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ABSTRACT

New first integral is found in the collision-free Tonks-Langmuir model. The integral has a clear physical interpretation: the weighted mean
inverse kinetic energy of ions, evaluated in the quasineutral approximation, equals (kT,/2) " at all points in space. This feature is also pre-
sent in the full (not relying on the assumption of quasineutrality) model: for small values of the Debye length, the weighted mean inverse
kinetic energy is with good accuracy equal to (kT,/2) " in the entire region of quasineutral plasma, including in the vicinity of the space-
charge sheath. These results constitute a mathematical proof of the kinetic Bohm criterion and provide a new look at the problem, which has
been discussed for several decades. In particular, these results show that the much-debated problem of divergence for slow ions stems from a
misinterpretation. Moreover, these results explain why no unique form of kinetic Bohm criterion, modified with the account of ionization
and/or collisional and/or geometrical effects in the sheath, has emerged: it cannot be postulated in a nonarbitrary way since there is simply

no definite value of the inverse mean kinetic energy with which the ions enter the sheath, if these effects are non-negligible.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5121022

I. INTRODUCTION

At very low pressures, there is a limiting regime in which ions
created at different locations inside the discharge column fall without
collisions to the wall." A model describing this region, which was pro-
posed in a seminal paper by Tonks and Langmuir,” is one of the classic
models of gas discharge physics (see, for example, Refs. 1, 3, and 4).

Apart from being of considerable interest by itself, this model
traditionally has served as a test case for studies of the kinetic Bohm
criterion. Although the kinetic Bohm criterion was proposed long
ago,” the debate about its interpretation and validity is still ongo-
ing.” ' In particular, the authors””'’ criticized the kinetic Bohm crite-
rion on the grounds of the divergence for slow ions and proposed
different versions of the kinetic Bohm criterion, which, in particular,
take into account collisions and/or ionization and/or geometrical
effects in the sheath.

In this work, a new first integral of the Tonks-Langmuir model is
reported, and it is shown that under appropriate conditions, this inte-
gral is reduced to the classic kinetic Bohm criterion. This result consti-
tutes a mathematical proof of the classic kinetic Bohm criterion for
collision- and ionization-free one-dimensional space-charge sheaths
and provides a new look at the problem. In particular, this result shows
that the much-debated problem of divergence for slow ions stems
from a misinterpretation. It also explains why no unique form of

kinetic Bohm criterion, modified with the account of ionization and/
or collisional and/or geometrical effects in the sheath, has emerged: it
cannot be postulated in a nonarbitrary way since there is simply no
definite value of the inverse mean kinetic energy with which the ions
enter the sheath, if these effects are non-negligible.

The outline of this paper is as follows: the collision-free Tonks-
Langmuir model is briefly described in Sec. II. The first integral of this
model is derived and confirmed by numerical calculations in Sec. 1.
The connection of the results to the kinetic Bohm criterion is discussed
in Sec. IV. Conclusions are formulated in Sec. V. In the Appendix, a
derivation of the kinetic Bohm criterion is given that is based on the
investigation of asymptotic behavior, at large distances from the sur-
face, of solutions of the Poisson equation in the sheath, similar to the
derivation of the fluid Bohm criterion given in the original paper.'”

Il. THE TONKS-LANGMUIR MODEL OF THE
COLLISION-FREE PLANE GLOW DISCHARGE COLUMN

The collision-free Tonks-Langmuir kinetic model” is well known
(see, for example, Refs. 1, 3, and 4) and may be briefly described as
follows: let us consider a collisionless positive column of a plane glow
discharge, enclosed by two parallel absorbing insulating walls, and
introduce the y-axis directed from the plane of symmetry of the
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discharge to the wall. The distribution of the electrostatic potential ¢
in a cross section of the discharge is governed by the Poisson equation
d*p
O —e(n; —ne), 1)
where 7; and n, are the jon and electron densities. The boundary con-
ditions at the plane of symmetry are

® =0, —=0. 2)

The distribution of the electrons is related to the electrostatic
potential through the Boltzmann distribution

14
ne = Ny eka—;’, 3)
e

where 71,9 = 1,(0) is the electron density at the plane of symmetry (a
quantity that is governed by the discharge current and can therefore
be treated as a known parameter) and T, is the electron temperature (a
known parameter).

It is assumed that the temperature of neutral atoms is much
lower than T, Then, the thermal energy of the atoms may be
neglected, and so the ions are created, through ionization by the elec-
tron impact, with zero speed, after which they move, without colli-
sions, to the wall under the effect of the electric field. The total energy
of an ion is conserved, and the ions generated at a point z, when they
have reached a point y, will have the velocity

2 10(2) - 009 @)

o 2) =/
where m is the mass of an ion.

The number of the ions generated in the layer z < y < z+ dz
per unit time and unit area (i.e., the density of the ion flux generated
in this layer) is w(z) dz, where w is the ionization rate. When the ions
generated in this layer have reached point y, their density is w(z) dz/
v(y, z). The total density of the ions at a point y is

7 w(z
ni(y) = J Ldz. (5)
0 0(:2)
Note that this expression may be rewritten as
me mw(z)
ni(y) = dv, (6)
=] 5

where E,(y) = —d¢(y)/dy is the y-projection of the electric field and
Umax = / —2e@(y)/m is the maximum speed of the ions at a given

position y. It follows that the velocity distribution function of the ions
may be written as

_ mw(z)
¢E,(z)

The density of the ion and electron fluxes to the (floating) wall is
equal, which gives the boundary condition

Y 1 [8kT,
-1 dz =~/ ,
y L w(z) dz 2\ o 1eo €XP

where s the half-width of the discharge column.

f(v:y) : (7)

e(p( y)
kT, ’

(8)
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The ionization rate may be written as w = v;n,, where v; is the
ionization frequency per electron (a parameter to be determined).
Note that v; may be expressed in terms of k; the ionization rate con-
stant and n, the density of neutral atoms: v; = k;n,,.

Equation (1), supplemented with expressions (3) and (5) and
boundary conditions (2) and (8), represents a closed problem govern-
ing the function ¢(y) and unknown parameter v;. This problem may
be written in a dimensionless form as

2 ¢ D((
(xd g) = ecl)(f) _ JC e i dc. ©)
dé 0/ @(() - @(&)
dd
=0: ®=0, -, =0, (10)
dé
< ;
E=¢,: J 20 dc = ﬂeq)(C)’ (11)
0 \/ 4nm,
where
.Y e 7\/5115 o kT,
C_llv (I)_chv ll_ v ) Us = ma

2
T,
Y ) I S L (12)
ll ”eoez ll

Note that /p is the Debye length evaluated at the plane of symmetry
and vy is the Bohm speed.

The integrodifferential equation (9), governing the function
@(¢), has to be integrated starting from ¢ = 0 with the initial condi-
tions (10) in the direction of increasing ¢ until the condition (11) has
been satisfied. Knowing the value £ = &, at which the latter has hap-
pened, one can find the parameter v;.

lll. FIRST INTEGRAL OF THE TONKS-LANGMUIR MODEL
A. The quasineutral solution

We are concerned with the limiting case of small o.. Except in a
thin layer adjacent to the wall (the space-charge sheath), the plasma is
quasineutral and is described, to the first approximation in o, by Eq.
(9) with the lhs being dropped

& D(()
o) _ ¢ u 13
¢ L TETER (3

This equation has to be solved with the boundary conditions (10).

This problem may be solved analytically.” By means of introduc-
ing new integration variable 0 defined by the equation ®(¢)sin?0
= ®({), Eq. (13) may be transformed to

2 /2
gn) = —J h(nsin 0) do, (14)

T Jo

where

2 e
1=V=0@, g =" b =g 09
and E = —d®/d¢ is the normalized y-projection of the electric field.
Equation (14) is Schlomilch’s integral equation, and its solution
reads (Ref. 16, Sec. 11.81)
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/2

h(n) = g(0) + nJ &' (sin0) d0. (16)

0
Setting g(17) = e on the rhs, one can express the integral in terms
of Dawson’s integral (Ref. 17, p. 298) F(n) = e 1N e’ dt, and rela-
tion (16) assumes the form

h(n) =1 —2nEF(n). (17)
Substituting into this relation, the expression (15) for h, one obtains

dy_x_e"

_r_¢ (18)
dé 21 -2nF(n)

Thus, the integral equation (13) has been transformed to an ordinary
differential equation (18), which has to be solved with the initial condi-
tion 7(0) = 0 (and the solution in the form £(77) may be immediately
found in quadratures).

The function 1 — 25F(n) is positive for 0 < 1 < 1, and van-
ishes at n =1, where 1, ~ 0.9241. Note that the derivative of
Dawson’s integral is given by the formula F'(n) = 1 — 2nF(n), and
therefore, 1,, is the point of maximum of Dawson’s integral. It follows
from Eq. (18) that the electric field, evaluated in the quasineutral
approximation, has a singularity at # = ,,. A breakdown of a quasi-
neutral solution signals the formation of a space-charge sheath (and
the physical sense of the singularity in the quasineutral electric field is
quite clear: the electric field in the sheath is much higher than that in
the quasineutral plasma). Since the sheath thickness tends to zero as
o — 0 and we are considering the first approximation in o, the break-
down must be assumed to occur at ¢ = &,,. One concludes that 5
=1,, at ¢ = &, and the function ®(&), described by the quasineutral
solution, decreases from 0 for £ = 0 to —n? for & = &,,.

Substituting the obtained results in Eq. (7), one finds the ion dis-
tribution function

fon =2

s

B - 2F(w)} (19)

for 0 <v<vpyx and f(v,y) =0 for V<0 Or v> Uy (here,
= +/—D(y) — mv?/2kT,).

The ion distribution function determined in the quasineutral
approximation at point y =, where the quasineutral solution breaks
down, represents the distribution function of the ions leaving the qua-
sineutral plasma and entering the sheath and will be designated f;(v):
f(v, 1) = £i(v). fs(v) is given by Eq. (19) with w = /2, — mv? /2kT,.

Note that since 21,,F(1,,) = 1 as mentioned above, f;(0) = 0.

B. The first integral

The analytical solution described in Sec. III A goes back to the
work” and is well known. In this section, we derive a useful property of
this solution, which, apparently, was not noticed. Let us consider the

quantity

1 m 1 —2wF(w
B = —exp (113”) J 7(3/)2 do. (20)
T o (n2 —?)
Taking into account Eq. (19), one can check that B; has the meaning
of the mean inverse kinetic energy of the ions leaving the quasineutral

scitation.org/journal/php

plasma and entering the sheath. Note that since 21,,F(11,,) = 1 (see
Sec. 111 A), the integral converges at ® = 1,,,.

Let us replace 1 in the numerator of the integrand in Eq. (20) by
21,,F(n,,). One can replace 1,, by 1 in the obtained equation, thus
making it applicable also inside the quasineutral plasma. Thus, we
consider B; as a function of ¢ or, equivalently, 1 and replace Eq. (20)
with

By (5) = 2 [ ME() = @F(@)
BliBl(g)i e’ L (’72_@2)3/2

T
Let us now consider the auxiliary function I = I(f) defined as

*# F(1) — sin OF (57 sin 0)
106) = JO = cos20

do. (21)

do. (22)

We split the rhs of Eq. (22) into two integrals, one of which is propor-
tional to F(1) and may be readily evaluated. Performing integration
by parts in the second integral and making use of the formula
F'(n) = 1 — 2nF(n), one finds

F(n)sin § — F(sin ) . r

I(B) = wosf [1 — 257sin 0 F(1 sin 0)] dO.

0
(23)

We need to evaluate the function I(f) for f = n/2. The first term on
the rhs of Eq. (23) tends to zero as f§ — 7/2, which can be conve-
niently verified by means of L’'Hopital’s rule. The integral in the second
term for § = 7/2 may be evaluated by substituting Eq. (17) into Eq.

(14). One obtains
b o
I[Z)==¢". 24
(2) 5 ¢ (24)

Let us return to Eq. (21). After the substitution w = # sin 0, this
equation may be rewritten as

2
B = ¢ 1(3). (25)
el 2
By virtue of Eq. (24), one finds that

for all values of &.

Let us express 7F(17) and wF(w) in the numerator of the inte-
grand on the rhs of Eq. (21) in terms of E(17) and E() by means of
Eq. (17) and introduce the integration variable { defined by the equa-

tion w? = —®((). The resulting expression may be written as
R Jé 20 _ o0 [PEEC) d¢ 7
2N;(€) Jo DO EQ) | [@(0) — d(&)?

@7)

where N; = n,;/n, is the normalized ion density.

We have proved that the function B; = B; (&) defined by Eq. (27)
equals unity for all the values of the coordinate &, i.e., at all the points
in space, if evaluated in terms of the potential distribution @ deter-
mined in the quasineutral approximation; an interesting property of
the Tonks-Langmuir model. On the other hand, the function Bj,

Phys. Plasmas 26, 123505 (2019); doi: 10.1063/1.5121022
Published under license by AIP Publishing

26, 123505-3


https://scitation.org/journal/php

Physics of Plasmas ARTICLE

defined by Eq. (27), may be evaluated in terms of the “exact” potential
distribution, obtained by means of numerical solution of the full
Tonks-Langmuir model (9)-(11), which includes the Poisson equation
and does not rely on the assumption of quasineutrality. The results of
such evaluation for o = 1072, 10%, 10, and 10~® are shown in
Fig. 1. Here, x =1 — y, and hence, x/I is the distance from the wall nor-
malized by the column half-width [, so that x/[=0 and x/I=1 corre-
spond to, respectively, the wall and the plane of symmetry of the
discharge column. The curves are marked by the corresponding values
of the ratio Ap/I, which is related to o as Ap/l = \/a/¢,,. (Note that
&, = 0.9747, 0.5073, 0.4190, and 0.4067 for o = 1072, 10~%, 107,
and 107%, respectively.) The ratio m/m,, involved in the boundary
condition (11) was set equal to that for argon.

The circles on the curves in Fig. 1 and subsequent figures repre-
sent points where the charge separation (n; — n,)/n; decreases, in the
direction from the wall into the plasma, to 10%, 1%, and 0.1%. For
Ap/1=0.10, the charge separation at the plane of symmetry is
approximately 4%, and the only point shown is the one marking the
charge separation of 10%. One can see that for Ap /I equal to 0.02 and
smaller the function B is very close to unity in the region of quasineu-
tral plasma, in agreement with the above analytical treatment. Thus,
the property of the Tonks-Langmuir model, expressed by Eq. (26) and
derived from the analytical treatment, is manifested in the results of
exact numerical calculations as the approximate equality By ~ 1,
which holds in the quasineutral plasma in the case of small 1p /1.

Expressing the lhs of Eq. (27) in terms of the velocity distribution
function by means of Eq. (7), one can rewrite Eq. (26) as

2eq(y) £(0,) dv:%- (28)

1 Jvmax 2 f
mo |1 (07) mv? 4 2eq(y) .

ni(¥) Jo

Note that the second term in the square brackets is singular at
U = Umax; however, the singularity is integrable. There is no singularity
in the integrand at v =0, which can be readily verified taking into
account that % (0,y) = 0 as follows from Eq. (7).

14
B, A
0.8

2.5x104
0.6

0.4 —

0.2 %o/l = 0.10

0 T T IIIIIII T
103 1072 10" o 10°

FIG. 1. Distribution of the normalized weighted inverse ion kinetic energy. Circles
represent points where the charge separation equals 10%, 1%, and 0.1%.
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The lhs of Eq. (28) has the meaning of a weighted mean inverse
kinetic energy of the ions, so the physical meaning of Eq. (28) is clear:
the weighted mean inverse kinetic energy of the ions, evaluated in the
quasineutral approximation, equals (kT,/2)”" at all points in space.
When evaluated in terms of the exact numerical solution, the weighted
mean inverse kinetic energy is equal, for small /p /1, to (kT,/2)”" with
good accuracy in the entire region of quasineutral plasma, including in
the region adjacent to the space-charge sheath.

IV. CONNECTION TO THE KINETIC BOHM CRITERION
A. The kinetic Bohm criterion

The kinetic Bohm criterion” requires that the mean inverse
kinetic energy of the ions entering the space-charge sheath from the
quasineutral plasma be smaller than or equal to (kT,/2) ",

L[> 2 2
E‘Jo ﬁfs(v) dv Sk—Te, (29)
where f; = f;(v) is the distribution function of the ions entering the
sheath as above.

The kinetic Bohm criterion (29) may be derived by means of
investigation of asymptotic behavior, at large distances from the sur-
face, of solutions of the Poisson equation in the sheath, ie., in the
same way as the original Bohm criterion was derived in Ref. 15 for
the case where all the ions entering the sheath have the same velocity.
This was shown by the derivation in Ref. 18 (Sec. 3.2); a more straight-
forward version of this derivation is given in the Appendix. Similar
to the original Bohm derivation, the kinetic derivations in Ref. 18
(Sec. 3.2) and the Appendix refer to the case where ion-neutral colli-
sions, ionization, and geometrical effects in the sheath are negligible,
ie, Ap < Z;,d, 1 (here, /; is the mean free path for the ion-neutral col-
lisions, d is the ionization length, and I is a characteristic geometrical
dimension), and are valid in the first approximation in the small
parameter Ap/L, where L = min(4;,d,[). On the other hand, the
kinetic Bohm criterion (29) may be derived by means of investigation
of asymptotic behavior of the first-approximation solution describing
the quasineutral plasma; e.g., Appendix in Ref. 7.

Thus, the kinetic Bohm criterion (29) represents an inherent
property of collision- and ionization-free one-dimensional space-
charge sheaths. Nevertheless, the debate about its interpretation and
validity is still ongoing.”'* The reason is that many researchers view
the kinetic Bohm criterion as a real physical feature, while in reality, it
is an asymptotic feature valid in the first approximation in the small
parameter Ap/L—"and only in this approximation.”

The main argument made against the kinetic Bohm criterion is
that the integral on the lhs diverges at v =0 since the ion distribution
function does not vanish at zero velocity. This argument originates
from a failure to recognize the asymptotic nature of the Bohm crite-
rion: the distribution function f; of the ions leaving the quasineutral
region and entering the sheath in the kinetic Bohm criterion (29) is
the one evaluated in the first approximation in the small parameter
Ap/L, ie., in the quasineutral approximation, rather than the exact
one, and the former function does vanish at the zero velocity:
/:(0) =0, as shown at the end of Sec. [II A by the example of the
Tonks-Langmuir problem. f£,(0) =0 follows also from the analysis of
the sheath equations: the equality f;(0) = 0 is a necessary condition
for the sheath equations to admit solutions with a monotonic (nono-
scillating) potential distribution; see Appendix.
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The appropriate mathematical tool for the investigation of space-
charge sheaths is the method of matched asymptotic expansions (see,
for example, Refs. 19-24). This is a powerful technique that automati-
cally exploits all the simplifications that are justifiable and distinctly
reveals governing physical mechanisms. The method goes back to
Prandtl’s viscous boundary layer theory and is widely used in different
areas of applied mathematics, mechanics, and physics. The method of
matched asymptotic expansions was applied to the case of a collision-
dominated sheath in Refs. 25 and 26 and to the case of a collisionless
sheath in Ref. 27; refined treatments were given in Refs. 28, 29, and 30,
respectively. However, nowadays, the method of matched asymptotic
expansions is not popular in gas discharge physics; labels such as a
mathematical trick, a mathematical formality, and a purely mathemat-
ical construct are not uncommon. (Also not uncommon are claims
that the Bohm criterion is based on the asymptotic limit 2p/L = 0 as
opposite to Ap/L < 1 or that the asymptotic sheath edge may equiva-
lently be characterized by a field singularity in the quasineutral plasma
solution and is a necessary reference point to construct the intermedi-
ate layer connecting the plasma and the sheath, which attests to the
confusion existing in the sheath physics-related literature about the
important aspects of the method of matched asymptotic expansions.)
Even when the validity of results obtained by the method is recog-
nized, the asymptotic derivation of these results is plainly ignored and
they are viewed as postulated ad hoc, with the conclusion that the
good physical intuition of the author had fortuitously led him to the
correct result(!).

The use of Eq. (28) makes it possible to study the mathematical
meaning of the kinetic Bohm criterion in the Tonks-Langmuir model
without invoking arguments based on the method of matched asymp-
totic expansions. This is done in Sec. IV B. One can hope that results
obtained in this way will contribute to resolving the controversy.

B. Bohm criteria in the Tonks-Langmuir model

Figuring out the objective mathematical meaning of the Bohm
criterion should be an important step in resolving the controversy
around it. Suppose that exact distributions of plasma parameters in
the near-surface region are known, obtained from a numerical solution
of a full problem including the Poisson equation, computed without a
priori dividing the computation domain into a quasineutral plasma
and a space-charge sheath. Is there a nonarbitrary way to identify in
the distribution of a particular parameter (the mean speed of ions, or
the mean energy of ions, or the electric field, or...) a value separating
the sheath from the quasineutral plasma?

This question was first considered in Ref. 31. Distribution of
plasma parameters near a floating wall in collisional argon plasma was
computed in the framework of the fluid model with the account of
ion-atom collisions but without the account of ionization, under the
conditions of weakly to strongly collisional sheaths with the ratio
Ap/7; varying over the range [0.01, 10]. No peculiarities at the Bohm
speed in distributions of parameters have been found. Subsequent
work™” revealed, however, that a peculiarity does exists but for the
smaller values of 1p/4;, of the order of 107> and lower: a plateau, cor-
responding to the Bohm speed, is seen in the ion speed distribution in
the intermediate region between the sheath and the adjacent quasineu-
tral plasma (presheath), if this distribution is plotted on the logarith-
mic scale (which is appropriate in multiscale problems).

ARTICLE scitation.org/journal/php

In Fig. 2, the distribution of the normalized ion speed, computed
in the framework of the fluid version of the Tonks-Langmuir model, is
shown. Here, v; is speed of the ion fluid and v, is the Bohm speed as
above; note that the fluid version coincides with the kinetic Tonks-
Langmuir model described in Sec. IT except that Eqgs. (4) and (5) are
replaced with the equations™
%(ﬂivi) = Ui, @ (mnivf) = —eniil—f, (30)

The two lines in Fig. 2 referring to the cases ip/l = 107%,1073
reveal a plateau, corresponding to the Bohm speed, v; = vs, in the
intermediate region between the presheath (the region x = 0.1/, where
the two lines coincide) and the sheath: the reduction of the ion speed
from v, to 0.7v; occurs as x increases by the factor of 34 for Ap/I
=10"* and 62 for Jp/l =103, The plateau becomes less pro-
nounced with an increase in Ap/l, i.e., as ionization in the sheath
comes into play, and disappears for Ap/l = 1072,

Thus, if ionization in the sheath is weak enough, which means
that the ratio Ap/I should be of the order of 1072 or smaller, the ion
speed in the intermediate region between the sheath and the presheath
varies little and is approximately equal to the Bohm speed; this is the
speed with which the ions “reach the sheath,” using Bohm’s words."”
This is the bottom mathematical meaning of the Bohm criterion in
the fluid Tonks-Langmuir model. If the ionization in the sheath is
non-negligible, Ap/I = 1072, then there is no plateau in the ion speed
distribution in the intermediate region and, consequently, no sense to
talk about a definite speed with which the ions enter the sheath.
Hence, there are no mathematical grounds and no nonarbitrary way
to modify the Bohm criterion for a sheath with ionization.

Figure 2 is remarkably similar to the corresponding figure of
Ref. 32, although the presheath physics considered in Ref. 32 and this
work is different: collisional plasma without ionization in Ref. 32 and
collisionless plasma with ionization in this work. The reason for this
similarity is that both figures reflect one of the general scenarios of
asymptotic matching, namely, matching on a constant, as shown in
Ref. 32.

4 qvilvg
3] hpll = 1071
2 —
L T e N
criterion
O Ll IIIIIIII 1 IIIIIIII T IIIIIIII 1 IIIIIIII T IIIIIIII

10°  10%  10° 102 10" w1 10°

FIG. 2. Distribution of the normalized ion speed, fluid model.
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Let us now consider the kinetic Bohm criterion (29). The validity
of the kinetic Bohm criterion (29) in the collisionless Tonks-Langmuir
model has been known for a long time™” and can be conveniently
illustrated by means of Eq. (28): if this equation is evaluated in terms
of the distribution function determined in the quasineutral approxi-
mation and applied at y =1, then the second term in the square brack-
ets vanishes [see Eq. (19) and the following text], and Eq. (28) assumes
the form of the kinetic Bohm criterion (29) with the equality sign.

Thus, Eq. (28) is exactly equivalent to the classic kinetic Bohm
criterion (29) with the equality sign, if the conditions ensuring the
validity of the classic criterion are met (ie., if the ion distribution func-
tion is determined in the first approximation in the small parameter
Ap/L or, in other words, under the assumption of quasineutrality). In
this sense, Eq. (28) may be viewed as a new form of the kinetic Bohm
criterion for the Tonks-Langmuir problem. On the other hand, Eq.
(28) does not pose the problem of divergence for slow ions and its Ihs
may be evaluated for a wide class of distribution functions at any dis-
tance from the wall (and not only for the distribution function deter-
mined in the first approximation in the Debye length, taken at y =0).

It is of interest to compare Eq. (28) with another form of the
kinetic Bohm criterion, which was proposed in Ref. 13 and may be
written, with the equality sign, as

1 Umax D 2
o e —fORds g6y
The difference between Eqs. (31) and (28) is the presence of the
square-root factor in the integrand in Eq. (28). Note that at v=0,
this factor equals unity, and the second term in the square brackets in
Eq. (28) is identical to the corresponding term in Eq. (31).

An equivalent form of Eq. (31) is B, &~ 1, where

1 Ji {efb(o _ o0 EO

1 ] a0
2 =08 ), E()] [o(0) — d(o))*

The functions B; and B,, evaluated with the use of numerical
solution of the full Tonks-Langmuir model (9)—(11), are compared in
Fig. 3. In the cases Ap/l = 2.5 x 107%,2.4 x 1073, the functions B,
and B, coincide inside the sheath and are close to each other in the
intermediate region between the sheath and the presheath, where
B, = 1, while the function B, reveals a plateau with values close to 1.
Note that the closeness of the functions B; and B, in the intermediate
region means that the second term in the square brackets in Eqgs. (28)
and (31), which is where the difference between the two equations
resides, is small. Hence, the left-hand side of each of these equations in
the intermediate region to the first approximation represents the mean
inverse ion kinetic energy, and both equations are close to the classic
kinetic Bohm criterion (29), as they should.

Figure 3 clearly illustrates the bottom mathematical meaning of
the kinetic Bohm criterion. The dashed lines in Fig. 3, depicting the
function B,, are remarkably similar to the lines in Fig. 2, which repre-
sent the fluid Bohm criterion, another manifestation of asymptotic
matching on a constant. The function B, equals unity not only in the
intermediate region but also in the presheath. In this aspect, the kinetic
Bohm criterion in the Tonks-Langmuir problem expressed by Eq. (28)
is different from the fluid Bohm criterion illustrated by Fig. 2 and the
kinetic Bohm criterion expressed by Eq. (31). On the other hand, the
kinetic Bohm criterion (28) is an exact property of the quasineutral

(32)
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FIG. 3. Distribution of the inverse of the normalized weighted inverse ion kinetic
energy. Solid: B; . Dashed: B; '

solution of the Tonks-Langmuir problem, while the criterion (31) was
hypothesized.

The logic that led to Eq. (31) was the following: the second term
in the square brackets vanishes if f is evaluated in the quasineutral
approximation at the point where this approximation breaks down,
and hence, Eq. (31) is equivalent to the classic kinetic Bohm criterion
(29) under the conditions of the validity of the latter; subtracting
f(0,y) is the simplest way to remove the nonintegrable singularity of
the integrand at v =0 (provided that df /v = 0 for v =0, which is a
necessary condition for the ion energy distribution to be analytic at
low energies). The similarity between Eq. (31) and the (exact) Eq. (28)
confirms this logic.

We have shown that if ionization in the sheath is weak enough,
which means that the ratio /p/! should be of the order of 1072 or
smaller, then in the intermediate region between the sheath and the
presheath, the left-hand side of each of Eqgs. (28) and (31) to the first
approximation represents the mean inverse ion kinetic energy, and
this energy varies little and is approximately equal to (kT,/2)”"; this is
the mean inverse kinetic energy with which the ions reach the sheath.
In contrast, there is no way to identify a value of the inverse kinetic
energy with which the ions reach the sheath if the ionization in the
sheath is non-negligible, meaning that A5, /1 is of the order of 10~2 or
higher. Hence, there are no mathematical grounds and no nonarbi-
trary way to modify the kinetic Bohm criterion for a sheath with
ionization.

V. CONCLUSIONS

The weighted mean inverse kinetic energy of the ions in the
collision-free Tonks-Langmuir model, defined by the lhs of Eq. (28),
equals (kT,/2)™" at all the points in space, if evaluated in terms of the
quasineutral solution. If evaluated in terms of the numerical solution
of the full model, the weighted mean inverse kinetic energy in the case
of small 2p/I is with good accuracy equal to (kT,/2)" in the entire
region of quasineutral plasma, including in the vicinity of the space-
charge sheath. These results constitute a mathematical proof of the
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kinetic Bohm criterion and show that is not just an assumption but
rather a mathematical theorem.

The kinetic Bohm criterion represents an inherent property of
collision- and ionization-free one-dimensional space-charge sheaths.
The ongoing controversy about its validity stems from the fact that
many researchers view the Bohm criterion, in both the fluid and
kinetic formulations, as a real physical feature, while in reality, it is an
asymptotic feature valid in the first approximation in the small param-
eter Ap/L—and only in this approximation. The use of Eq. (28) makes
it possible to study the mathematical meaning of the kinetic Bohm cri-
terion in the collisionless Tonks-Langmuir model without using argu-
ments based on the method of matched asymptotic expansion. In
particular, it shows that the much-debated problem of divergence for
slow ions stems from a misinterpretation. The results obtained, includ-
ing Fig. 3, jointly with its fluid analog, Fig. 2, clearly reveal the objective
mathematical meaning and the asymptotic nature of the Bohm crite-
rion and should contribute to resolving the controversy.

In the results of numerical solution of the “full” problem (which
includes the Poisson equation), shown in Figs. 2 and 3 above and Fig.
2 of Ref. 32, the Bohm criterion is manifested only for very low values
of the ratio Ap/L, of the order of 1072 or smaller. Therefore, the Bohm
criterion is hardly relevant for many conditions of practical interest.
This explains the numerous attempts to modify it taking into account
collisional and/or ionization and/or geometrical effects in the sheath.
However, there is simply no definite value of speed or the inverse
mean kinetic energy with which the ions enter the sheath if these
effects are non-negligible, as seen from Figs. 2 and 3 for sheaths with
ionization and in Fig. 2 of Ref. 32 for collisional sheaths. This explains
why no universally accepted forms of fluid or kinetic Bohm criteria,
modified with the account of collisions and/or ionization and/or geo-
metrical effects in the sheath, have emerged: such criteria just cannot
be postulated in a nonarbitrary way. Moreover, the term “Bohm
criterion” is inappropriate in this context, even if adjectives “modified”
or “generalized” are added: the Bohm criterion is a theorem valid for
collision- and ionization-free one-dimensional space-charge sheaths,
and there is no analogous theorem if collisional and/or ionization and/
or geometrical effects in the sheath are taken into account. Using
Brinkmann’s words:”* “there is nothing wrong with collisionally modi-
fied Bohm criteria; you only need to give a clear definition and choose
a suitable name.”
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APPENDIX: KINETIC BOHM CRITERION AS A
COROLLARY OF THE SHEATH EQUATIONS

The aim of this Appendix is to derive the kinetic Bohm crite-
rion by means of investigation of asymptotic behavior, at large dis-
tances from the surface, of solutions of the Poisson equation in the
sheath, ie., in the same way as the original (fluid) Bohm criterion

scitation.org/journal/php

was derived in Ref. 15 for the case where the ions entering the
sheath have all the same velocity.

Following Ref. 15, let us consider a space-charge sheath sepa-
rating a negative absorbing surface from an infinite uniform plasma
with a constant potential. The sheath is formed by the ions, acceler-
ated in the direction from the plasma to the surface by the sheath
electric field, and the electrons, repelled from the surface back into
the plasma by the sheath electric field. We consider the limiting
case /p < 4;,d, I and restrict consideration to the first approxima-
tion in the small parameter Ap/L, where L = min(4;, d, ).

In this approximation, one should consider a one-dimensional
space-charge sheath where the ions move without collisions and no
ionization occurs. The distribution of the electrostatic potential in
the sheath, ¢(x), is governed by the Poisson equation (1) with coor-
dinate y replaced by x the distance from the surface. The boundary
conditions for large x are zero potential and electric field

do
po0) =2 (o0

Let us designate by v the velocity of motion of an ion in the
direction to the surface (i.e., the reversed x-component of the parti-
cle velocity of the ions) and by f = f(v,x) a multiplier of the ion
distribution function in the sheath describing its dependence on v
(the dependence on velocity components parallel to the surface is
supposed to be described by a normalized factor). Since ions cannot
leave a one-dimensional, collisionless, and ionization-free sheath at
an absorbing surface, the distribution function at large distances
from the surface satisfies the condition f(v,00) =0 for v <0 and
may be considered as a function of the kinetic energy of ion motion
in the direction to the surface: f(v,00) = f(mv?/2), where f; has
the meaning of the distribution function of the ions entering the
sheath.

Let us designate by u the total energy of an ion except for
kinetic energy of motion in directions parallel to the surface:
u = mv?/2 + ep(x). As an ion moves across the sheath, the energy
u remains unchanged. Therefore, the ion distribution function in
the sheath after the transformation from the independent variables
(v,x) to (u,x) becomes independent of x. (Alternatively, this may
be derived from the Vlasov kinetic equation for the ions in the
sheath: when written in the independent variables (u, x), it assumes
the trivial form df /0x = 0.) It follows that

F(o.x) = {];s(u) for v > Umin, (A2)

for v < Umin,
where Vi, = \/—2e@(x)/m.

The ion density is

)=0. (A1)

O T T

Umin
The electron density in the sheath is given by the Boltzmann
distribution, Eq. (3), with n,y replaced by n, the charged particle
density in the uniform plasma, ny = n;(c0) = n.(cc). Substituting
this expression and Eq. (A3) into the Poisson equation Eq. (1), one
obtains

wdo
e dx?

flwdu g

= ng ex
0P u—ep(x)

ep 1 J
kTe \/2m 0
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This is the equation that governs, jointly with the boundary
conditions (A1), the distribution of the electric field in the sheath.

In order to reduce the differential order of Eq. (A4), let us mul-
tiply it by d¢/dx, integrate over x from x to infinity, and change the
order of integration in the double integral. Assuming that the func-
tion ¢(x) is monotonic, the integrals over x may be evaluated.
Applying the second boundary condition (Al), one obtains the
equation

5(2—“") - \/%J:cfs(u)(M— Vi) du

) , (A5)

which has to be solved with the first boundary condition (A1).

Let us investigate the asymptotic behavior of Eq. (A5) for x —
oo (or, equivalently, ¢ — 0). To this end, the rhs of Eq. (A5) needs
to be expanded in ¢; terms of the order up to (including) ¢? will be
required. The second term on the rhs of Eq. (A5) may be expanded
in a straightforward way. Let us designate the integral in the first
term by I;. One can write

— nokT, (1 — exp I:e

[ fi(u)du
I, = e(pJ~0 u—e(p—l—\/ﬁ' (A6)

The integral on the rhs needs to be expanded up to terms of the
order of ¢. A straightforward procedure would be to expand the
integrand in powers of ¢ and integrate term by term; however, this
procedure is inapplicable since the term proportional to ¢ has a
nonintegrable singularity at =0 (unless £;(0) = 0). Therefore, we
will represent

Il = *EQD(IZ =+ C1)7 (A7)

_ [ fi(u) fi(u) 1 fi(u)
IZ*L [m_z\/ﬁ}du’ CI*QL ﬁdu. (A8)

It follows from Eq. (A3) that C; = /m/2n,.
The integral I, may be represented as

L= ? I+ £(0)L,], (A9)

where

JOO fi(u) — £(0) du 14:r° du

o Va(ya—ep+u) 0 Va(ya=ep+u)
(A10)

The integral I, may be evaluated directly: I, = 3\/%7@ For brev-

ity, we confine ourselves to the case where the derivative % (0) is

finite. The one-term expansion of I3 in powers of ¢ reads

L=C+ -, czzﬂo [S(u)—fs(o)}%. (A11)
Now, Eq. (A5) for x — oo assumes the form
& (de ’ _ 4£,(0) 3/2 Mo G 2
2 (E) W S (sze N \/ﬁ) (@)™ 4
(A12)
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Since the lhs of Eq. (A12) is positive, the leading term of the expan-
sion on the rhs must be non-negative. Hence, the first term, which
is negative, must be excluded, which amounts to requiring

f(0)=o0.

The second term on the rhs of Eq. (A12) must be non-negative,
which amounts to requiring

> fs(u) 2\/2——mn0
J du < P

W32

(A13)

(A14)

0 e

Thus, Eq. (A13) and inequality (A14) represent the necessary
conditions that have to be imposed on the distribution function of
the ions coming into the sheath from the quasineutral plasma for
the sheath equation to be solvable, or, more precisely, to admit solu-
tions with a monotonic (nonoscillating) potential distribution. Of
course, there is no need to explicitly mention in this context Eq.
(A13), since if this equation is not satisfied, then the integral on the
lhs of inequality (A14) diverges, and this inequality is not satisfied
as well. It can be readily checked that inequality (A14) is exactly
equivalent to the kinetic Bohm criterion (29).

One can conclude that the kinetic Bohm criterion (29) repre-
sents an inherent property of the first-approximation sheath equa-
tion Eq. (A5). It should be stressed that this equation is valid only
in the first approximation in small parameter ip/L, which means
that this equation—and, consequently, the kinetic Bohm criterion
(29)—Dbears no account of collisions, ionization, and geometrical
effects inside the sheath.

REFERENCES

M. A. Lieberman and A. J. Lichtenberg, Principles of Plasma Discharges and
Material Processing, 2nd ed. (Wiley, New York, 2005).
2L. Tonks and I. Langmuir, Phys. Rev. 34, 876 (1929).
3R. N. Franklin, Plasma Phenomena in Gas Discharges (Clarendon Press,
Oxford, 1976).
“P. Chabert and N. St. J. Braithwaite, Physics of Radio-Frequency Plasmas
(Cambridge University Press, Cambridge, UK, 2011).
SE. R. Harrison and W. B. Thompson, Proc. Phys. Soc. 74, 145 (1959).
3. D. Baalrud and C. C. Hegna, Plasma Sources Sci. Technol. 20, 025013
(2011).
7K.-U. Riemann, Plasma Sources Sci. Technol. 21, 068001 (2012).
8S. D. Baalrud and C. C. Hegna, Plasma Sources Sci. Technol. 21, 068002
(2012).
9S. D. Baalrud, B. Scheiner, B. Yee, M. Hopkins, and E. Barnat, Plasma Phys.
Controlled Fusion 57, 044003 (2015).
10T, V. Tsankov and U. Czarnetzki, Plasma Sources Sci. Technol. 26, 055003
(2017).
TA. S. Mustafaev, V. S. Sukhomlinov, and N. A. Timofeev, Plasma Sources Sci.
Technol. 27, 038001 (2018).
12T V. Tsankov and U. Czarnetzki, Plasma Sources Sci. Technol. 27, 038002
(2018).
3M. S. Benilov, Plasma Sources Sci. Technol. 28, 078001 (2019).
T V. Tsankov and U. Czarnetzki, Plasma Sources Sci. Technol. 28, 078002
(2019).
5D, Bohm, in The Characteristics of Electrical Discharges in Magnetic Fields,
edited by A. Guthrie and R. K. Wakerling (McGraw-Hill, New York, 1949), pp.
77-86.
'6E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 4th ed.
(Cambridge University Press, Cambridge, UK, 1927).
Y Handbook of Mathematical Functions, edited by M. Abramowitz and L. A.
Stegun (Dover, New York, 1965).
18K -U. Riemann, ]. Phys. D: Appl. Phys. 24, 493 (1991).

Phys. Plasmas 26, 123505 (2019); doi: 10.1063/1.5121022
Published under license by AIP Publishing

26, 123505-8


https://doi.org/10.1103/PhysRev.34.876
https://doi.org/10.1088/0370-1328/74/2/301
https://doi.org/10.1088/0963-0252/20/2/025013
https://doi.org/10.1088/0963-0252/21/6/068001
https://doi.org/10.1088/0963-0252/21/6/068002
https://doi.org/10.1088/0741-3335/57/4/044003
https://doi.org/10.1088/0741-3335/57/4/044003
https://doi.org/10.1088/1361-6595/aa5f45
https://doi.org/10.1088/1361-6595/aab026
https://doi.org/10.1088/1361-6595/aab026
https://doi.org/10.1088/1361-6595/aab027
https://doi.org/10.1088/1361-6595/ab0f58
https://doi.org/10.1088/1361-6595/ab0a36
https://doi.org/10.1088/0022-3727/24/4/001
https://scitation.org/journal/php

Physics of Plasmas

M. van Dyke, Perturbation Methods in Fluid Mechanics (Parabolic Press,
Stanford, CA, 1975).

29, D. Cole, Perturbation Methods in Applied Mathematics (Blaisdell, Waltham,
1968).

21\ H. Nayfeh, Perturbation Methods (Wiley, New York, 1973).

227, H. Nayfeh, Introduction to Perturbation Techniques (Wiley, New York,
1981).

23], Kevorkian and J. D. Cole, Perturbation Methods in Applied Mathematics
(Springer-Verlag, New York, 1981).

24A. H. Nayfeh, Problems in Perturbation (Wiley, New York, 1985).

ARTICLE scitation.org/journal/php

25C. H. Suand S. H. Lam, Phys. Fluids 6, 1479 (1963).

261, M. Cohen, Phys. Fluids 6, 1492 (1963).

275, H. Lam, Phys. Fluids 8, 73 (1965).

28\ B. Bush and F. E. Fendell, J. Plasma Phys. 4, 317 (1970).

29M. S. Benilov, Fluid Dyn. 17, 773 (1982).

30R. N. Franklin and J. R. Ockendon, J. Plasma Phys. 4, 371 (1970).
IR, P. Brinkmann, J. Phys. D: Appl. Phys. 44, 042002 (2011).

32N. A. Almeida and M. S. Benilov, Phys. Plasmas 19, 073514 (2012).

33K -U. Riemann, Phys. Plasmas 13, 063508 (2006).
34R. P. Brinkmann, private communication (August 2017).

Phys. Plasmas 26, 123505 (2019); doi: 10.1063/1.5121022
Published under license by AIP Publishing

26, 123505-9


https://doi.org/10.1063/1.1710971
https://doi.org/10.1063/1.1710972
https://doi.org/10.1063/1.1761103
https://doi.org/10.1017/S0022377800005031
https://doi.org/10.1007/BF01090162
https://doi.org/10.1017/S0022377800005067
https://doi.org/10.1088/0022-3727/44/4/042002
https://doi.org/10.1063/1.4737080
https://doi.org/10.1063/1.2209928
https://scitation.org/journal/php

	s1
	s2
	d1
	d2
	d3
	d4
	d5
	d6
	d7
	d8
	d9
	d10
	d11
	d12
	s3
	s3A
	d13
	d14
	d15
	d16
	d17
	d18
	d19
	s3B
	d20
	d21
	d22
	d23
	d24
	d25
	d26
	d27
	d28
	s4
	s4A
	d29
	f1
	s4B
	d30
	f2
	d31
	d32
	s5
	f3
	app1
	dA1
	dA2
	dA3
	dA4
	dA5
	dA6
	dA7
	dA8
	dA9
	dA10
	dA11
	dA12
	dA13
	dA14
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	c29
	c30
	c31
	c32
	c33
	c34

