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Abstract 

Several studies indicate that the re-centring capacity presented by superelastic Shape Memory Alloys (SMA) can reduce the 
displacements of structures subjected to earthquakes. To quantify the errors of numerical predictions with different constitutive 
models, peak, relative and residual displacements of four two-framed reinforced concrete (RC) bridges, linked by SMA bars, 
subjected to seismic actions, were numerically assessed. Different ratios of the elastic natural period of vibration of the frames of 
the bridges were adopted. Lumped plasticity models were used to simulate the behaviour of the reinforced concrete columns. Five 
SMA uniaxial models were considered, combining linear, nonlinear, isothermal and nonisothermal conditions. The seismic action 
was modelled by real accelerograms. The results show that the relative displacements are more sensitive to the adopted SMA model 
than the peak and residual displacements. Significant relative differences, up to 70%, were obtained.   
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1. Introduction 

Superelastic Shape Memory Alloys (SMA) can recover from cyclic inelastic axial deformations without significant 
permanent deformation and possess dissipative properties. These properties led various authors to study the use of 
SMA for seismic protection of structures. Alam et al. (2012) considered SMA as reinforcement in concrete structures. 
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Andrawes and DesRoches (2005, 2007a, b), Johnson et al. (2008) and Cardone et al. (2011) used SMA restrainers to 
prevent unseating of reinforced concrete (RC) bridges with joints. McCormick et al (2006) and Silva Lobo et al (2017) 
evaluated the application of SMA bracing systems in steel frames and RC frames, respectively. Silva Lobo et al. 
(2015a) and Cismaᶊiu and Santos (2008) used bridges to study their SMA device proposals.  

These authors modelled the axial behaviour of SMA using uniaxial phenomenological models. The latter considered 
the nonisothermal behaviour of SMA. The remaining used isothermal models, valid only for monotonic loads. 
Independently from the type of application and model, the results indicate that SMA contribute to the reduction of the 
displacements during earthquakes and make it possible to re-centre the structure.  

It should be noted that studies based on single-degree-of-freedom systems (SDOF) indicate that the SMA model 
adopted can significantly affect the prediction of displacements. Andrawes and DesRoches (2008) studied the seismic 
response of linear and nonlinear SDOF with natural periods of vibration T = 0.25, 0.50, 0.75 and 1.0 s using three 
SMA isothermal models. Nonlinear SDOF were modelled with lumped plasticity models for RC structures. The peak 
displacement errors obtained for linear and nonlinear SDOF are 9% and 5%, respectively. Bernardini and Rega (2017) 
conducted a similar study for harmonic loads, using a linear SDOF with T = 0.33 s and six SMA models, three of 
which are isothermal. Prediction errors as high as 41% were obtained. Andrawes and DesRoches (2007c) studied the 
effects SMA, using isothermal models and lumped plasticity models for RC, on the seismic response of two coupled 
nonlinear SDOF with period ratio T1/T2 = 0.7. Errors less than 10% were obtained for the relative displacements. 
Nunes and Silva Lobo (2017) conducted a similar study for linear SDOF with T1/T2 = 0.5, 0.6, 0.7 and 0.8, using four 
nonisothermal SMA models. Errors up to 16% and 32% were obtained for peak and relative displacements.  

The research presented herein extends the latter work for nonlinear SDOF, modelling the longitudinal behaviour of 
RC bridges. The purpose of this study is to assess the influence of structural ductility on the peak, relative and residual 
displacements predicted with different SMA models.  

2. Case studies and models 

The four two-frame RC bridges (C30/37 concrete and A500 NR) studied by Nunes and Silva Lobo (2017) were 
used as case studies as they make it possible to study peak, relative and residual displacements. The geometry and 
values of T, mass (m), height (H), elastic stiffness (Kel) and yield displacement (uy) of each frame are shown in Fig. 1. 
Values of T1/T2 equal to 0.5, 0.6, 0.7 and 0.8 were adopted as they cover the range of values expected in real 
applications. All columns have a cross-section with 2.0 m diameter reinforced with 50ϕ40 longitudinal rebars and ϕ20 
hoops spaced at 0.11 m. Its cracked flexural stiffness was determined as being equal to 12551000 kNm2. This latter 
value and the values of uy (= ϕy[H+LSP]2/3; yield curvature ϕy = 0.00275 m-1 and strain penetration length LSP = 0.968 
m) were determined according to Priestley et al. (2007). Kel was obtained assuming the columns with fixed ends.  

 

 
Fig. 1 – Bridges used: (a) characteristics and longitudinal profile; (b) superstructure and substructure; (c) scheme of the adopted model 

The longitudinal response of the bridges was focused. The analytical models adopted consist of two nonlinear 
SDOF coupled by SMA bars (see Fig. 1 (c)), representing a retrofit intervention using restrainers to prevent the 
unseating of the adjacent superstructures (see Fig. 1 (a)). As material non-linearity was modelled, a viscoelastic 
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damping ratio 𝜉𝜉 of 2% was adopted for both SDOF. The soil-structure iteration, pounding between frames and friction 
at the joint were not modelled. The nonlinear dynamic analysis was performed using a MATLAB programming 
language-based program based on Newmark’s constant average acceleration method (Chopra, 2007). 

Nonlinear SDOF were modelled using the modified Clough lumped plasticity model (see Fig. 2). This model 
accounts for the stiffness degradation of RC structures under cyclic loading as a function of peak displacements, umax, 
and estimates their residual displacement, ures, as well (Genshu and Yongfeng, 2007). The responses for positive and 
negative displacements are independent. The effects of strain hardening of reinforcement were modelled using a 
post-yield stiffness Kpl = 0.05Kel. The degradation of the unloading stiffness was modelled using the equation Ku = 
(umax/uy)0.5. Muthukumar and DesRoches (2005) also adopted these two options for a similar model. The reloading 
stiffness Kr is equal to the slope of the line defined by the point of zero force on the unloading branch and umax. If 
partial unloading occurs, the response point follows the unloading path during reloading. 

SMA bars were modelled using five uniaxial models derived from the proposal by Tanaka et al. (1986), named 
herein as: Linear; Isothermal; Exp_T; Exp_LA3; Exp_LA20. All use the constitutive law by Brinson (1993) to 
describe the relationship between axial stress, axial strain, martensite fraction and temperature. All except Isothermal 
use an energy-balance law (Silva Lobo et al., 2015b) to simulate the effect of loading-rate on temperature. The models 
differ on the kinetic law governing the martensite fraction: Linear and Isothermal use the linear law (Auricchio and 
Sacco, 1997); Exp_T uses the exponential by Tanaka et al. (1986); Exp_LA3 and Exp_LA20 use two variations of 
the exponential by Lubliner and Auricchio (1996). The material properties adopted by Cismaᶊiu and Santos (2008) 
were used. A comparison of the used models is shown in Fig. 3. 
 

Fig. 2 – Force-displacement relationship of the modified 
Clough model 

 
 
 
 
 
 
 
 
 

 
Fig. 3 – Comparison between the SMA models adopted 

3. Sensitivity study and discussion of results 

The sensitivity study presented herein was performed for an ambient temperature of 20 ºC and six accelerograms 
(PEER, 2019): Loma Prieta – Corralitos (M = 6.9, PGA = 0.65g, D = 14.0 s); Loma Prieta – Gilroy Array #3 (M = 
6.9, PGA = 0.56g, D = 10.0 s); Kobe – Nishi-Akashi (M = 6.9, PGA = 0.48g, D = 16.7 s); San Fernando – Pacoima 
Dam (M = 6.6; PGA = 0.69g; D = 10.7 s); Northridge – Canonga Park (M = 6.7, PGA = 0.36g, D = 17.9 s); Umbria 
and Marche – Colfiorito (M = 6.0; PGA = 0.20g; D = 8.9 s). M is the magnitude at moment scale, PGA is the peak 
ground acceleration, g is the gravitational acceleration and D is the duration. The records were amplified using factors 
AF = 2.0 and 3.0 to explore the effects of the ductility of the structure. The peak displacements of the SDOF 1 and 2, 
u1,max and u2,max, the related residual displacements, u1,res and u2,res, the peak relative displacement, Δu,max, and the 
relative residual displacement, Δu,res, were focused (see Fig. 4).  

SMA bars were designed based on Δu,max obtained in the analysis of the uncoupled SDOF (see Fig. 5). A target 
displacement, Δu,T, equal to one-third of Δu,max, and a SMA target strain of 6% were adopted as design parameters for 
each AF. The cross-sectional area ASMA was determined iteratively for all T1/T2 and AF. This design was performed 
using the Corralitos record, because it is one of the most demanding records used, and the Linear model. For simplicity, 
the SMA length (LSMA) was determined for the largest Δu,T of each AF. The results obtained are shown in Table. 1. As 
expected, the values of ASMA and LSMA increased with the increase of AF and decreased with the increase of T1/T2.  
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Fig. 4 – Behaviour of RC SDOF (a) and SMA (b) for a particular analysis (Colfiorito record, with AF = 3.0 and T1/T2 = 0.6) 

 

Fig. 5 – Values of Δu,max obtained in the seismic analysis of the uncoupled SDOF (peak values indicated in each figure)  

                                 Table. 1. Values of ASMA and LSMA determined for each AF and T1/T2 

AF 
ASMA [cm2] 
T1/T2 = 0.5 

ASMA [cm2] 
T1/T2 = 0.6 

ASMA [cm2] 
T1/T2 = 0.7 

ASMA [cm2] 
T1/T2 = 0.8 

Δu,M 
[m] 

Δu,T 
[m] 

LSMA 

[m] 

1.0 285.9 204.9 140.3 81.1 0.1741 0.0580 0.967 

2.0 291.7 211.3 148.9 97.6 0.2445 0.0815 1.358 

3.0 329.7 222.5 152.5 99.9 0.2745 0.0915 1.526 

3.1. Peak and residual displacements 

The values of u1,max and u2,max obtained with the Linear model are presented in the first column of Fig. 6 (a) and 
(b). As can be seen, both parameters change with T1/T2 and seismic record. Furthermore, most obtained values 
increased with the increase of AF, as could be expected, allowing the use of the structural ductility (the points above 
the line uy indicate that the frames yielded). In the other columns these values are compared with those obtained with 
other models, using absolute relative differences RD = |[u(Linear) – u(Other)] / u(Linear)|×100. The peak RD are 
indicated in each figure. This methodology was adopted for relative and residual displacements as well. 

For u1,max, RD less than or equal to 10% were obtained in 92%, 91% and 88% of the analyses performed for AF = 
1.0, 2.0 and 3.0, respectively. For u2,max, those values were of 99%, 99% and 98%. These results indicate that the peak 
displacements are less sensitive to the characteristics of the SMA model, sensitivity which seems to decrease with the 
increase of the flexibility of the structure. However, the peak RD obtained using each model indicate that exceptions 
may occur. For u1,max and u2,max, it can be seen that peak RD are concentrated in the interval 0.5 ≤ T1/T2 ≤ 0.7. More 
specifically, for u1,max and AF = 1.0, 2.0 and 3.0, the obtained peak RD were 26%, 32% and 33%. For u2,max, those 
values decreased to 11%, 15% and 13%. The mentioned values were all obtained with the Exp LA3, which is a model 
that results in a force greater than the one resulting from the Linear model (see Fig. 3). Even with Exp LA20, which 
is similar to the Linear model, a peak RD of 14% was obtained for u1,max. With the Exp T and Isothermal models, peak 
RD of 22% and 18% were obtained, also for u1,max. For u2,max, the peak RD obtained with models other than Exp_LA3 
were less than 10%, resulting from one analysis performed with the Isothermal model, AF = 1.0 and T1/T2 = 0.5. 
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3.0 329.7 222.5 152.5 99.9 0.2745 0.0915 1.526 

3.1. Peak and residual displacements 

The values of u1,max and u2,max obtained with the Linear model are presented in the first column of Fig. 6 (a) and 
(b). As can be seen, both parameters change with T1/T2 and seismic record. Furthermore, most obtained values 
increased with the increase of AF, as could be expected, allowing the use of the structural ductility (the points above 
the line uy indicate that the frames yielded). In the other columns these values are compared with those obtained with 
other models, using absolute relative differences RD = |[u(Linear) – u(Other)] / u(Linear)|×100. The peak RD are 
indicated in each figure. This methodology was adopted for relative and residual displacements as well. 

For u1,max, RD less than or equal to 10% were obtained in 92%, 91% and 88% of the analyses performed for AF = 
1.0, 2.0 and 3.0, respectively. For u2,max, those values were of 99%, 99% and 98%. These results indicate that the peak 
displacements are less sensitive to the characteristics of the SMA model, sensitivity which seems to decrease with the 
increase of the flexibility of the structure. However, the peak RD obtained using each model indicate that exceptions 
may occur. For u1,max and u2,max, it can be seen that peak RD are concentrated in the interval 0.5 ≤ T1/T2 ≤ 0.7. More 
specifically, for u1,max and AF = 1.0, 2.0 and 3.0, the obtained peak RD were 26%, 32% and 33%. For u2,max, those 
values decreased to 11%, 15% and 13%. The mentioned values were all obtained with the Exp LA3, which is a model 
that results in a force greater than the one resulting from the Linear model (see Fig. 3). Even with Exp LA20, which 
is similar to the Linear model, a peak RD of 14% was obtained for u1,max. With the Exp T and Isothermal models, peak 
RD of 22% and 18% were obtained, also for u1,max. For u2,max, the peak RD obtained with models other than Exp_LA3 
were less than 10%, resulting from one analysis performed with the Isothermal model, AF = 1.0 and T1/T2 = 0.5. 
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Fig. 6 – Influence of different SMA models on the values of: (a) u1,max; (b) u2,max  
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As shown in Fig. 7, there is no correlation between the values of RD obtained for u1,max and u2,max, and the ductility 
ratio u = uy/umax. The peak RD of 15% concerning u2,max was obtained for a peak u of 1.5, which is less than the peak 
u of 2.5 for which the peak RD of 33%, concerning u1,max, was obtained. Both values were obtained for T1/T2 = 0.7. 
Despite the evidences, the largest RD obtained for values of u greater than or equal to 3 was of 11%. This indicates 
that the peak displacements are less sensitive to the SMA model adopted when the structure dissipates more energy. 
The results also suggest that the model adopted is less relevant for highest T1/T2. 

 

 

Fig. 7 – Influence of the ductility ratio on the values of RD obtained for: (a) u1,max; (b) u2,max  

Virtually null Δu,res were obtained with all SMA models in the analyses performed. Thus, no comparison was made 
regarding this parameter. As Δu,res = u1,res - u2,res, the study focused on u2,res. The values obtained with the Linear model 
are presented in Fig. 8. Likewise u1,max and u2,max, u2,res was affected by T1/T2 and seismic record used, and tended to 
increase with the increase of AF. The maximum value of 0.12 m was obtained for AF = 3.0, with T1/T2 = 0.6.  

The comparison of different models for a particular analysis was performed only when at least one of the values of 
u2,res obtained with one of the models was higher than or equal to 0.025 m. This criterion was used to eliminate large 
RD resulting from the comparison of values of u2,res with small magnitudes. The RD obtained are depicted in Fig. 9. 
As can be seen, most values are less than 20%. The peak RD is 32%.  

As can be seen in Fig. 10, there is no correlation between the values of RD obtained and the ductility ratio of frame 
2. The 32% peak RD was obtained for T1/T2 = 0.5 and u = 2. 

 

 

Fig. 8 – Values of u2,res obtained with the Linear model 

 

Fig. 9 - Influence of different SMA models on u2,res 
 

 

Fig. 10 – Influence of the ductility ratio of frame 2 on the values of RD concerning u2,res  
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3.2. Relative displacements 

In Fig. 11, the results regarding Δu,max are presented. Like the other parameters studied, Δu,max varied with T1/T2 and 
seismic record used and tended to increase with the increase of AF. The peak RD obtained for AF = 1.0 is 76% and 
was obtained with the Isothermal model for T1/T2 = 0.6. For AF = 2.0 and 3.0, peak RD of 72% and 70% were 
obtained, both when the Exp_LA3 model was used. With the Exp_T model, peak RD of 62% and 40% were obtained 
for AF = 2.0 and 3.0. These four values were obtained for T1/T2 = 0.7. In global terms, values of RD less than or equal 
to 10% were obtained in 46% of the analyses, independently of the model used. These results indicate that Δu,max is 
more sensitive to the characteristics of the SMA models than all other parameters focused.  

As can be seen in Fig. 12 (a) and (b), there is no correlation between the obtained RD and the values of u of frames 
1 and 2. The maximum RD of 76% was obtained for T1/T2 = 0.6 when both frames exhibited values of u close to 1. 
For all T1/T2, RD greater than 50% were obtained, what confirms that T1/T2 may affect Δu,max. The values of RD 
obtained tended to decrease with the increase of u, result also observed for the other parameters focused. 

 

 

Fig. 11 – Influence of different SMA models on the values of Δu,max 

 

Fig. 12 – Sensitivity of the values of RD concerning Δu,max to the ductility ratio of: (a) frame 1; (b) frame 2  
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4. Conclusions 

The seismic response of nonlinear single-degree-of-freedom systems (SDOF) with natural period ratios of 0.5, 0.6, 
0.7 and 0.8 coupled by SMA bars was studied using five different SMA uniaxial models. The displacements obtained 
with those models were compared using relative differences (RD). Major RD of 33% and 32% were obtained for the 
SDOF peak and residual displacements. Regarding the relative displacements, values of RD as high as 77% were 
obtained. Furthermore, negligible relative residual displacements were obtained with all SMA models. In global terms, 
the results obtained indicate that the SMA model adopted may significantly affect predictions of the displacements of 
structures subjected to earthquakes. The values of RD obtained for each type of displacement were related with the 
ductility ratio. Even though no evident correlation was found, a tendency of RD decreasing with the increase of the 
ductility ratio was observed. This indicates that the differences of the SMA models lose relevance with the increase 
of the plastic incursions of the analyzed structures.  
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