, then T X a A p. (Weak maximality propagation)

PROOF. Assume that T < @ and T <X f. By (WEE4) it follows that « € Kand f € K. Thusa A f € K.
Hence, by (WEE4), L< a A f. Therefore, by (WEE3), « < @ A for f <X a A . In both cases it yields,
by (EE1), that T < a A f. O

We now define the E2LCL revision operators. Three clusters in the entrenchment are considered. If
a is not minimally entrenched, then the operator works as a standard entrenchment-based revision

%Note that, since (EE2) still holds, tautological sentences are still maximally entrenched. The modified version of the
entrenchment for credibility limited revision operators proposed in [25] also does not satisfy (EE5).

ACM Transactions on Computational Logic, Vol. 26, No. 3, Article 16. Publication date: July 2025.



Maps between Different Kinds of 2LCL Revision Operators 16:13

by a.” If & is minimally entrenched (i.e., @ <L), the position of —a in the extended epistemic
entrenchment must be taken into account. Specifically, if —a is maximally entrenched (i.e., T X —a),
then the revision by « leaves the belief set unchanged. Otherwise, the revision by @ works as a
standard entrenchment-based contraction by —a.?

Definition 4.4. Let K be a belief set and < be an extended epistemic entrenchment with respect to
K. Then O is the E2LCL revision operator based on < if and only if:

{feK+a:ma<a—- p} if 1<a
Koza={ {feK:-~a<a— f} ifa<land-a<T
K T2«

An operator © on K is an E2LCL revision operator if and only if there exists an extended epistemic
entrenchment < with respect to K such that K® a = K ©< « holds for all a.

We now present a representation theorem for E2LCL revision operators.

THEOREM 4.5. Let K be a consistent and logically closed set and © be an operator on K. The following
conditions are equivalent:

(1) O satisfies weak relative success, closure, inclusion, consistency preservation, vacuity, exten-
sionality, strict improvement, N-persistence, N-recovery, disjunctive overlap, and disjunctive
inclusion.

(2) © isan E2LCL revision operator.

SKETCH ProOF. The complete proof is provided in the Appendix.
(2) to (1): Let © be an E2LCL revision operator based on an extended epistemic entrenchment <. It
can be shown that © satisfies all the postulates present in statement (1).
(1) to (2): Let © be an operator satisfying the postulates listed in (1), and let < be defined as follows:

a X piff eithera ¢ Koaorfe Ko fandif « € KO —(a A f), then f e KO =(a A f).

It can be shown that < is an extended epistemic entrenchment and © is the E2LCL revision operator
induced by <. O

The following theorem relates E2LCL revision operators and the 2LCL revision operators induced
by AGM revision operators and sets Cy, C; C L satisfying certain properties. Considering the
axiomatic characterization for the latter, recalled in Proposition 3.5, we note that we only need
to ensure (additionally) that the Condition (Cy - %) holds, to guarantee that the class of these
operators coincide with the class of E2LCL revision operators.

THEOREM 4.6. Let K be a consistent and logically closed set and © be an operator on K. The following
conditions are equivalent:

(1) © is an E2LCL revision operator.

(2) © is a 2LCL revision operator induced by an AGM revision operator x for K and some sets
Cp,Cr C L such that: Cy, satisfies credibility of logical equivalents and element consistency,
Cy N Cr =0, Cy satisfies element consistency, credibility lower bounding and single sentence
closure and conditions (Cy U Cr - %) and (Cyg - %) hold.

7We note that, in the definition of entrenchment-based revision, replacing the set {: ~a < & — B} with {f € K+ o :
- < a — f} yields an equivalent definition. This holds because, by deduction, if § ¢ K + «, then ¢ — f ¢ K. From this, it
follows by (EE4) that —a £ a — f.

8Note that according to Proposition 4.2, if < satisfies (EE1), (EE2), (EEc), and (EE6), then it holds that if T < -, then & <L.
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Proor. From Theorem 4.5, it is only necessary to prove that the operator ® mentioned in
the second statement of the theorem is exactly characterized by the following set of postulates:
weak relative success, closure, inclusion, consistency preservation, vacuity, extensionality, strict
improvement, N-persistence, N-recovery, disjunctive overlap, and disjunctive inclusion. To do so,
we start by proving that if © is a 2LCL revision operator, then it satisfies these postulates.

By Proposition 3.5 it only remains to prove that © also satisfies vacuity and disjunctive inclusion.
It also holds that © satisfies weak vacuity.

Vacuity: Let —a ¢ K. By © weak vacuity it follows that K € K©® a. Thus, by the monotony of the
consequence operator Cn, it only remains to prove that @ € K©® a. Assume towards a contradiction
that this is not the case. Hence, by definition of ©, it follows that ¢ ¢ Cy (by * success) and
Ko a € K. Thus K© @ =K. It holds that T € Cy (since Cy satisfies credibility lower boundary).
Thus, by condition (Cy - %), it follows that = € Kx T = K © T. Therefore, by ® confirmation
(Proposition 3.2), it yields that - € K® T = K. Contradiction.

Disjunctive inclusion: Assume that —a ¢ K© (a Vv ). We will prove by cases:

Case (1) @ € Cy. It holds that Cy satisfies single sentence closure. Thus ¢ V € Cy. Thus
Koa=KxaandKo (aV f) =Kx (aV ). It holds that —a ¢ K (« V ). From which it follows
by « disjunctive inclusion that K® (a vV f) CK O a.

Case (2) @ ¢ Cy. It holds that Cy N Cp, = 0. Assume towards a contradiction that a V € Cy. By
condition (Cy - %), it follows that —a € K ® (a Vv f). Contradiction. Hence ¢ V f ¢ Cy.

Case (2.1)a VvV feCr.Hence KO (aV f) =KNKx* (a V ).

From -« ¢ K© (a V p) it follows that either ma ¢ K or —a ¢ K x (a Vv f8). Hence there are two
sub-cases to consider:

Case (2.1.1) -~ ¢ K. By © vacuity it follows that K C K© a. Hence K© (a V f) CK O a.

Case (2.1.2) ~a € K. Hence —a ¢ K% (a V ). From which it follows by % disjunctive inclusion
that K x (o v ) € K% a. We will consider two more sub-cases:

Case (2.1.2.1) « € Cr.Hence Koa = KNK*a. Thus Ko (aVf) = KNKx(aVp) € KNKxa = Koa.

Case (2.1.22) a ¢ CHUCL. Thus KO a =K. ThusKo (¢ V f) CK=K 0 a.

Case (2.2) aV f ¢ Cy UCr. Hence K©® (o V f) =K. Thus —a ¢ K. From which it follows by ©
vacuity that Ko (¢ v f) =K C Ko a.

Hence, in all cases considered, it holds that K® (¢ V f) C Ko a.

Let © be an operator satisfying weak relative success, closure, inclusion, consistency preservation,
vacuity, extensionality, strict improvement, N-persistence, N-recovery, disjunctive overlap, and
disjunctive inclusion. Let x be the operation such that:

DIf-a¢Koa,thenKxa =Ko a+a;

(ii) If ¢ € K© a, then K x @ = Cn(a).

Furthermorelet Cy = {a:a € KO a}andCp = {a: ~a ¢ KO a} \ Cy.

These are the same constructions used in the corresponding part of the proof of Proposition
3.5. Then, regarding that proof, it remains only to show that condition (Cy - %) holds. Let a ¢ Cy
and f € Cy, we intend to prove that —a@ € K% . From a ¢ Cy and § € Cy it follows respectively
that « ¢ K©® a and € K © f. From which it follows, by Proposition 3.4, that -« € K ® . By
O consistency preservation it yields that —=f ¢ K © f. Therefore, by definition of x, it yields that
—a € Kxpf. O

5 SS2LCL Revisions

In this section we present the definition of a SS2LCL revision operator, which is the semantical
counterpart of the 2LCL revision operators. We start by presenting the notion of two-level system
of spheres, centered on ||K]|.
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Definition 5.1. Let K be a belief set. A two-level system of spheres centered on ||K|| is a pair
(Sin, S) whose elements are subsets of Mg, ie., S C P(My) and S;;, € P(My), such that:

(a) S and S;, satisfy conditions (S1), (S2) and (S4) of Definition 2.6;

(b) Sin € S;

()IfX € Sjp,thenX CYforallY € S\ S;;.

Intuitively, a two-level system of spheres (S;,, S), centered on ||K|| is a system composed by two
systems of spheres S;, and S, both centered on ||K||, where S;;, C S and in which the condition
(S3) of Definition 2.6 is relaxed for S;, and S, allowing the existence of possible worlds outside the
union of all spheres of S;,, and of S.” Conditions (b) and (c) impose that the spheres of S;,, are the
innermost ones of S.

The following proposition is a direct consequence of condition (c). It states that all spheres of S
contained in a given sphere of S;, belong to S;,.

PRrROPOSITION 5.2. If S;,, and S satisfy condition (c) of Definition 5.1, then it holds that: If X € S
andY € S;, are such that X C Y, then X € S;,.

ProOOF. Suppose towards a contradiction that X € Sand Y € S;,, X € Y, and X ¢ S;,. Hence
X € S\ Siy. Thus, by hypothesis, it follows that Y € X. Hence X =Y. Contradiction since X ¢ S;,
and Y € S;,. O

In a system of spheres centered on ||K]||, the closer a possible world is to the center, the more
plausible it is considered to be. Similarly, the worlds lying in the spheres of S;, have a higher degree
of plausibility than those in the spheres of S \ S;,. Intuitively, a two-level system of spheres (S;,, S),
centered on ||K]|| defines three clusters. The first cluster is formed by the worlds in the spheres
of S;,. These worlds are the ones to which a higher degree of plausibility is attributed (relatively
to those outside the spheres of S;;,). The second cluster is formed by the worlds in the spheres of
S\ Sin, which are assigned some (lower) degree of plausibility. Finally, the third cluster is formed
by the worlds outside the spheres of S, which are considered to be implausible.

By employing a two-level system of spheres, it is possible to define a revision operator, as
presented in the following definition.

Definition 5.3. Let K be a belief set and (S;;,, S) be a two-level system of spheres centered on ||K]|.
The SS2LCL revision operator induced by (S, S) is the operator O(s,, s) such that, for all a:

m(szz N ”0{”) ifsa € Sin
KOo,,s) a=1 NUKIU (S N lall)) if Sy € S\ Sin
K ifXN|a|| =0,forall X € S

An operator © on K is a SS2LCL revision operator if and only if there exists a two-level system of
spheres (S;p, S) centered on [|K|| such that K© & =K g, 5) @ holds for all a.

As Figure 1 illustrates, the outcome of the revision by means of a SS2LCL revision operator of a
belief set K by a sentence « is:

—the intersection of the most plausible a-worlds, if these worlds belong to the cluster of the
most plausible worlds.!?

Condition (S3) of Definition 2.6 was also relaxed in [25] when constructing a (modified) system of spheres for credibility-
limited revision operators.
ONote that if X is a set of possible worlds, then () X is a belief set.
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Fig. 1. Schematic representation of the worlds in the outcome of the SS2LCL revision operator induced by a
two-level system of spheres (S;,, S) centered on ||K]|| by a sentence a. In the first case, it holds that S, € S;p,
in the second that S, € S\ S;,, and in the third case, all the a-worlds are outside the spheres of S. The
color-filled area represents the worlds that are selected in each case. Thus, the SS2LCL revision operator
functions as a revision by « in the first case, as a contraction by =« in the second, and leaves the belief set
unchanged in the third.

—the intersection of all the worlds contained in the union of the set of K-worlds with the set of
the most plausible a-worlds, if those a-worlds are considered to be plausible, but are not in
the cluster of the most plausible ones.

—K if the a-worlds are not plausible, i.e., in this case the belief set remains unchanged.

We now present a representation theorem for the SS2LCL revision operators.

THEOREM 5.4. Let K be a consistent and logically closed set and © be an operator on K. The following
conditions are equivalent:

(1) © satisfies weak relative success, closure, inclusion, consistency preservation, vacuity, exten-
sionality, strict improvement, N-persistence, N-recovery, disjunctive overlap, and disjunctive
inclusion.

(2) © is a SS2LCL revision operator.

SKETCH ProOF. The complete proof is provided in the Appendix.
(2) to (1): Let © be a system of spheres-based two-level CL revision operator induced by a two-
level system of spheres (S;;,S). It can be shown that © satisfies all the postulates present in
statement (1).
(1) to (2): Assume that © satisfies all the postulates listed in statement (1). Consider the following
constructions for S and S;,;:

SeSiuiff(())S=|K||or(ii) 0 # S C {w:w € |[KO® ¢, for some « such that||[K © «|| C ||«|}
and ||[K ® af| € S for all a such that S N ||a|| # 0.

SeSiff())S=|K|or(ii)0 %S C{w:w e |KO«|, for some « such that|K® a|| N ||«|| # 0},
|IK@a| € Sforall @ suchthat SN||a|| # 0 andif SN||la|| =0 and S ¢ S;;,, then || Ko a||NS = ||K]|].

It can be shown to show that:

(1) (Sin, S) is a two-level system of spheres, centered on |[K]|.

(2)If||la]| =0, then K © a =K;

(3) For « such that K® a ¥ —a it holds for S(a) = | J{||[K© d|| : |||l € ||5]|} that:
(@) S(a) €S;
(b) S(a) =S4 (i-e. S(@) is the minimal sphere that intersects with ||||);
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(c) The following equality holds (where S, = S(@)):

(Se N [lexl) if S € Sin
Koa=4q NUK[U(SeNllal)) ifSe €S\ Sin
K itXN|eal| =0, forall X € S
O
We finish this section with a corollary stating that the classes of SS2LCL and E2LCL revision
operators coincide. Furthermore, these classes also coincide with the class of 2LCL revision operators
mentioned in statement (2) of Theorem 4.6. This corollary follows immediately from Theorem 4.5,
4.6, and 5.4.

COROLLARY 5.5. Let K be a consistent and logically closed set and © be an operator on K. The
following conditions are equivalent:

(1) © satisfies weak relative success, closure, inclusion, consistency preservation, vacuity, exten-
sionality, strict improvement, N-persistence, N-recovery, disjunctive overlap, and disjunctive
inclusion.

(2) © isa SS2LCL revision operator.

(3) © is an E2LCL revision operator.

(4) © is a 2LCL revision operator induced by an AGM revision operator x for K and some sets
Cy,Cr C L such that: Cyp, satisfy credibility of logical equivalents and element consistency,
Cu N Cr, = 0, Cy satisfies element consistency, credibility lower bounding and single sentence
closure and conditions (Cy U Cr, - %) and (Cy - %) hold.

6 Related Works

In this section, we will briefly discuss other works closely related to topic of the present article.

—In [11], the 2LCL revision operators were defined in terms of basic AGM revision operators and
sets Cy and Cy, of credible sentences. Various properties have been proposed for these sets, and
postulates have been introduced to describe 2LCL revision operators. Several results have been
presented which illustrate the relationship between these postulates and the properties of Cyy
and Cy. Axiomatic characterizations have been provided for several classes of 2LCL revision
operators, specifically for those induced by basic AGM revisions and by AGM revisions in
which the associated sets of credible sentences satisfy certain properties.

—In [2], the 2LCL revision operators (there designated by filtered belief revision operators)
were introduced in terms of basic AGM belief revision operators. The possibility that an item
of information could still be “taken” seriously, even if it is not accepted as being fully credible
(this type of information is there called allowable) was discussed. A syntactic analysis of
filtered belief revision was provided.

—In [3], the works presented in [2] and [11] were extended by introducing the notion of
partial belief revision structure, providing a characterization of filtered belief revision in terms
of properties of these structures. There it is considered the notion of rationalizability of a
choice structure in terms of a plausibility order and established a correspondence between
rationalizability and AGM consistency in terms of the eight AGM postulates for revision. An
interpretation of credibility, allowability and rejection of information in terms of the degree
of implausibility of the information was provided.

—In [25], CL revision operators were introduced. When revising a belief set by a sentence by
means of a CL revision operator, we need first to analyze whether that sentence is credible or
not. When revising by a credible sentence, the operator works as a basic AGM revision operator,
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otherwise it leaves the original belief set unchanged. In [25] several properties were proposed
for C (the set of credible sentences) and this model was developed in terms of possible world
models and entrenchment relations. Representation theorems were presented for different
classes of CL revision operators. 2LCL revision operators can be seen as a generalization of
CL revision operators. More precisely, if in the definition of 2LCL revision operators C, is
replaced by 0, the resulting operator is a CL revision operator. Regarding the constructions
based on systems of spheres, both models allow the existence of possible worlds outside all
the spheres of the system, in contrast to the original system of spheres proposed by Grove.
However, for SS2LCL, two systems of spheres are considered instead of one, as it is the case
for CL revision operators. Regarding, the construction of 2LCL based on entrenchment, as
for CL revisions, the entrenchment-based relation allows the existence of non-tautological
sentences at the top level of the entrenchment, thereby relaxing condition (EE5). In contrast to
the entrenchment-based relations for CL revision operators, those for 2LCL do not generally
satisfy (EE4). This distinction allows us to treat sentences not contained in the belief set K in
different ways, allowing the existence of more than one level of entrenchment concerning the
sentences that do not belong to K.

—In [6], shielded contraction operators were proposed. These operators, which can be seen
as the contraction counterpart of the CL revision operators, are such that they behave as a
standard contraction for sentences that are considered to be retractable and have no effect
when the sentence to be contracted is considered irretractable. In that same article it has been
shown that using the Harper identity and a variant of the Levi identity, named Consistency-
preserving Levi identity, it is possible to define the shielded contraction operators from the
CL revision operators and vice versa.

—CL revision operators on belief bases have been extensively studied in [9, 13, 15]. Several
classes of shielded contraction operators for belief bases were proposed and axiomatically
characterized in [14]. The interrelation among CL revisions and shielded contractions for
belief bases has been presented in [16].

7 Conclusion

The CL revision model [25] can be regarded as an extension of the AGM framework [1] for belief
revision. This extension addresses one of the main shortcomings pointed out to the AGM framework,
namely the fact that it assumes that any new information has priority over previously held beliefs
(as characterized by the success postulate for revisions). In the model of CL revisions, two classes
of sentences are considered. Some sentences, referred to as credible sentences, are accepted as a
result of the process of revision by them, while the remaining sentences are such that the process
of revising by them does not alter the original belief set.

In the CL revision model, the agent is certain in the sense that the agent either fully accepts or
rejects the input information. In contrast, the 2LCL revision model [2, 11] considers the concept
of doubt by incorporating an additional class of sentences. A sentence belonging to this class is
characterized by the fact that, while revising by it does not lead to its acceptance, it does result in
the removal of its negation from the original belief set.

The present article introduces two new classes of operators, namely the SS2LCL and the E2LCL
revision operators. The definition of these operators is based on two distinct structures. The
definition of SS2LCL revision operators is based on a structure called two-level system of spheres,
which extends the definition of the well-known systems of spheres proposed by Grove [22].
Whereas, the definition of the E2LCL revision operators is based on the notion of extended epistemic
entrenchment which consists on a modified version of the entrenchment relations of [19, 20].
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Two-level systems of spheres and extended epistemic entrenchment orderings provide a frame-
work for determining how rational agents should change their beliefs upon receiving new in-
formation, in accordance with the 2LCL model. These two structures, much like the systems of
spheres and entrenchments in the classical AGM setting, offer additional insights and intuitions,
providing an elegant theoretical foundation for structured and rational belief revision. Additionally,
they provide a more intuitive and rational method for revision, as they consist in specific types of
orderings: one is a plausibility ordering of possible worlds, and the other is an ordering of sentences.

Extended epistemic entrenchments allow to assign different statuses to sentences not included
in an agent’s set of beliefs, thereby enabling a differential treatment of such beliefs. This feature is
absent in classical epistemic entrenchments and may prove useful for defining other new belief
revision operators. On the other hand, two-level systems of spheres allow the creation of different
clusters within a spheres system, enabling differentiated treatment of worlds within these clusters.
These clusters are formed by introducing an additional (innermost) system of spheres and by
relaxing condition (S3) from Definition 2.6. Based on the above, we believe that two-level systems
of spheres and extended epistemic entrenchment orderings provide a richer and more refined
structure for modelling belief change than the structures used in the classical AGM framework in
which these new frameworks build upon.

The article presents an axiomatic characterization for SS2LCL and E2LCL revision operators and,
in the spirit of AGM, shows that it coincides with the axiomatic characterization of a class of 2LCL
revision operators in which the sets of credible sentences satisfy certain properties.

For future work, we intend to adapt the 2LCL revision operators to the context of belief bases,
and to define non-prioritized revision operators that combine 2LCL and selective revision operators
[5, 10]. The latter are non-prioritized revision operators in which the input information is either
fully accepted or only partially incorporated. Additionally, we plan to investigate the relation-
ships between the 2LCL revision operators and other non-prioritized belief change operators.
Furthermore, we aim to develop a model for iterated 2LCL revision operators.
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Appendix
A Proofs

The following Lemmas will be used in the proofs of Theorems 4.5 and 5.4, presented below.

LEMMA 8.1 (SEE, E.G., [24, OBSERVATION 2.75]). Let < be a relation that satisfies transitivity. Then
< also satisfies:
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(@) Ifa 2 fand <6, thena < 4.
(b) Ifa < fand f <X 6, thena < 6.
(c) Ifa < pandp <6, thena < 6.

LEmMA 8.2 ([11]). Let K be a belief set. Then:

(@ K+a)Nn(K+p) SK+avVvp
(b) K+aVvpCcK+a.

LEmMa 8.3 ([22]). Let K, H be belief sets and U, V be sets of possible worlds. Then:

(@) NUIKI) =K (if the underlying logic is compact).
(b) (V) is consistent if and only if V is non-empty.
(c) Foranya € L, N(VNllal) =Cn(N(V) U {a}).
(d) fUCV,thenV CNU.

(e) IfK C H, then |H|| C ||K]|.

@ K+ el = [IK|| N flll.

PROOF OF THEOREM 4.5.

(1) to (2):

Let © be an operator satisfying the postulates listed in (1) and let < be defined as follows:
a X B if and only if either:

—a¢KOoOaor
—peKopandifa e KO ~(a A f), then f e KO ~(a A ).

It holds by Proposition 3.2 that © satisfies N-relative success and confirmation.

We will now show that < is an extended epistemic entrenchment and that © is an E2LCL revision
operator induced by =.

(EE1): Let @ = f and < § we need to show that & < §. It holds trivially by definition of < if
a ¢ KO a. Assume now that « € K© a. From a < f it follows by definition of < that f e Ko S.
From the later and § < § it follows that § € K© 5. If « ¢ K© —(a A ), then it follows, by definition
of X, that ¢ < §. Assume now that @ € K©® —(a A §), according to the definition of < we must
show that § € K©® —(a A §). We will consider two cases:

Case (1) « € K© =(a A f). It holds that @ < f, hence f € K© —=(a A ). By closure it follows
that =—(a A f) € K© =(a A ). By N-persistence it follows that =—(a A f) € KO =(f A §). Hence
by closure f € K® =(f A J). From f < § it follows by definition of < that § € K©® —(f A §). Hence
by closure == (f A §) € K© =(f A §). It follows by N-persistence that =—(f A 5) € KO =(a A §).
Thus, by closure, § € K© —(a A J).

Case (2) @ ¢ KO —(a A f). Assume by reductio ad absurdum that § ¢ K © —=(a A §). Hence
by closure =—8 ¢ K © =(a A §). Thus, by N-persistence and closure it holds that § ¢ K © 4.
Assume that f A § € KO =(f A J). Then by closure ==(f A §) € KO =(f A ). It follows by
N-persistence that =—(f A §) € K© =5 and by closure that § € K ® —4. Contradiction. Assume now
that A8 ¢ KO- (SAS).If f € KO-(SAJI), then, since f <X §, it follows that § € KO =(f A §). By
closure it follows that f A § € K® —(f A §). Contradiction. Consider now that f ¢ KO —(S A §). It
follows from @ € KO- (a A ), by inclusion, that & € K+—(a AJ). Thus, by deduction, it follows that
—(aAd) — a € K. Thus a € K. By N-recovery it holds that @ € K©® (a A =) + =(a A =f). Thus, by
deduction it holds that =(a¢A—f) — a € KO(aA—=p). Thus, by closure it follows that & € KO(aA—p).
By disjunctive overlap and extensionality, it holds that KO =(a Ad) NKO (e A=) C KO —=(aABAD).
Hencea e KO —(a APAS).IfaANBAS € KO =(a AP AS), then by N-persistence and closure
aAPASeKo-(aA ). Thus, it follows, by closure, that § € K ® =(a A §). Contradiction.
Consider now that a A fA S &€ KO —(a A S A ). Since a € KO —(a A f A ), it holds that
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BASEKO~(aA S AS). Thus by extensionality and closure =(=f V =6) ¢ KO (ma V = V =6).
Hence by disjunctive inclusion it follows that K® (-a V = V =) CK O (=f V =6).

From f§ ¢ KO (=f V =9) it follows that f ¢ K©® (—=a V =f V =6). Thus, by closure it follows that
anf ¢ Ko(—aVv-pV-9) and consequently, by closure, that =(—aV—-pf) ¢ KO(—aV-V-d). Hence
by disjunctive inclusion it follows that KO (—ma V=V =) C KO (=aV —-f). Thus @ € KO (=a V =f).
Therefore, it holds by closure and extensionality that @ € K© =(a A ). Contradiction.

(EE2). Assume that o + 5. We will consider two cases:

Case (1) « ¢ K © a. Thus, by definition of %, it follows that a < f.

Case (2) @ € KOa. By strict improvement it follows that f € KO f. Assume that « € KO—(a A p).
Thus, by closure it follows that § € K©® —=(a A ). Thus, by definition of < it follows that & < f.

(WEE3). From L=< a A f it follows that A f € KO (a A ). We will prove by cases:

Case(1)a ¢ KO a. Thusa 2 a A B.

Case (2) f ¢ Ko f.Thus f 2 a A B.

Case 3) a e KO a and € KO . We will consider two sub-cases:

Case (3.1) a = f. Assume that « € KO —(a A (a A B)). Hence by extensionality it follows that
a € KO =(a A B). Hence, from a <X f, it follows that f € K©® =(a A ) and consequently, by
extensionality, that § € KO —(a A (a A f)). Thus by closure it follows that A f € KO=(a A (a A f)),
from which it follows that « < a A .

Case (3.2) @ £ f. Hence, by definition of < it follows that § ¢ K© —=(a A ). By extensionality it
follows that f ¢ KO —(f A (a A f)). From which it follows by definition of < that f < a A S.

(WEE4). Let @ ¢ K and € K. By Proposition 3.2 it follows that f € K© f. From a ¢ K it follows
that —=(a A f) — a ¢ K (since {=(a A f) — a} + a). Hence « ¢ K+ —(a A f). Thus, by inclusion
it follows that @ ¢ K® —(a A f). On the other hand, from « ¢ K it follows that =—(a A ) ¢ K.
Hence by weak vacuity it follows that K € K ® =(a A f). Thus f € K© —(a A ). Hence a < f.

(EEc). We will prove by cases:

Case (1) a L. By consistency preservation it follows that 1 ¢ KO L. By definition of < it follows
that @ ¢ K © a, from which it follows, by definition of %, that ¢ < f.

Case (2) f L. It follows as in the previous case that § < a.

Case (3) « AL and f A1. Hence « € KO a and f € K © . Assume that @ £ . Hence, by
definition of < it follows that « € K® =(a A ) and f ¢ K©® —=(a A f). Hence, by definition of X, it
holds that § < a.

(EEv). Let =a ¢ K. By O vacuity and consistency preservation it follows, respectively, that
a € KO a and L¢ KO L. Thus, by definition of <, it follows that 1< «.

(EE6). Assume that @ <1 and 1< . We intend to prove that and -f < —a.

By © consistency preservation it follows that 1 ¢ K© L. From which it follows by definition of <
that @ ¢ KOa. From which it follows by ® vacuity that —a € K. If =f ¢ K, then it follows by (WEE4),
proven above, that = < —a. Assume now that - € K. Hence, by © confirmation (Proposition
3.2) it follows that =8 € K © . It also yields, by confirmation, that —a € K ® —a. On the other
hand, from L < B, it follows that § € K® B. From which it follows by © strict improvement that
aVp € Ko(aV ). Hence, by © consistency preservation, it follows that Ko (a Vv f) ¥ =(aV ). From
which it follows that either ¢ ¢ K©® (a V ) or =ff ¢ K© (a V ). Assume towards a contradiction
that —a ¢ K© (a V ). Hence, by © disjunctive inclusion it follows that K® (¢ vV f) € K© a. Hence
a V f € Ko a. On the other hand, from - € K it follows, by ® N-recovery that - € Ko a + —a.
From which it follows, by deduction and © closure that ~@ — = € K © a and consequently
B — a € KO a. Therefore, {f — a,a vV f} € KO a. From which it follows, by ® closure, that
a € KO a. Contradiction. Hence —a € K© (a V f). Thus = ¢ K© (a V f). Hence, it holds that
“BeKO-f,~acKo-a 2K -(-aA-p),and ~a € KO —~(—a A =f) (the last two by ©
extensionality). Thus, by definition of =, it yields that = < —a.
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We will now prove by cases that:

{eK+a:—ma<a— p} if L<a
Koa=4 {feK:-a<a— f} fe<Land—a < T
K T2«

Case (1) T =2 —a. By © closure it follows that T € KO T and by extensionality that KO—(—aAT) =
K © a. By © closure it also follows that T € K® —(—a A T). From the latter and T < -« it follows
that - € K® —=(=a A T) =K © a. Thus, by © N-relative success it follows that K® ¢ = K.

Case (2) « <L and —a < T. Assume towards a contradiction that « € K®a. It holds by consistency
preservation that 1 ¢ KO L. Thus a £L. Contradiction. Hence o ¢ K © a. Therefore, by © weak
relative success and vacuity it follows respectively that K ® @ € K and —a € K. Hence by ©
confirmation it holds that K ® =« = K. Thus —a € K© —a.

Let f € KO a. Hence §§ € K and, consequently « — f € K. Suppose towards a contradiction
that -« £ « — f. Hence by (EEc), proven above, it follows that « — f < —a. From o — f € K it
follows by ® confirmation that « — € K© (¢ — f). From which it follows, by definition of <,
froma — f X —athatifa - f e KO -((a@ — f) A -a), then ~a e KO —~((a@ — f) A ). By ©
extensionality it follows that K® =((a¢ — f) A —a) = K © a. On the other hand, by © closure, it
follows from f € K® a thata — f € KO . Thus —a e KO a.

From —a < T it follows, by definition, that either -« ¢ K® —a or (since T e KO T) T €
KO —=(-a A T) and —a ¢ K® —(—a A T). Both cases lead to a contradiction (the latter since it
follows, by © extensionality, that -« ¢ K © «).

Hence K© a C {f € K: =a < a — f}. To prove the reverse inclusion, let § € K be such that
—a < ¢ — f. By definition of < there are two cases to consider:

Case (a) ~a ¢ K © —a. Hence by © confirmation it holds that —« ¢ K. From which it follows by
© vacuity that K C K© a. Thus f e KO a.

Case (b) -« e KO —~a.Hencea —» e KO (¢ — f),a =» € KO =((a = ) A —a) and
—a ¢ KO —((a¢ = f) A —a). Thus by © extensionality it follows that « — f € K © a. On the other
hand, by ©® N-recovery it follows that K € K ® a + —~a. Hence, by deduction and © closure it holds
that ~a — f € K© a. Therefore {-a — f,a — f} € KO a. It holds that {-a — f,a — B} + f,
from which it follows by ® closure that f € K© a.

Therefore KO a = {f € K: ma < a — f}.

Case (3) L=< «a. By definition of < it follows that « € K © «. Thus by © consistency preservation
it holds that —a ¢ K© a.

Let f € K © a. By inclusion it follows, from f € K© «, that § € K+ a. Thus ¢« — € K. By
Proposition 3.2 it follows that « — f € K©® (¢ — f). On the other hand, by © closure, it holds
that « — f € K© a. We will consider two cases:

Case (a) ~a ¢ K. Hence by (WEE4), proven above, it yields that —a < a« — f.

Case (b) ~a € K. By (EE2) it follows that —a < @ — f. Assume now towards a contradiction
that @ —» f = -a. By O extensionality it holds that K ® =((a¢ — f) A =a) = K ® a. Thus
a — € Ko-((a = ) A-a). Therefore, from ¢ — f <X - it follows by definition of <
that ¢ € K©® =((a — p) A ~a) = K © a. Contradiction. Hence - < a« — f. Therefore,
Koa C {f e K+a:-a<a— B} Toprove the reverse inclusion, let § € K + « be such that
- < a — . We intend to prove that f € K © a. We will consider two cases:

Case (a) ma ¢ K © —a. Hence by © confirmation it follows that —a ¢ K. Thus by © vacuity it
follows that K+« CK© a. Thus f e KO a.

Case (b) —a € KO-a.From —a < @ — f it follows, by definition of %, that —a ¢ KO=(-a A (a —
p)) anda — f € KO —(—-a A (¢ — p)). Thus, by extensionality it follows that « —» f € KO a.
Hence, from a € K © «, it follows, by © closure, that f € K© a.
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Therefore KOoa={f e K+a:—-a<a— f}.

(2) to (1).

Let © be an E2LCL revision operator based on a relation <. We start this part of the proof by
noticing that according to (EEc) it holds that if & £ f, then § < « (and thus if @ £ f, then § < a).
According to Proposition 4.2 and Proposition 4.3 it follows that < also satisfies (EE7) and (EES).

Vacuity: Assume that ~a ¢ K. By (EEv) it follows that L < a.Let f € K+ a. Hence « — f € K.
Hence by (WEE4) it follows that —a < @ — p. Therefore f € K© a. Hence K+« CK 0 a.

Inclusion: Follows trivially by definition.

Closure: Let § € Cn(K © «). Assume towards a contradiction that K © ¢ = 0. Hence + § and
consequently, - @« — B and € K. Thus K© a # K. Thus, by definition of ® it follows that T £ —a.
Thus —a < T. Thus, by Proposition 2.4 = < ¢ — f. From which it follows by definition of ©
that § € K © a. Contradiction. Thus, K©® a # 0. From f € Cn(K © «) it follows by compactness
there exists a finite subset {f, ..., S} of K © a. Such that {f;, f,} + . We will first show that
Bi A APy € KO a. To do this, we are going to show that if f; € K© a and ff; € KO a, then
B1 A Bz € KO a. The rest of the proof follows by iteration of the same process. We will consider
three cases:

Case (1) T <X —a. Hence K® a = K. Hence f5; € K and f, € K. Since K is a belief set it holds that
ﬂl /\IBZ eK=Koa.

Case (2) a SL and —a < T.Then Ko a = {f € K: —a < @ — f}. Hence it holds that $; € K,
P2 €K, —a < a — fiand —a < @ — f,. From f; € K, B, € K it follows that §; A f; € Kand (o —
B1) A(a — pB2) € K. It holds that 1 ¢ K. Thus by (wEE4) it follows that L < (¢ — ;) A(a — f2). By
(WEE3) it follows that either &« — 1 < (¢ — 1) A (@ = fz) ora — By X (@ — f1) A (a — o).
In both cases it holds by Lemma 8.1 that —a < (¢ — f1) A (@ — f). Therefore, by (EE2) and
Lemma 8.1, it follows that =& < &« — (f; A f2). Hence 1 A f e KO a.

Case (3) L< a. ThenKoa = {f € K+a : =a < @ — f}.Hence it holds that §; € K+a, f; € K+a,
—a < a— f,and ~a < a — fo. From 1 € K+ a, f; € K+ « it follows that f; A f, € K+«
and (a — f1) A (e — p2) € K. It follows as in the previous case that —a < @ — (f; A f2). Hence
/31 A IBZ eKoa.

This finishes the first part of the proof. By repeated use of part 1 it holds that if §;, fs, ..., Bn € KOa,
then i Ao A AP, eKOa.

It holds that {f; A B2 A . A B} + B. We will consider three cases:

Case (1) T % ~a. Hence K© o =K. Thus 1 A Sz A ... A B, € K. Therefore f e K=K 0O a.

Case (2) L< a. Then from f; A Sz A ... A B, € KO a it follows that 1 A f2 A ... A B, € K+ @ and
—a < a— (f1 APa A... A By). From the former it follows that f € K + « and from the later, by
(EE2) and {a@ = (Ji A2 A . APu)} Fa — B, thata — (f1 A P2 A ... A Bn) X a — f. Thus, by
Lemma 8.1 it follows that —a < « — . Hence f € KO a.

Case (3) @ 2L and —a < T. It follows by definition from f; A 2 A ... A B, € KO « that
PiAP2A .. APy, eKand ma < a — (B A f2 A ... A By). Thus, it holds that § € K and (as proved
in the previous case) ~a < @ — f. Hence f e KO a.

Weak relative success: It follows trivially by definition that K® a € K if it holds that (o <L
and ma < T) or T = —a. Assume now that 1< «, then it follows by (EE7) that -« < T. Thus
—a < o — a. It also holds that « € K + a. Therefore « € K© a.

Consistency preservation: If T < =« or (¢ <L and -« < T), then by definition of © it follows
that K® e € K. K is consistent, thus so is K ® a. Consider now that 1< «. Hence by (EE7) it
follows that ~a < T. Assume by reductio ad absurdum that K ® a +-L. Hence, by closure (proven
above), it follows that 1€ K © a. Thus ~a < a — L. By Proposition 2.4 it follows that —a < —a.
This contradicts (EE2).
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Extensionality: Let - @ < . We need to prove that K® ¢ = K©® f. This can be done by double
inclusion, using the definition of ® and Proposition 2.4.

N-recovery: It follows trivially if T <X —a. Consider now that T £ —a. Thus, by (EEc), it follows
that —a < T.Let f € K. It holds that -« — § € K. It also holds that - (¢« — (—a — f)) < T.Thus,
by Proposition 2.4, from -« < T it follows that ~¢ < @ — (-a — p). Hence -a — f € Ko a.
Therefore f € KO a + —a.

N-persistence. Assume that ~a € K® «a and 8 € L. By N-relative success'! it follows that
—a € K. We intend to prove that —a € K © f. Assume by reductio ad absurdum that T £ —a.
Hence by (EEc) it follows that =« < T. Thus by definition of © it follows from —a € K ©® « that
- < o — —a. It holds that {¢ — —a} + —a. Thus by (EE2) @ — —a < —a. Hence by Lemma 8.1 it
follows that —a < —a. Contradiction. Hence T <X —a. Thus -« e KO a =K.

If T 2 =f, then it follows, by definition of ©, that - € K © . Consider now that T £ —f.
Assume by reductio ad absurdum that —a ¢ K © §. By definition of ®, having in mind that -« € K,
it follows that =8 £ f — -« thus, by (EEc), it follows that f — —a < —f. On the other hand, it
holds that {-a} + f — —a. Thus by (EE2) it follows that ~a < f — —a. Hence by (EE1) (applied
twice) it follows that T < —f. Contradiction.

Disjunctive inclusion. Assume that -a ¢ K© (a V ). As proven above © satisfies inclusion
and vacuity. We will prove by cases:

Case (1) T X =(a V f). Then by (EE1) and (EE2) it follows that T X —a. Hence K© (a Vv ff) =
K=Koa.

Case (2) =(a V ) < T.

Case (2.1) —a ¢ K. Then by © vacuity it follows that K + @ € K © a. By © inclusion it follows
that Ko (a vV f) C K+ (a Vv ). Thus by Lemma 8.2 (b) it follows that K® (¢ vV f) CK O a.

Case (2.2) ~a € K. By definition of @ it follows from —a ¢ K©® (a V f) that =(a V ) £ (aV f) —
—a. Hence, by (EEc), it follows that (aV f) — —a <X =(aV f).Itholds that+ ((aV ) — —a) < —a.
Thus, by Proposition 2.4 it follows that —a <X =(a Vv ). Let § € K® (a Vv p). By definition of © it
follows that =(a V ) < (@ V ) — 4. On the other hand it holds that {(a« vV f) — 6} F @ — 6.
From which it follows, by (EE2), that (¢ vV ) — § X @ — &. Thus, by Lemma 8.1 (applied twice), it
follows that —a < @ — 4.

Case (2.2.1) a V f L. From § € K© (a V p) it follows that § € K. Therefore, § € KO a.

Case (2.2.2) L< a V B.From § € KO (a V p) it follows that § € K+ a V . Thus, by Lemma 8.2
(b) it follows that § € K + a. Therefore, § € KO a.

ThusKo (e VvV f) CKOa.

Strict improvement. Let « € KO « and « + . Then —f + —~a. Hence by (EE2) it follows that
—f < —a. We will consider two cases:

Case (1) L< a. Then, by (EE7), =& < T. By Lemma 8.1 it follows that = < T. Thus = < f — f.
From « + f it follows by (EE2) that o < f3, from which it follows by Lemma 8.1 that L< f. It holds
that f € K + f. Thus, by definition of ©, it follows that f € K© S.

Case (2) L4 a. Hence, by (EEc), « XL. From a € K © « it follows, by definition of ©, that « € K.
Thus § € K. Hence by Proposition 3.2 it follows that K® f = K. Thus f € Ko S.

Disjunctive overlap: We will prove by cases:

Case (1) T X maand T =2 =ff. Hence K® a = K©® f = K. On the other hand, it follows by
(WEE4) that —a € Kand - € K (since T € K). Thus @ € K© a and - € K© f. Therefore, by
O N-persistence and closure (proven above) =(a V ) € K©® (a V f). Thus, by N-relative success
(Proposition 3.2) it follows that K® (¢ vV f) =K. Hence KO a NKo =Ko (a V ).

1By Proposition 3.2, N-Relative success follows from consistency preservation, weak relative success, and N-Recovery. All
these postulates were proven above.
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Case (2) T £ —a or T £ —f5. Hence by (EEc) it follows that ~¢ < Tor = < T.If T X =(a V f),
then by (EE2) and (EE1) it follows that T < —a and T = —f. Contradiction. Hence T £ —=(a V f).
Hence by (EEc) it follows that —=(a V ) < T.

Case 2.1)aV 2L . Hence Ko (aVp) ={6§€K:=(aVp) < (aV ) » 5}.FromaV f < Lit
follows by (EE2) and (EE1) that « <1 and § <.

We have three cases to consider:

Case (2.1.1) ~a < Tand =f < T.Hence KOa ={§ e K:—a <a > d}and KO f={5 € K:
-f<pf— 5} Let 5 c KOanNKO . Hence d € KO a and 6 € Ko f, from which it follows that
deK ~a<a— §and =f < f — §. By (EE2) it follows that —=(a V ) < —a and =(a V f) 2 —f.
Thus, by Lemma 8.1 it follows that =(a vV f) <a = dand ~(a V f) < f — 6.

On the other hand, from § € K it follows that (@ — §) A (f — ) € K. It holds that 1¢ K.
Thus by (wEE4) it follows that 1< (¢ — 8) A (f — §). By (WEE3) it follows that (¢ — §) =<
(@ —> 8 AP —>d)or(f— ) =2 (a— 5 A(f— J).Inboth cases it holds by Lemma 8.1 that
=(aV p) < (a—> 8 A(f — ). By (EE2) it follows that (¢ — 8) A (f — §) 2 (a Vv f) — . Thus,
by Lemma 8.1 it follows that =(a Vv ) < (a V ) — J. Therefore § e Ko (a V ).

Case (2.1.2) a < Tand T X =ff. Hence Koa={0 e K: ~a <a —» §}andKo f =K It
holds by Lemma 8.1 that —a < =f. Let § e KO a N K © B. Hence § € Kand ~a < a — 6. On the
other hand, it follows by (EE2) that =f <X f — . Thus, from —a < —f, it follows by Lemma 8.1
that —a < f — §. By (EE2) it follows that =(a V ) < —a. Thus, by Lemma 8.1, it follows that
=(aVp)<a— dand ~(aV ) < f — §. The rest of the proof for this case follows as in case 2.1.1.

Case (2.1.3) T <X —a and —f < T. This case is symmetrical to the previous one.

Case (2.2) L<aV f.Hence KO (aV ) ={§ €K+ (aV p):=(aV p) < (aV ) — §}. Note
that by (EE7) it follows that if 1< &, then —=§ < T (Proposition 4.2).

Case (2.2.1) L< aand 1< f.Hence Koa ={d e K+a:-a <a — Stand Ko f ={§ €
K+p:-f<p—>6}Lets e KOanKo . Henced e K+a,6 e K+, ~a < a — §and
-f < B — 6.1t follows by Lemma 8.2. that § e K+ a V . From § € K+ @ and § € K + f it follows
that (@ — ) A (f — J) € K. The rest of the proof for this case follows as in case 2.1.1.

Case (2.2.2) L< e and f <1L.Itholdsthat KO a = {§ € K+ @ : ma < a — §}. There are two
sub-cases to consider:

Case (2.2.2.1) - < T.Hence Ko f={6 e K: = < f — 5}.

Let 5 e KoaNKo . Hence § €K, —~a < @ — §, and = < f — . From 6 € K it follows that
deK+aVpfand (@ — d) A (f — ) € K. The rest of the proof for this case follows as in case
2.1.1.

Case (2.2.22) T2 —f. Hence KO f =K. Let e KoaNK© . Hence § e KC K+ a Vv f and
—a < a — §. From 1< « it follows by (EE7) that —a < T. The rest of the proof for this case follows
as in case 2.1.2.

Case (2.2.3) « <1 and 1< f. This case is symmetrical to 2.2.2.

Case (2.2.4) « <L and B <L. Since —a < T or =f < T there are three cases to consider:

Case (2.24.1)—a < Tand -f < T.Hence Koa={§ € K: ma <a —> d}andKo f={5 €K:
-f < p— b}

Let 5 e KoanNKo . Hence § €K, ma < @ — § and =f < f — 5. From § € K it follows that
d§eK+aV fand (@ — ) A (f — §) € K. The rest of the proof for this case follows as in case
2.1.1.

Case (2.24.2)—a < Tand T X ~f. Hence KOa={0 e K: ~a <a — §} and K® f =K. Let
0eKoanKo . Hence§ e KC K+ aV fand ~a < a — 6. The rest of the proof for this case
follows as in case 2.1.2.

Case (2.2.4.3) T 2 —a and —f < T. This case is symmetrical to 2.2.4.2. O
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PROOF OF THEOREM 5.4.
(2) to (1).

Note that if it holds for some X € S that X N ||a|| # 0, then by (S4) there is a minimal
sphere S, in S that intersects with ||«||. It follows from S;;, € S that either S, € S;, or
Sq €S \ Sin.

Closure: Follows by the definition of © and the fact that the intersection of sets of possible
worlds is a belief set.

Vacuity: Assume that —a ¢ K. Hence ||K]|| N ||a|| # 0. Hence S, = |[K|| € S;,. Hence K© «a =
N(Se N llall) = NAKI N lell) = UKD +a =K+ a.

We will now prove that © satisfies inclusion, weak relative success, consistency preservation, strict
improvement, and N-recovery. By definition of © we have to consider three cases:

Case (A) It holds for all X € S that X N ||a|| = 0. Hence K© @ =K.

Case (B) S, € S;p,. It holds that |K]|| € S,. Thus ||K|| N ||a|] € Sq N |||l € ||||. From which it
follows that (M [|a]| € N (S N llell) € NIK| N ||a|l). Thus, by definition of © and Lemma 8.3 (a)
and (c) it follows that Cn(a) C Ko a S K+ a.

Case (C) S, € S\ S;p. It holds that ||K|| € ||K||U (S N]la]]). Thus KO a = N(|IK||U (S N]la|])) S
A (K =K.

From the above it follows that © satisfies inclusion and weak relative success.

Consistency Preservation: Assume that K ¥_1. In case (A) and case (C), above, it follows
trivially that K © a ¥.L. In case (B), it holds that S, N ||a|| # 0. From which it follows, by definition
of ® and Lemma 8.3 (b) that KO a ¥ L.

Strict Improvement. Let - « — f and assume that « € K © a. In case (A) and case (C), above,
it follows that K ® a C K, hence f € K. Thus by ® confirmation (that follows from (weak) vacuity
and inclusion, proven above) it follows that § € K ® §. In case (B), from + a — f it follows that
lleell < [I8ll. Thus S, N |||l # 0. By the minimality of Sg it follows that Sg C S,. Hence Sp € S;p.
Thus, as seen above (in case B)), it holds that f € Ko S.

N-recovery. We will consider the cases (A), (B), and (C) above:

Case (A) It holds that K© « =K. Hence K C K© a + —«a.

Case (B) It holds that « e KO @. Thus K C KO a + —a = L.

Case (C) Let S € K. Hence |[K|| € ||f]l. Thus |[K]|| U |||l € |||l U ||]l. Therefore (||K]|| U (S N
llall)) € Kl U flell < [lell U IIANl = [lma — BII. Thus ~a — f € O([K][ U (Se N [|a]])) =K © a.
Therefore, f € KO a + —a.

Now we will show that © satisfies the remaining postulates.

Extensionality: If - @ < S, then ||| = ||f]|. If it holds that X N ||a|| = 0, for all X € S, then
Koa=KandKo =K. IfY N ||a| # @ for some Y € S, then there exists S, and Sy i.e., there
exist minimal spheres that intersect with ||«|| and with [|8]|). From + & < B it follows that S, = Sg.
Therefore, by definition of ©, KO a =K 0 f.

N-persistence: Assume that - € K© . We will consider two cases:

Case (1) + —f. Hence by © closure (proven above) = € K© a.

Case (2) ¥ —f.If Sg € S;p, then by definition of © it follows that f € K© . Thus K © f +- L. This
contradicts © consistency preservation (proven above).

Assume now that Sg € S\ S;;. Thus, by definition of © it follows, from - € K © f, that
Sg N ||BIl € [|-BIl. Contradiction. Hence, it holds that ||| N X = 0, for all X € S. Therefore
Ko f =K Thus -§ € K.

Case (2.1) It holds that ||a|| N X = 0, for all X € S. Therefore K® @ =K. Thus = € Ko a.

Case (2.2) S, € Si,. It holds that (S, N ||a||) N || B]] = @ (otherwise it would follow that a sphere
in S would intersect with ||f]|). Hence S, N ||| € ||=f||. Thus = € K© a.
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Case (2.3) Sy € S\ Sin. Suppose towards a contradiction that —=f ¢ K © a. Thus (||K|| U (S, N
llx])) N ISl # 0. Hence ||[K|| N ||l # @ or (Sg N [|e]]) N ||| # 0. It follows, in both cases, that a
sphere in S intersects with || §||. Contradiction.

Disjunctive overlap: We will prove by cases:

Case (1) It holds for all X € S that X N ||a V B]| = 0. Hence K© (a V ) =K. From ||| C ||a V B|
and ||B|| € |l V ]| it follows that no sphere in S intersects |||| or intersects || §||. By definition of
O it follows that K© @ =K © = K. Therefore, Ko aNKoO S KO (a V p).

Case (2) It holds for some X € S that X N |ja V B|| # 0. Hence by (S4) there is a minimal
sphere S,y in S that intersects [[a V ||. From [|a V B|| = |la|| U [|f]| it follows that Sovs N
lell # @ or Sgvg N |IBll # 0. In the first case there exists a sphere in S that intersects |||l
thus by (S4), there is a minimal sphere S, in S that intersect ||||. By the minimality of S, it
follows that S, C S,vg. In this case it also holds that S, N [l V || # 0. Thus by the minimality
of Spyp it follows that Spvp S Sq. Thus S,vg = S,. In the second case it follows that there
exists a minimal sphere Sg in S that intersect [|B||. As in the first case we can conclude that
Savp = Sp.

Thus Suvp = Sq or Sqvp = Sp. Assume without loss of generality that S,y 5 = S

Case (2.1) It holds for all X € S that X N || ]| = 0.

Hence Sqvp N ||l = 0. Therefore Spvp N [la V Bl = Sevp N lla|l. Thus Seyg N [la V Bl = Se N |||

Case (2.1.1) Sqvp =S¢ € Sin. Thus KO (@ V ) = N(Savp N lla Vv BII) = N(Se N lla]]) =Ko a.
Hence Ko aNKo KO (aV p).

Case (2.1.2) Spvp = Sq € S\S;n. From SqygN|laV Bl = Se N ||| it follows that ||K|| U (SqvsN|le Vv
Al = KU (SeNllal]). Thus Koa = N([[KIU(SaNllal)) = NUKIU(SevpnllaVvpl)) = Ko(avp).
Therefore KOaNKO KO (aV f).

Case (2.2) It holds for some X € S that X N ||f]| # 0. By (S4) it follows there is a minimal
sphere Sg in S that intersect || §]|. Thus Sg N [l v B|| # 0. By the minimality of S,z it follows that
Savp S Sp. Hence it holds that Sevs N IBIl S Sg N | Bll. Hence Savp N [la vV BN IBIN S Sg N IBIL Tt
also holds that Sgvg N |l V Bl N lex|| € S N ||ex]].

Case (2.2.1) Sqvp = Sq € Sip. By definition of ©, it follows that « vV f € KO (a V ).

Case (2.2.1.1) Sg € S;y. Thus, from Sy N |la v Bl N |BIl € Sg N ||l it follows that ((Sg N
1B S N(Savp N lla Vv Bl N [IBI). Thus, by definition of © and Lemma 8.3 (c) it follows that
Ko f C Ko (aV f)+ B. By symmetry of the case, it follows from Sy N[l V Bl N |||l S S N ||e]|
that Koa C Ko (aVp)+a. ThusKoanKoe f C (Ko (aV ) +a)N (Ko (aV f)+ ). Therefore,
by Lemma 8.2, KO aNKoOofCKo(aVp) +aVv =Ko (aVp).

Case (2.2.1.2) Sg € S\ S;,. Hence Sqvg N ||l = 0. Thus Sgvpg N lla V Bl = Sevpg N ||al|. Hence
SavpNllaV Bl = Se N|al|. From which it follows that ((Se N lall) = N(SevsNllaV fll). Therefore,
Koa =Ko (aV p) and, consequently, KoaNKo f C Ko (aV f).

Case (2.2.2) Spvp = Sq € S\ Siu. From Sy € Sp it follows by condition (c) of Definition 8 that
Sp €S\ Sin.

Case (2.2.2.1) Savp N ||Bll # 0. By the minimality of Sg it follows that Sg C S,y . Thus S, =
Savp = Sp. It holds that Sus N[l V Bll = S ([l V Bl Thus S 0 eV Bll = S 1 (lel] U 1B =
(SaNllalV(SeNIIAID) € (SeNllal)U(SgNIIAID. Thus [[KI[U(Savpnlla Vvl < (IK[U(SeNllall))u
(IK[u (SpnlIAlD)- Thus (KU (SeNllalD) U KTV SgN A1) € NAKITU (Sevpgnlla Vv BlD),
from which it follows that M ([[K|[U (S Nllal)) NAUIKITU(SgNIIAID) € NUKITU (Savpnlla v BID)).
Hence KOaNKO S C KO (aV p).

Case (2.2.2.2) Sevp NI Il = 0. Hence SpvgNlaV Bl = SevpNllall. Thus SevpNilaV Bl = SeNlla|l.
Hence [K]| U (Sevg 0 lle v Bll) = K| U (Se N llall). Therefore, (K] U (Sevg 0 lle v Bll)) =
NUIK| U (S N |x]])). Hence KO @ = KO (a V f) and, consequently, KoaNKo f C Ko (aV f).
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Disjunctive inclusion: Assume that -« ¢ K© (a V ). We will prove by cases:

Case (1) It holds for all X € S that X N ||a V || = 0. Hence K® (a Vv f) = K. Thus —a ¢ K. From
which it follows by ® vacuity (proven above) that K C K© a. Thus Ko (a vV f) CK 0O a.

Case (2) It holds for some X € S that X N ||a V || # 0. Hence by (S4) there is a minimal sphere
Savp in S that intersects ||a V .

Case (2.1) Savp € Sin. Thus KO (a V B) = N(Savp N lla V Bl). From ~a ¢ K© (a V f) it follows
that Spvg N [la vV Bl N la]| # 0. Thus Svp N |||l # 0. By the minimality of S, it follows that
Sa  Savp- Hence by Proposition 5.2 it follows that S, € S;,. Thus, Si N |||l S Savp N lla Vv Bl
Therefore, K® (a V ) = N(Savg N lla vV Il € N(Se N llall) =K 0 a.

Case (2.2) Savp € S\Sip. Thus Ko (aV f) = N([IK[U(SavpNlleV Bll)). Hence Ko (V) € K. On
the other hand, from ~a ¢ K© (a Vv p) it follows that Sqvs N [la V Bl N lel| # @ or |[K[| N [|a]| # 0.
In the latter case it follows by —a ¢ K. Thus by © vacuity it follows that K € K © a. Thus,
Ko (aV p) € KO a. Assume now that S,y N [l V f|| N ||| # 0. Hence Sqvp N |||l # 0. Thus, by
the minimality of S, it follows that S, C Sqv 4. On the other hand, Sy N{laV B|| # 0. Thus, Spvps C S
Hence, Sqvp = Sq. Therefore, |[K|| U (S¢ N [lerl) € |IK[| U (S N [la v Bl = K| U (Savpg N [lae v Bl
Hence, K© (a v ) = N(IK[ U (Sevg N lla v BI)) € NAUIKI U (Se N [lal) =K O a.

(1) to (2).
Assume that © satisfies all the postulates listed in statement (1). By Propositions 3.2 and 3.3 it
follows that © satisfies N-relative success, confirmation, and containment. Consider the following
constructions for S and S;,;:

SeSiuiff(())S=|K||or(ii) 0 # S C {w:w € |[KO ¢, for some « such that||[K ® «|| C ||«|}
and ||[K ® af| € S for all a such that S N ||a|| # 0.

SeSiff()S=|K|or(ii)0 %S C{w:we|KO«|, for some « such that|[K® a|| N ||«|| # 0},
|IK@«a| € Sforall @ suchthat SN||a|| # 0 andif SN||la|| =0 and S ¢ S;;,, then || Ko a||NS = ||K]|].

We will show that:

(1) (Sin,S) is a two-level system of spheres, centered on ||K||. To do so, it is necessary to prove
that:
(a) S and S;, satisfy conditions (S1) to (S4), of Definition 3, with the exception of (S3); (b)
Sin €S; () If X € Sjp,thenX C Y forallY € S\ S;,.
(2) If ||| =0, thenK© a =K;
(3) For « such that K® a ¥ —a it holds for S(a) = U{|[K® §|| : ||«]| € ||5]|} that:
(a) S(a) €5;
(b) S(a) = Sg (i-e., S(a) is the minimal sphere that intersects with ||«||);
(c) The following equality holds (where S, = S(«)):

N(Sa N llerll) if S¢ € Sin
Koa=1{ NUKIU (S« Nllal)) ifSe €S\ S
K ifXN|eal| =0, forall X € S

(1) We start by showing that S;, satisfies conditions (S1), (S2) and (S4).

(S2) That ||K]|| € S;;, follows by definition of S;,,. Let S € S;,,, we intend to show that ||K|| C S.
It follows trivially if S = ||K||. Assume now that @ # S C {w : w € |[K ® «, for some « such that
IKO«a| C ||a]|} and [K© a| C S for all & such that S N ||a|| # 0. It holds that S N || T|| # 0, from
which it follows that |[K ® T|| € S. By © confirmation (that according to Proposition 3.2 follows
from weak vacuity and inclusion) it follows that K® T = K. Thus ||K]| € S.

(S4) Let S € S;j, be such that ||a|| NS # 0. Let S” be the intersection of all spheres in §” € S;,,
such that ||| N'S” # 0. It holds that S’ C S. We must prove that S’ € S;;,. If ||| N ||K]| # 0, then
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S = ||K]|. Thus S” € S;,. Assume now that ||a|| N ||K|| = 0. We will prove that §’ € S;, by showing
that: (1) S’ € {w : w € ||[K® ]|, for some « such that|[K® «|| C ||«||}; (i) S” # 0; (iii) |[Ko S| € S’
for all § such that S’ N || || # 0.

(i) Follows trivially, since S” € S € S;, and S # ||K||.

(ii) It holds that all spheres in S;;, contain ||K]|. On the other hand, it holds that ||K]|| # @ (since K
is consistent). Thus 0 # ||K|| € S”.

(iii) Let 8 be such that S’ N [|B]] # 0. It holds for all S € S;;, such that S’ C S that SN ||| #
(0. Therefore |[K © || € S. Hence the intersection of all such spheres contains |K © f||. Thus
Ko gl Cs.

(S1) Let S; and S, be elements of S;,,. We have to show that either S; C S, or S, C S;. As seen
in the proof of (S2) this holds if S; = ||K|| or S; = ||K]||. Suppose the contrary and assume towards
a contradiction that S; € S, and S; ¢ S;. Hence there exists w; € S; \ S,. Then w; € |[K® «]| for
some « such that [K® || C ||a||. Thus w; € S; N ||a]|. Therefore ||[K ® «|| € S;. On the other hand,
it follows that S, N ||a|| = 0, otherwise it would follow that w; € |[K® «|| C S,. Thus S, C ||—a]|.
There exists also w, € S, \ Sy, from which it follows in the same way that there exists some § such
that w, € ||[KO || € Sz and S; € || 4]l

It holds that ||| C ||eV Bl and || ]| C ||leV B||. Thus S;N|laV f]| # @ and S;N||aV B # 0. From
which it follows that |[K© (¢ V f)|| € S; N S,. Hence [[K® (a V f)|| C |-l N |[=8] = ||-~a A =p]|.
Thus KO (a V ) F ma A =f. By © closure it follows that =(a V ) € K© (a V f). From which it
follows, by ® N-Persistence, that —=(a vV f) € K© a. Thus K ® a + —a. On the other hand, it holds
that K© a + « (since ||[K © a|| C ||¢||). From which it follows by ® consistency preservation that
K +.L. Contradiction.

We will show that S satisfies conditions (S1), (S2), (S4) and that conditions (b) and (c) of Definition
8 hold.

We start by showing that S;;, C S (condition (b) of Definition 8). Let S € S;,. If S = ||K]|,
then S € S. Assume now that S # ||K||. Hence 0 # S C {w : w € ||[K ® «]|, for some a such
that |[K © «|| C |l¢||} and |[K © «|| € S for all & such that S N ||a|| # 0. Let w € S. Hence
w € ||[K © B|, for some f such that||K © f|| € ||f||. Thus [K© g]| N ||B|| # 0. Hence w € |[K©
Bl for some f such that||[K® S| N||f]| # 0. Thus @ # S C {w: w € ||[K® «]|, for some « such that
[Koa||N|la| # 0} and [KO a|| € S for all « such that SN ||a|| # 0. Thus S € S. Therefore S;,, C S.

(S2) The proof that S satisfies (S2) is similar to the proof that S;,, satisfies (S2) presented above.

We will now show that if S € S;;,, then S C S’ forall S’ € S\ S;;, (condition (c) of Definition 5.1).

Case (1) S = |IK||. Let S” € S. Hence S C §’, for all ' € S\ S;, (since as proven above S satisfies
(S2)).

Case (2)0 #S C {w:w € |[K® al|, for some a such that|[K© «| C ||a||}, [K© al| C S forall «
such that S N ||| # 0.

Let S’ € S\ S;, and suppose towards a contradiction that S ¢ S’. Hence there exists w € S\ S’.
Then there exists « such that w € |[K© «f| C ||¢||. From w ¢ S’ it follows that S’ N |la|| = 0
(otherwise it would follow that w € |[K© a|| € §’). Hence S’ N ||[K © «|| = ||K]|. Thus ||K|| = 0.
Contradiction, since K is consistent.

Now we show that S satisfies conditions (S1) and (S4).

(S1) Let S; and S; be elements of S. We have to show that either S; € S; or S; C S;. As proven
above, it holds that S; C S, or S, C Sy if {S1,S2} C S;p. It remains to consider three cases:

Case (1) S; € Sj, and S, € S\ S;;,. Condition (c) of Definition 8 holds. Thus S; C S,.

Case (2) S; € S\ Si, and S, € S;;,. This case is symmetric with case 1, thus S; C S;.

Case (3) S1 ¢ Sip and S, ¢ S;;,. Suppose the contrary and assume towards a contradiction that
S1 & S, and S; ¢ S;. Hence there exists w; € S; \ S;. Then wy € ||K © «a|| for some a such that
IKo a| N |la]| # 0.If S; N |la|| = 0, then S; N ||[K © «f = [|K||. Thus w; € [|K]|. It yields
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that ||K|| € S, from which it follows that w; € S,. Contradiction. Assume now that S; N ||«|| # 0.
Therefore ||K ® a|| € S;. On the other hand, it follows that S, N ||| = 0, otherwise it would follow
that w; € |[KO «|| € Sz. Thus S, C ||—a||. There exists also w, € S, \ S;. Then w; € ||[K© f|| for
some f such that ||[K® || N ||| # 0. Assuming that S, N || ]| = 0 leads to a contradiction. Assume
now that S, N || ]| # 0. Hence w; € |[K® S]] €Sz and S; C ||-f]|.

Reasoning in the same way as in the proof that S;, satisfies (S1), we conclude that K© o + —a.
This leads to a contradiction, since it holds that ||[K © a| N ||«]|| # 0.

(S4) Let S € S be such that ||a|| N'S # 0. Let S” be the intersection of all spheres in §”” € S such
that ||a|| N S” # 0. It holds that S" C S. We must prove that S’ € S.

If |||l N |IK]|| # 0, then S = ||K|| and we are done. Assume now that ||a|| N ||K]|| = 0. To prove
that S’ € S we need to show:

(i) S’ € {w:w € ||[KOa||, for some a such that|[Koa|| N||a| # 0}; (i) S” # 0; (iii) |[Ke S|l € S’
for all S such that S’ N ||| # 0; (iv) if S’ N ||f]| =0 and S’ ¢ S;y,, then |[K© || NS’ = ||K]|.

(i) Follows trivially, since S’ € S and S # ||K]|.

(if) It holds that all spheres in S contain ||K]|. On the other hand, it holds that ||K|| # @ (since K
is consistent). Thus @ # ||K|| € §".

(iii) Let S be such that S’ N ||B]| # 0. It holds for all S € S such that S’ C S that SN ||f]| # 0.
Therefore |[K® || € S. Hence the intersection of all such spheres contains ||[K® f||. Thus ||[K© || €
S

(iv) Assume that S’ N || || =0 and S’ ¢ S;,. If there exists Y € S;;, such that ||| NY # 0, then
S’ € Y. From which it follows, by Proposition 5.2, that S” € S;,. Contradiction. Therefore, it holds
that if Y is such that ||| NY # 0, then Y € S\ S;,,. We will consider two cases:

Case (1) For some Y € S\ S;;, such that ||a]|NY # 0 it holds that ||f||NY = 0, then YN ||[KO || =
|IK||. Hence ||K]|| € ||K ® §||. Therefore, by (S2), ||K]|| € ||[K® f|| N'S’. On the other hand, it holds
that Y C ||=p]||. By N-recovery it holds that K C K ® f + =f. Thus |[Ko f|| NS’ C Ko p|InY C
IKo gl nll=pll = 1Ko f+=pll < [K|. Thus [Ko ]| NS = [K]|.

Case (2) Forall Y € S\ S;, such that ||a|| N Y # 0 it holds that ||f|| N Y # 0. Then |[KO || C Y
for all such Y. Thus |[K© || € §’. Hence |[Ko f||NS = |[Ko g|. If |[Ko || n||Bll # 0, then
S” N ||pll # 0. Contradiction.

Assume now that ||[Ko || N||f]| = 0. Then K® f + =f. Thus, by © closure and N-relative success,
it follows that K © § = K. Therefore ||[K © §|| = ||K||. Hence, [|[K® || N S’ = ||K]|.

(2) Assume that ||| = 0. Thus SN ||a|| = 0@ for all S € S. On the other hand + —a. Thus by ©
closure it holds that - € K © a. Hence by © N-relative success K©® ¢ =K.

(3) (a) Assume now that KO « ¥ —a and let S(«) = J{|[K@ I : |||| € ||6]|}. We will now prove
that S(a) € S.

It holds that [|«|| € || T||. Thus |[K® T|| € S(«). Hence ||K|| € S(«). Thus S(a) # 0 (since K is
consistent).

Let w € S(a). Hence there exists f such that w € ||[K© f|| and ||| € ||f]|. Suppose towards
a contradiction that |[K © g|| N ||f]| = 0. Hence K ® § + —=f. By ® N-persistence it follows that
Koat —f. Thus KO a + -« (since ||a|| C ||B]]). Contradiction. Thus ||[K©® || N ||B]| # 0. Therefore
S(a) € {w:w € ||[Ko p||, for some f such that||[K © || N ||p]| # 0}.

Suppose now that S(a) N ||B]| # 0. It follows by definition of S(«) that there exists some § such
that ||a]| € ||5]| and ||[K © &]| N ||B]| # 0. From ||a|| € ||5]| it follows that ||«|| € ||§ V B]. Thus
IK® (6 V pB)| € S(a). Assume towards a contradiction that =(§ vV f) € K© (6 V ), then by ©
N-persistence it follows that =(é V ) € K©® §, from which it follows by © closure that -5 € K©® 4.
As seen above it follows from the latter that —@ € K © a. Contradiction. Hence, by ® closure, either
-§¢Ko (VP or-f &Ko (dV f). Assume towards a contradiction that - € Ko (6 V f).
Hence -6 ¢ KO (Vv ), from which it follows by © disjunctive inclusion that Ko (§ v f) C KO 4.
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Hence —f € K©® 8. Contradiction since ||[K® §|| N || ]| # 0. Therefore —=f ¢ K©® (§ V ). Thus, by ©
disjunctive inclusion it follows that K® (6 vV f) C K© . Hence |[K© || C |[K© (6 V f)||. Thus
K © Bl € S(a).

Suppose that S(a) N ||B]] = 0 and S(«) ¢ S;,. We intend to prove that |[K© f|| N S(a) = ||K]|. It
follows from S(e) N || ]| = 0 that ||[Ko §|| N ||B]| = 0 for all § such that ||| € ||5]|. Thus KOS + —f,
for all § such that ||«|| € ||4]|.

On the other hand, it follows from S(a) ¢ S;, that there exists some & such that ||| C ||&]|
and ||[K o &|| € ||€]|. Therefore a ¢ K © a, otherwise it would follow by © strict improvement that
K ® | € ]l

Letw € S(a) N ||[K© f||. Hence w € ||=f|| N ||[K© B]|. Thus w € ||[K©® S + =f||. By N-recovery it
holds that K € K® f + =. Thus [|[K® B + || € |K||. Hence S(a) N |[K© || € [IK]|. We will now
prove the other inclusion.

It holds that ||¢|| € || T||. Thus ||[K® T|| € S(a). Therefore, ||K|| C S(«).

Assume towards a contradiction that f € K©® f. Thus |[K © f|| € ||f]|- By © strict improvement
it follows that @ V f € K© (a V ). It also holds that ||| € || V B]|. Thus |[K© (a V p)|| € S(a).
We will consider two cases:

Case (1) - ¢ KO (aV f). ThenKo (e VvV ) C KO . Hence |[KO f|| C |[KO (aV p)|. It
holds that ||[K © f|| # 0 (since, by © consistency preservation K® f ¥.1). Thus S(a) N || K g|| # 0.
Therefore, S(a) N || ]| # 0. Contradiction.

Case (2) = € KO (a V p). By © consistency preservation it follows that —a ¢ K® (a V ). Hence
by © disjunctive inclusion it follows that K© (a Vv ) € K © a. Therefore, {-f,a VvV f} CK 0o a.
Hence K © a + a. Contradiction.

Both cases lead to a contradiction. Therefore f ¢ K © . Hence, by © weak relative success, it
follows that K® € K. Thus ||K|| € |[K© f||. Hence |[K]|| € S(a) N ||[K © f||. Therefore S(a) € S.

(3) (b) We will now show that S(a) N ||a|| # @ and S(a) C S for all S € S such that S N ||a]| # 0.

It holds that |[Ko«|| € S(a) (by letting § = ). From KO« ¥ —a, it follows that ||[Koa||N||a|| # 0.
From the former it follows that |[K © | N ||| € S(a) N ||||. Therefore, S(a) N ||ex|| # O.

Let S € S be such that SN ||a|| # 0. We intend to prove that S(«) C S. Let w € S(«). Hence there
exists ff such that w € ||[K© f|| and ||la|| C ||A]l-

From SN ||| # 0 it follows that SN || || # 0. Thus, by definition of S it follows that |[K® f|| € S.
Therefore, w € S. Hence S(a) C S. Therefore, S(«) is the minimal sphere in S that intersects with
||l i.e. S(a) = Sg.

(3) (c) We will now show that the following equality holds:

m(sa n ||0{||) ifsa € Sin
Koa=1 NUKIU(SeNllall) ifSy€S\Sin
K ifXN|la|| =0, forall X € S

where S, = S(a).

If for all X € S it holds that X N ||a|| = 0, then it holds that K©® a + —a, otherwise it would follow
that S(a) N ||a|| # 0 and, as proven above, it holds that S(«) € S. From K © a + =« it follows, by ©®
N-relative success, that K® a = K.

Assume now that there exists X € S such that X N ||«a|| # 0. Hence there exists w € X N ||«]|.
Thus, by definition of S it follows that w € ||K® f||, for some f such that ||[K® f|| N ||f]| # 0. Hence
IK® g|| N |le|] # 0. From which it follows that K © § ¥ —a. Thus, by © N-persistence K© a ¥ —a.
There are two cases to consider:

Case (1) Sy € Sip.

Case (1.1) S, = ||K||. Hence —a ¢ K. Thus by © vacuity and inclusion it follows that Ko a = K+a.
On the other hand, N (S N|la|) = N(IK|[N]|]]) = N ([|[K+a||) = K+a. Thus (S N||«|]) = KOa.
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Case (1.2) S, # ||K]|. It holds that S, N||«|| # 0. Thus there exists w € S, N||||. Thus, by definition
of S;y, it follows that there exists ff such that w € ||[K® || € ||f]|. Hence w € ||[K® ]| N ||a||. Thus
p € KO fand KO f ¥ —a. Thus, by Proposition 3.4 it follows that « € K® «. Hence |[K© a|| C |||

It holds that ||[Ko«a|| € S(@) (letting § = «). Hence |[KOal| € S(a) N||a||. For the other inclusion,
let w € S(a) N ||||. Hence there exists § such that ||a|| C ||f]| and w € | K© §]||. Thus + @ —
and w € |[Ko f|| N |la]|.

We will now show that KO o« C K0 f+ a. If —a ¢ K, then from - « — f it follows that = ¢ K.
By © vacuity it follows that K € K © f. Thus K+ o« € K©® § + a. From which it follows by ©
inclusion that K© a € K © § + a. Assume now that ~a € K. By © containment it follows that
KN (Ko (maAp))+ (—aApP)) CKOo (—a A f). Thus, by © closure, —a € KO (—a A f). Let
&£ € KO a we intend to prove that £ € K© f + «. It holds that « — £ € K© a. By O extensionality
it follows from + ¢ — fthat KO a = KO (a A ). Hence « — & € KO (a A ). On the other
hand, it follows from —a € K©® (—a A ), by © closure, that « — £ € KO (—a A f). Thus, by ©
disjunctive overlap, it follows that @ — £ € K® ((—a A ) V (a A f)). From which it follows by
O extensionality that « — ¢ € K© f. Hence ¢ € KO f + a. Therefore, it holds (in both of the
cases considered) that K®© @« € K © f + a. Thus (by Lemma 8.3) |[K® || N ||a|| € ||[K © «||. Hence
w € ||[K® af|. Thus S(a) N ||la|| € ||[K© «a.

Therefore ||[K© a|| = S(a) N ||a||. Thus K© a = (N (S(a) N ||]])-

Case (2) Sy € S\ Si- If ¢ € KO «a, then it holds that S, € S;, (since it follows by © strict
improvement that [K © || € ||S|, for all § such that ||a|| € [|fl|, from which it follows that
Se € {w : w € ||[KO §| for some § such that ||K © §|| C ||4]|}). Thus ¢ ¢ K ® a. From which it
follows, by ©® weak relative success, that K® a C K. Thus [[K|| € |[K© «f|.

Let w € |I[K|| U (S(a) N ||a]]). Hence w € ||K|| or w € S(a) N ||]|. In the first case it follows that
w € ||[K©® ¢||. In the second case it follows that w € S(a) N ||a||. Thus, there exists § such that
]| € ||B]| and w € ||[K® B|| N ||]|. Reasoning as above it follows that K© « € K ©® f + a. Hence
IKo gl N el € |IKo «|. Thus w € ||[K© «f|. Therefore ||K]|| U (S(a) N |le|]) € Ko «fl.

We will now prove the other inclusion. Let w € |[K© ||. Hence w € |[K© a|| N (|la]| U ||-al]) =
(IKoal|n]lal) VU (IKoaln|-all) € (S(a)n]la])U(IKOa||N]|-al]). By ® N-recovery it follows
that K € KOa+-a. Thus ||[Koa+-al| C ||K||. Hence |[KOal||N||-a|| € ||K||. From which it follows
thatw € (S(a)N|lal)U([[Koaln]|=all) € (S(a)Nlla|)VIK]|. Hence [[Koa|| € [[K[[U(S(a)Nl|al).
Thus [[K 0 af| = [IK[| U (S(a) N [l]]). And so, K© a = (|IK]| U (S(a) N lal])).

O
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