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Let X be any finite classical group defined over a finite field of characteristic p > 0. In
this article, we determine the fields of rational invariants for the Sylow p-subgroups of
X, acting on the natural module. In particular, we prove that these fields are generated
by orbit products of variables and certain invariant polynomials which are images under
Steenrod operations, applied to the respective invariant linear forms defining X.
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1. INTRODUCTION

Let F be a field, V a finite dimensional IF-vector space and G a finite subgroup
of GL(V). Then G acts naturally on the dual space V* of V and therefore on the
symmetric algebra S := IF[V] := Sym(V*), by graded algebra automorphisms. One
of the main problems of invariant theory is the investigation of the structure of the
ring of invariants

R=F[V°:= (f e F[V]|g-f = f ¥ g € G}.

Since G is finite it is easy to see that S is a finitely generated R-module, which
implies, by a classical result of Emmy Noether, that R is a finitely generated
[F-algebra. Let IL := Quot(S) be the quotient field of § and K := Quot(R) the
quotient field of R. The finiteness of G implies that IK = IL¢, and therefore, by
Artin’s main theorem in Galois Theory, that the field extension IL > KK is Galois
with group G. Moreover, it is well known that R is a normal domain, i.e., R is
integrally closed in K.

There are several constructive procedures that, if applied to ring elements
f € S, transform them into invariants in R: two examples are the transfer- or trace
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map f > tr(f) = Y, f and the norm f + Norm(f) :=[l,cc8-f. If |G| is a
unit in IF, then tr(S) = R; otherwise, tr(S) is a proper ideal in R. In general, as
a result of such operations, one obtains the subalgebra A < R generated by those
invariants, but the major open question remains, when to stop, i.e., when a full
finite set of generating invariants of R as a IF-algebra has been achieved. In certain
cases, one can use information on the invariant field IK: For example, the following
statements are equivalent (see [9]):

(i) Quot(A) = K and R is integral over A;
(ii) R is the integral closure of A in L;
(iii) There exists 0 # a € A with R = SN 1 A.

The intersection in (iii) can in principle be calculated by Groebner basis methods
([9]) and there are also generic algorithms available to calculate integral closures
appearing in (ii) (see [10]). It is, however, still a difficult task to determine R in
general, from information on A. Nevertheless, in the pursuit of constructing R it is
an important first step to find an explicit description of the invariant field K. In this
article, this is done for all the p-Sylow groups of finite classical groups and p the
characteristic of the field of definition.

Before stating the main result in compact form, we need a few remarks on the
groups considered, some known results, and some ideas that motivated this work.

Let X = GL,(¢q) with ¢ = p* acting on V = IF} and U the Sylow p-subgroup
of X formed by the upper unitriangular matrices. Dickson in 1911 proved that the
invariant ring IF [V]* is the polynomial ring IF [c,...,c, ;] on generators c; of
degree ¢" — q' (see [8]). Let U(n, q) be the group of lower triangular matrices with
ones along the diagonal and x,, ..., x, a basis for the dual vector space V*. Then
x, 18 invariant and the orbit of each x;, with i > 1, consists of all elements x; + w,
where w belongs to the subspace V,_; spanned by x,, ..., x;,_;. The orbit product of
each x; is N(x;) = [[ey,_, (x; + w) = Fi_y ,(x;), where F;_; ,(X) is the polynomial (6)
in Section 4. It can be easily proven that the polynomials N(x;) are homogeneous
of degree ¢! and the product of their degrees is equal to the order of U(n, q).
Applying Theorem 6.5, we conclude that IF [V]Y""9) = IF [N(x,), N(x,), ..., N(x,)],
which is a polynomial ring.

There is a particularly useful structure, present in invariant theory over the
finite field IF,: Let & := IF,[V]. Then the g-Steenrod algebra s1 := s, is the graded
IF, -subalgebra s¢ = IF(%'|i € N;) < End]Fq (%), generated by the homogeneous
Steenrod operators %' of degree i(q — 1), which themselves are uniquely determined
as elements of Endy, (i¥), by the following rules:

(1) 2° =idy;

(2) The Cartan identity 2'(fg) = X o<rs 2" ()P*(g);
r+s=i
(3) ?'(x;) =x] and P(x;) =0, Vk > 1,j> 1.

The elements 9 are also uniquely determined by the requirement that

P20 :F—>JAlL. fe 2PN

i=0
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is the unique homomorphism of [F-algebras which maps v to v + v?{ for each v €

(X1, X, ..., x,)p. From this it is easy to see that the s/ acts on IF [V], commuting
with the natural action of GL(V). Therefore, if G < GL(V), then ¢« also acts on
F, [V]°.

q

Now let X be any of the following finite classical groups:

e The general unitary groups GU(2m, ¢*) and GU(2m + 1, ¢*) of dimension 2m and
2m + 1, defined over the field IF 25

e The symplectic group Sp(2m, g) of dimension 2m over IF ;

e The general orthogonal groups O*(2m,q), O~ (2m+2,q) and OQ2m+1, q)
defined over IF,.

For more details, we refer to Section 4, but typically X is defined as a subgroup
of GL(V), fixing a certain form h € V* or, in the case of unitary groups, a
homogeneous element 4 € IF »[V]. In other words, X = Stabg, (), hence for any
subgroup G < X, automatically 4 is a G-invariant and so are the “Steenrod images”
Pi(h). The explicit description of the ring of invariants of the groups Sp(2m, q)
(see [4] and [1]) and GU(n, ¢°*) (see [6]) supports the conjecture that invariant rings
of classical groups are always generated by “Dickson invariants” together with
certain Steenrod images %/(h) of the relevant form. Replacing Dickson invariants by
“orbit products of variables” a similar conjecture can be made about the invariant
rings of Sylow p-groups of X. We will give some evidence to this by proving the
corresponding result for the invariant fields.

It is well known that invariant fields of finite p-groups in characteristic p
are purely transcendental (see [13]). The main result of this article will describe
transcendence bases consisting of certain explicit orbit products N(x;), called
“norms” and of invariants h;, which are images of 4 under certain Steenrod
operators. Now let G < X be a Sylow p-group for p = char(IF). If X = 0T (2m, 2°)
or X =0 (2m+2,2°¢), we also define distinguished maximal subgroups G, < G
(see Lemmas 4.17 and 4.21). Now set & = G, if X = 0*(2m, 2°) or X = O~ (2m +
2,2¢), and & = G otherwise. Then our main result can be stated in short form as
follows.

Theorem 1.1. The invariant field IF(V)® = Quot(IF[V]®) is purely transcendental,
generated by &-orbit products of variables and Steenrod images of the form h
defining X.

Corollary 1.2. Let R be the subalgebra of F[V]®, generated by &-orbit products of
variables and Steenrod images of the form h defining X. Then F[V]® is equal to the
integral closure of R in its fraction field.

Proof. By Theorem 1.1, R and F[V]® have the same Quotient field, say K. It
follows from [3] Theorem 4.0.3. p. 60 that R contains a homogeneous system of
parameters of IF[V]®, which is therefore integral over R. Let f € K be integral over
R. Then f is integral over IF[V]® and therefore contained in the normal ring IF[V]®.

O
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Remark 1.3.

(1) Explicit generators for all IF(V)® are described in Theorems 4.10, 4.12, 4.14, 4.16,
4.20.

(2) The generators for IF(V)¥, when X = 0" (2m,2¢) or X = O~ (2m + 2, 2¢), are
described in Lemmas 4.17 and 4.21.

(3) Let x;,...,x, be a basis of V* Then one can choose R =
F[N(x,), ..., N(x,), hy, hy, ..., h,], where N(x;) is the G-orbit product of x;,
k=35 —1if niseven, k = ”T’l if n is odd, and the &;’s are Steenrod images of
the form A, described in the theorems mentioned above.

(4) The generators for IF(V)¢, when X = O"(2m,2¢) or X = O~ (2m + 2, 2°), are

described in Theorems 4.18 and 4.22.

The precise statements and their proofs need explicit descriptions of the Sylow
p-groups and will therefore be formulated after those details have been established.
The further organization of the article is as follows.

In Section 1, we will introduce notation and collect some information due
to the special nature of classical groups over finite fields and of p-groups in
characteristic p. In Section 2, we will give two brief examples in small rank, to
illustrate the general strategy of our proof. In Section 3, we will develop an explicit
description of the Sylow p-groups in terms of (almost always) lower-uni-triangular
matrices. Although the Sylow p-groups of classical groups are known in principle,
their structure is usually described in terms of “root subgroups,” defined in the
context of the theory of finite groups of Lie type ([5]). Since our methods rely on
explicit calculations, a description in terms of matrices is necessary, but not easily
available in the literature. To avoid unnecessary repetitions later on, our emphasis
was to achieve such a description in a form as unifying as possible. Therefore, the
results stated in Section 3 can be useful for other purposes that require explicit
matrix calculations in those groups. In Section 4, we state and prove the precise
versions of Theorem 1.1 for each Sylow p-subgroup. In Sections 5 and 6, we present
the technical proofs for the results of Sections 3 and 4, respectively.

In special cases of classical Sylow p-groups, we have been able to use the
results presented here to determine the rings of invariants R for arbitrary g,
using SAGBI-basis techniques. We will present those results elsewhere. The general
problem of determining the rings of invariants for all Sylow p-groups of classical
groups is still unsolved as yet.

2. INVARIANT FIELDS OF p-GROUPS AND TWO SMALL EXAMPLES

From now on, throughout the entire article, let IF be a field of characteristic
p >0, V a finite dimensional IF-vector space, and G < GL(V) a finite p-group.
We have mentioned that the invariant field IF(V)© is always purely transcendental.
Moreover, it turns out that one can construct a transcendence basis consisting of
polynomials in IF[V]¢ algorithmically. This is due to Campbell and Chuai [2] and
Kang [11]. We now present the algorithm as it is described in [2].

Since any p-subgroup of GL(V) is triangularizable, there exist a basis
e, ... e, for V such that each element of G is represented by a lower triangular
matrix with ones along the diagonal. Therefore, if x|, ..., x, is the dual basis with
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respect to e, ..., e,, then (¢ — 1)x,, is in the subspace spanned by x,, ..., x,,_; for
all ¢ € G. From this, we can easily see that x; is invariant.
We define R[j] := IF[x,, ..., x;] for 0 < j < n subject to the convention that

R[0] := 0. Then G acts on each ring R[j]. For each j we choose an invariant ¢, €
R[j]¢ with the smallest positive degree in x; among the elements of R[j]°.

Theorem 2.1. Let G be a p-group. Then the polynomials ¢, ..., ¢, defined above
generate the invariant field for G, i.e.,

F(V)¢ = F(y,.... )

Moreover, there exists [ € IF[¢,, ..., ¢,] such that

FVI°[f ™1 =Fl$y..... ¢,Jf '],

Proof. See Theorem 2.4 in [2]. O

We now present two small examples to exemplify the main ideas of the article
and how to use Theorem 2.1. We shall consider a Sylow p-subgroup for GU(8, ¢*)
and O™ (8, 2°). In the next section, we show how to construct the Sylow p-subgroups
of the finite classical groups.

Let J, be the matrix (4), and let G be a Sylow p-subgroup for GU(8, ¢*). Then
we can represent its elements as

A
B F

J5(ANTS | D[ J5(A-HT

where we have as follows:

e AcUB3,q¢%, Bisany 2 x 3 matrix and D = —J;(A"")"B" J,F;
e Sis a3 x 3 matrix such that § + S” = —B”J,B.
e F=(}7) where c is an element in IF satisfying ¢ 4-¢ = 0.

We will always fix the graded reverse lexicographic order with x; < x, < --- < xg.
By looking to the elements of G, we can see that it acts on ]qu[xl,...,xs] as
subgroup U of U(5, ¢*). We consider the orbit products N(x;) for je{l,...,5}.
These are homogeneous polynomials and their degree product is equal to the order
of U. Hence

IFlx), ..., x5]¢ = IF 2 [x), N(x,), ..., N(xs5)],

which is a polynomial ring. Since in the grevlex order their leading monomials are
algebraically independent, we can take ¢; = N(x;) for j € {I,...,5}. Let H be the



982 FERREIRA AND FLEISCHMANN

abelian subgroup of G

I; 010
0 |L]oO
J3S 10| I

We use subgroups of H to determine a lower bound for the degree in xg, x7, and xg
of ¢, ¢, and ¢y, respectively. Let C = J;S. Then

S1,3 23 833
C= 512 S —53
S TS12 T813

We define C = C, and for k = 2,3, C® will be the matrix obtained from C by
fixing all the entries of the first k — 1 rows equal to zero. For each k, we denote by
L, the subgroup of H obtained by replacing the matrix C by C%¥. Note that L, =
H. The groups L, act on R[5+ k] by fixing x, x5, X3, X4, X5, ... X5,4_; and x5, —
X5+ Zj;f ¢ jx;. Therefore, L, is acting like a subgroup of U(S + &, ¢%) with order
g’%*. It is not hard to check that the orbit product of xs,, under L, has degree

q"~*. Hence

R[S+ k]" = I o[y, 200, X3, X4 X5y Xy o s X5y ps Nxs )]s

and since R[5+ k]” C R[5 + k]**, we conclude that the minimal degree in x5, of a
polynomial in R[5 + k] is greater or equal to ¢g’~%*. Now we consider the following
polynomials:

q q q q q q q q.
® hy = A= xgx; + xgx| + X7Xy 270 + XeXy + XXz + X5y + XXy
® iy = Ay =g X+ XX + X7 X+ xx] 4 X¢ x5+ XX+ x5 X+ xsxzs;
— — 4 q q q q 7 q q
® h3= A3 = x5 X+ XgX] + X7 Xy + X;X; + Xg X3+ XXy + X5 X4+ X5Xy .

The polynomial A, comes from the hermitian form we used to define the unitary
group, and thus it is invariant, the other two being Steenrod images of 4, are
invariant also. By considering the action of the IF ,-algebra endomorphisms v, (see
Section 4, Proposition 4.2-2, Lemmas 4.4, 4.9, and Proposition 4.5) on h,, h,, and
hsy we get for k € {1, 2, 3}

Y (b)) € IFqZ[xl’ Xpseees x5+k]G
and its degree in x5, is equal to ¢’~%* by Proposition 4.5. Therefore, we can
take ¢g =Y, (hy), ¢; =, (h)), and ¢g = Yy(h,) = h;. Applying Lemma 4.4, we

see that ,(h)) € IF2[x;, N(xy), ..., N(x;), hy, hy, ..., by ], and we get the following
theorem.

Theorem 2.2. Let G be the Sylow p-subgroup of GU(8, ¢*). Then

Iqu(V)G =T (x), N(xy), ..., N(x5), hy, hy, hy).
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Now we consider the orthogonal group O*(8, ¢) with ¢ = 2°. Let G, be the
subgroup of U(8, g) that preserve the quadratic form. Then its elements can be
represented as matrices of type (1) where the following statements hold:

e Ac U3, q), Bisany 2 x 3 matrix and D = —J;(A~")"B"J,;
e Sisa 3 x 3 matrix such that S+ S” = B"J,B and s; = b;;b,;
e F is the identity matrix.

The group G, is not a Sylow p-subgroup of O*(8, ¢). To obtain one, we pick the
element

I51 010
L:= 0[J2]0
0101

in the orthogonal group, which has order 2 and normalizes G,. Then G =< G, L >
is a Sylow p-subgroup of O*(8, ¢). Now, the following polynomials are invariant:

® hy =0 = xgx) + X7X, + XeX3 + X5Xy;
— — .4 q. 4 g 4 4 4 q.
o 1y =y = xgX; + XgX] + X3X, + X7X, + XgX3 + XeX3 + XXy + Xsxg3

7 7 7 q q q 7 7
o h3 = QZ,I =Xg X} + XgX] + X5 Xy + XXy 4 Xg X3+ XX + X5 X4+ XsXy -

Applying similar arguments as before, we can show that
F, (V)9 =T, (x;, N(xp), ..., N(xs), hy, by, hy).

Using the Galois theory, we obtain that IF (V)¢ = (IF (V)“')=*>, i.., the fraction
field of R:=1F [x;, N(x,), ..., N(xs), hy, hy, h3]=">. Tt is not hard to check that
< L > will fix the elements x;, N(x,), N(x3), hy,h,,h; and swap N(x,) with N(xs).
Hence,

R =T [x,, N(x,), N(x3), N(xy) + N(xs5), N(xs)N(xs), hy, hy, hs]
Theorem 2.3. Let G be the Sylow p-subgroup of O* (8, q). Then

]Fq(V)G = IFq(xI’ N(x,), N(x3), N(x4) + N(x5), N(x4)N(xs), hy, hy, h3).

3. SYLOW p-SUBGROUPS

Let IF be either the finite field IF, or IF . Define the matrix A= [a;;] where
a; = aj.
Notation 3.1. Let U(n, IF) the group of n X n lower triangular matrices with entries
in IF and with ones along the diagonal. Also we shall write M(n x m,IF) (or just
M(n, IF), when m = n) for the set of all n x m matrices whose entries belong to TF.
When we want to make clear which field we are working with, we write U(n, r) and
M(n x m, r) (or M(n, r)) instead, r being the number of elements in IF.
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Let € denote one of the two symbols “+” or “—" and let X; € GL(n, IF) such
that X? = I. We let X, € M(1, IF) satisfying X, = eX!. Consider the matrix

0]0|X
X = 0 [Xy| 0 (2)
eXT1 o]0

in M(2n + [, IF). We define the subgroups
%, x, = {N € U2n+1,IF)|[N"XN = X}.

We write N € U22n + 1, FF) as

A
B|F
C|D|FE

o
o

o

where A, E € U(n,IF), F € U(l,F), C € M(n,F), Be M(l x n,IF), and D € M(n x
I,TF). Then N'XN = X if

D = _Yl (Zil)TETYZF

FTX,F=X

_2_ _7127_ (3)
E=X(A)'X,
C=X,(A"H's

where S + (eS7) = —B” X, B. We shall denote the entries of S and B by s;; and b,
respectively.

Lemma 3.2. Let N be an element of U2n + 1, F). Then N € &%y if and only if the
system (3) holds, with S + (¢ST) = —B"X,B.

We can now describe the Sylow p-groups of the classical groups. But first we
define the matrix

0 0 1

Jy = 0 (4)
0 1
1 0 0

In Section 5 we will give proofs for the following lemmas.
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Lemma 3.3. The following statements hold:

(1) The group (5)+ .1, is a Sylow p-subgroup for GU(2m, 7);
(2) Let G consist of the elements of &} . with F the 1 x 1 identity matrix. Then G is a
Sylow p-subgroup for GU(2m + 1, q2)

(3) The group &, is a Sylow p-subgroup for Sp(2m, q) with X, = ( ° ;).

We consider separately the orthogonal groups in odd and in even
characteristic.

Lemma 3.4. Assume that g is odd.

(1) The group (55;’%2 is a Sylow p-subgroup for O(2m + 1, g).

(2) The group (55;”"71’,2 is a Sylow p-subgroup for O (2m, q).

(3) The group (55}2”)(2 is a Sylow p-subgroup for O~ (2m + 2, q) with X, = (¢ .. ). Here
a is such that X* + X + a is irreducible in IF [ X].

Consider the matrices

[mfl 0 0 [m 0 0
L=| 0o [&L] o0 Li=| 0]J2]o0 (5)
0 0 | Ln- 0101,

where I denotes the identity matrix and J; := (}1).

Lemma 3.5. Take g even.

(1) Let G consist of the elements of @5;,,0 with F the 1 x 1 identity matrix and s; =
b for i=1,...,m (in notation of Section 3). Then G is a Sylow p-subgroup for
o(2m + 1, g).

(2) Let G, be the group formed by the elements of 65* .5, that satisfy s; = by;by; for
i=1,...,m— 1. Then the group generated by G, and L is a Sylow p- subgroup for
o* (2m q)

(3) Let G, be the group formed by the elements of (Sﬁsz that satisfy s; = b}, + by;by; +
b3 fori=1, ..., m. Then the group generated by G, and L, is a Sylow p-subgroup
for O-(2m+ 2, g).

4. INVARIANT FIELDS

Let [F be a field, V =1F", and let (x,, x,, ..., x,) be the dual basis of the
ordered standard basis (e, ..., e,) of V. We will write elements of V as columns
vectors of the form v := (&, ..., )"

If F = IF, the generators of IF, [V]“") can be defined as the coefficients of the
polynomial

n—1

F,,(X)i=[[(X—u)=X" + 3 (~1)""c,Xx" € K[X], (6)

ueV* i=0

where K is a field containing IF(V).
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Lemma 4.1. Let U:= {x,..., x,H>IFq. Then we have

El,q(X) = El—l,q(x)q - Fn—l,q(xn)qian—l,q(X)»
where Fn—l,q(X) = HuEU(X - M).
Proof. First, we note that the polynomial F, ,(X) is IF -linear. Hence

F”aq(X): H(X_f): 1_[ H(X_axn_g)

fev* aequ geU
= 1_[ Fn—l,q(X - axn) = 1_[ (Fn—l,q(X) - aFn—l,q(xn))
aelF, aelF,

= nfl,q(X)q - anl,q(xn)q_anfl,q(X)'

This finishes the proof. |

Obviously, we have F, ,(X) = X. Let IF be either the finite field IF, or IF », and
denote by r the number of elements of IF. We define a sequence of endomorphisms
y, of IF-algebras from A :=1IF[x,,...,x,] to itself by ¢, : A — A, x; > F(x).
Note that v, is the identity map on A, ¥, (x;) = 0, and ¥, (x,) = x; — x}"'x, is the
orbit product of x, under the action of U(n, IF).

Proposition 4.2. For every endomorphism \,, the following statements hold:

(1) Yy (x,)=0foralll <k <1,

(2) ¥i(x1yy) is the orbit product of x,,, under the action of U(n,IF), and hence an
invariant for that group.

3) Vi) = Wis (D) = Wi (8™, (f) for every homogeneous polynomial f in
degree 1, i.e., F-linear combinations of the x,’s;

(4) For every g € U(n, IF), we have goy, =\, 0 g.

Proof. (1) We prove this by induction on I. For [ = 1, we have seen that y,(x,) =
0. Now we assume that the statement is true for / and let k <+ 1. Then v, (x;) =
W (x)" — Yy (x,40) """, (x,), which is zero for k < [ by the induction hypothesis. For
k=141, we get y,,,(x,.;) = 0 immediately.

(2) By definition y,(x,,,) = F, (x,;,) and the statement from Lemma 4.1.

(3) Note that the endomorphisms i, as well as multiplication by the fixed
element ,_,(x;,)"~! and ()" are IF-linear operators. Since the formula is true for each
x; by definition, the result follows.

(4) Here it suffices to show that (goy,)(x;) = (Y, 0g)(x;) for all
i=1,2,...,n Again, we use induction on [. For [ =0, the result follows
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immediately since ¥, is the identity map. We assume that the result holds for /.
Then

(go V) (x) = g (%)) = g, (x)" — Wy (x1) W (x))
= (e, (x)))" = (g, (xi)))" " (8 (i (%))
=¥,(8(x)" — wl(g(xl+l))r71Wl(g(xi))’

where have used the induction hypothesis. It follows from 2 that y,(x,, ) is invariant
and therefore ,(g(x,,,)) = ¥,(x,,;). Hence

(g 0 ) (x) = Y (8(x))" — Wy (i) ™ Y (8(x)) = (W41 © 9)(x1),

and this finishes the proof. O
We consider the following families of polynomials in F[x,, ..., x,]. We use
two parameters: j € {—1,1} and A € F. Let m = % or m = “3! if n is even or odd,

respectively. Now define as follows:

* Oy, = Yimy X,_ip1X; and Q=0

hd QSJ = Zl l(xnA H»lx +jxn 1+1xir\) for s Z 1’
o Iy =Qp + x5, +Ax,.0

oI, =0,+2- F(x;,jllﬂ ;12‘) for s > 1;

Z 1

A L= l(xnt+1x+xnl+lx )—i—Ax +1f0rs>1andIF IF,»

We will apply the Steenrod operations to these polynomials (see the introduction
for its definition). Here we take { = —1, and we denote %(—1) by %°. Hence &
A — A is the [F-algebra homomorphism given by 2*(x;) = x; — x!. Also,

() =N - 2' N+ PO =P N+,

where 2(f) is the ith Steenrod operation on f. The next lemmas will be proved in
Section 5.

Lemma 4.3. The Steenrod operations on the polynomials )
by the following equations:

s L, and Ag ; are given

(1) P'(Qq) = Qpy, 2L, ;) =Ty, and P1(A, ) = Al
(2) 2'(Q,,) =205, 2'(Q,;) = Q] jfors =2,
P\ (T,,) =T 1/lfors>1and0/1>l(A D=A ;”z)vforsz2;
r 2s—1 .
(3) g)r (QY /) - 9+1 j’ P (Fv i) - s+1 A and 91 (Ag)) = s+1,). fOV N 1,

“4) 27 (Q, )= , PN, ) =TT, for s > 0 and P IH(AM) = A;’; fors>1;
(5) 2'(Q,;) =0, @”(F ;) =0 and @“(A ;) = 0, otherwise.

Lemma 4.4. Assume by convention that O ; =0, I, =0 for s <0, and A; =0 for
s <0.

(1) Wl(Qs,j) € Flx;, ¥y (x2), .. ¥y (x))s Qs—l,/’ ‘Q's]’ Qs+1,j’ s Qs+l,j]’
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@) wl(l—‘s,/l) € Flx;, ¥y (x2), .- ¥y (x))s Fs—l,,l’ Fs,),’ Fs+1,l’ cees rs+1,),]'
(3) WI(AX,A) € Flx;, Yy (x2), -5 1 (x))s As—l,/l’ As,),’ A.H»l,),’ cees As+l,/l]'

Proposition 4.5. For every 1 >0 and s> 0, the polynomials Y,(Qg ), ¥,(Q, ),
V(Lo ), WL L), and (A ;) belong to Flxy, ..., x,_,]. Moreover, for 0 <1 <m — 1,
their degree in the variable x,_, is as follows:

(1) r! for lPl(Qo,l) and ‘pz(ro,zﬁ
(2) r'** for lpl(QS,j) and ‘//z(rs,).);
() g7 for Yy (A, ).

Proof. Since y,(x;) = 0 for all i < [, it is easy to see that y,(€ ), ¥,(Q, ), ¥, (T} ,),

i), WA ) € Flxy, x, ]
By definition, y,(x;) = F, .(x;), and it can be easily proven by induction on /
that F, . (x;) € F[x,, ..., x;] with degree r' in x;. Since

D) = 3 Uiy s i),
=111

we conclude that y,(Q, ;) and, similarly, y,(T}, ;) have degree equal to ' in x,_, for

0<l<m-—1.For stj’ we have

()= > Y (i) W () 4 W (e W ()

i=l+1

and therefore (€, ;) has degree +'** in x,_,. Similar arguments give us the results
for (T ;) and ¥, (A, ). 0

We now introduce two subgroups of U2t +d,IF). Let H™ be the set of

matrices
I, |00
0 [I;|0 |-
Ct10|L

where I, and I, are the ¢ x r and d x d identity matrices, respectively; and C™ is any
t x t matrix with entries in IF such that

CTF. = E‘+

oy j1uis1  foralliand j.

It is not hard to check that H* is an abelian subgroup of U(2t + d, IF). If in the
elements of H™, we replace the matrix C* by a matrix C~, of the same dimension,
such that

C. .= —¢C

;= —Crj1uip1 foralliand j,

we obtain another abelian subgroup of U(2r + d, IF). We denote it by H~. Let P[k]
denote the polynomial ring IF[x, ..., X, 40 X, qi1s -« > Xrparkl-
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Proposition 4.6. Lerk e {1,...,1}.

1) The minimal degree in x of a polynomial in R[t + d + k|?" is greater than or
( g +dek poly g
equal to

qZ(t—k)+1 if IF = Iqu
¢ HF=F,

(2) The minimal degree in x,, ., of a polynomial in Rt + d + k|~ is greater than or
equal to

PP F =,
q* if IF = IF, and ¢ odd
g+t if IF = IF, and ¢ even

Remark 4.7. Assume that IF = IF, with g even and that in the elements of H~ the
matrices C~ also satisfy ¢;,_,,, = 0. Then it follows from the proof of Proposition
6.7 that the minimal degree in x,_,,, of a polynomial in R[z+ d + k] will be
greater than or equal to g'~*.

The invariant rings for the following two subgroups of U(n,IF) will be
important in the subsequent subsections.

e Let U, be the set of elements u € U(n, IF) such that u(x;) = x; + Z{;ll a;x;, for

l<j<n-—1and u(x,) =x,+ ZZ;? A X+

e Let U, be the set of elements u € U(n, IF ») such that u(x;) = x; + Z',’;ll a;.xy, for
l<j<n-—1andu(x,) =x,+bx, | + Y a,x, withb+b=0.

Lemma 4.8. Let U, and U, be the groups defined above. For each j € {1, ..., n} and
k € {1, 2}, we have

]F['xl’ X25 e vt xj]Uk = ]F['xh N(x2)7 RN} N('xj)]’

where N(x;) is the orbit product of x; for i < j. Furthermore, the degree in x; of N(x;)
is minimal among the elements in F[x,, x,, ..., x;]%.

4.1. The Invariant Field of a Sylow p-Subgroup of GU(2m, g?)

Here IF = IF » and n = 2m. Let G denote the Sylow p-subgroup of GU(2m, %)
given in Lemma 3.3. First, we introduce a family of polynomials which we shall
prove to be invariants under the action of G. For k > 1, define

hy = Ag .

— m q q
Thus ) = Zi:l(x2m7i+1xi + X i1 X7 )-
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Lemma 4.9. For all k > 1, the polynomials h, belong to ]qu[V]GU(z"”qz).

Proof From Lemma 4.3, we get h, = 27 (h,_,) for k > 1, where 29" is the
¢*3th Steenrod operation. Hence it is enough to prove that k, is an invariant
polynomial. In order to use polynomial functions rather than polynomials in
Sym(V*), we take v=(a,...,2,) €V = ]FZZ, where TF » 1s the algebraic closure
of IF.. Thus A (v) = 37, (05, % + 0oy i) = hl(v) =v"J,,v. Now, let M €
GUQ2m, ¢*). Then

(Mhl)(v) = hl(Milv) = (MilU)TJZmMilv = UT(Mil)TJZmﬂill_} = UTJZml_} = hl(v)’
where we have used the definition of GU(2m, ¢*). Hence M.h, = h,. O
Theorem 4.10. Let G be the Sylow p-group of GU(2m, q*) as described in

Lemma 3.3. The invariant field Iqu(V)G is generated by the polynomials N(x;), with
j=1,....,m+1, and the polynomials h,, with k =1,...,m —1, ie.,

IFqZ(V)G =1TF 2 (x;, N(xp)s ooy N(xyig)s By ooy By y).

Proof. We shall use Theorem 2.1 to get the result. We start by noting that the
matrices F in the elements of G look like

(¢ V)

where ¢ is an element in IF » satisfying ¢ + ¢ = 0. Hence G acts on R[m + 1] in the
same way as the group U, in Lemma 4.8, and we obtain that R[j]° = R[j]%> for

each je {l,...,m+1}. It also follows from Lemma 4.8 that N(x;) is an element
in R[j]¢ of minimal degree in x;. Therefore, for each j € {1,..., m+ 1}, we choose
¢j = N(xj)'

Now, if we consider all the elements of G for which A and F are the identity
matrices and B the zero matrix, then we obtain an abelian subgroup H of G whose
elements are

L1 | O 0
0 | O
Jm—lg 0 Im—l

with § € M(m — 1, ¢*) such that § +S” =0 and J,_, is the matrix given by (4) in
Section 3. Let C = J,_,S. Note that the multiplication by J,_, swaps the rows i
and (m— 1) —i+1=m—iof S for all i. Thus, since S+ S” =0 we obtain ¢

Sp—ij = =8 mi = —Cp_jmi- Now, assume that Cisa (m — 1) x (m — 1) matrix w1th
entries in IF > such that ¢; ; = —C(,_1)_j 1. (n-1)-i+1 = —C—jm—i- BY taking § = J, ,C
we get s;; = —C,_;; = —C,_;; = —5;; and therefore S+ ST =0. Hence H is the

subgroup H~ with t=m—1 and d =2. Let k € {1,...,m—1}. Since R[m+ 1+
k]¢ c R[m+ 1+ k)", applying Proposition 4.6 we obtain that the minimal degree
in x,.,, of an element in R[m + 1+ k]° is greater than or equal to g*"0-1,
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By Proposition 4.5, this is the x,,,,,-degree of ¥, (A o) = ¥,,_1_(h). Now, we
have V,,_,_,(h;) € R[m + 1+ k]¢ by Proposition 4.2-4 and Lemma 4.9. Hence we
can take ¢, 1. = V,_1_x(h;). It follows from Theorem 2.1 that

]FqZ(V)G =IFp(x, N(xy), ooy N(xygt)s Yoo ()5 - Y (), By).

Applying Lemma 4.4 and Proposition 4.2-2, we get for each k < m — 1
Wik (hy) € F oy, N(xy), ooy N(Xyy—)s hys By ooy By ]
Hence
F (V) =TF,p(x, N(xy), ..o N(xXpi1)s By oo By,

and this finishes the proof. a

4.2. The Invariant Field of a Sylow p-Subgroup of GU(2m + 1, g?)

Here IF=1F, and n=2m+1. We consider the following family of
polynomials: for k > 1, let

hy = Ag .

_ m q q g+1
Thus Ay = 300 (x5, 1-1% + Xopp1—in1Xi) + X0

Lemma 4.11. For all k > 1, the hy belong to TF ,[V]GVCn+1.4),
Proof. From Lemma 4.3, we get h, = 94" (h,_,) for k > 1. Hence it suffices to
prove that h, is invariant. This now is entirely analogous to the arguments in the
proof of Lemma 4.9. O

Theorem 4.12. Let G denote the Sylow p-subgroup of GUQ2m + 1, ¢*) given by
Lemma 3.3. The invariant field Iqu(V)G is generated by the polynomials N(x;), with
j=1,....m+1, and the polynomials h,, with k =1, ..., m, ie.,

Iqu(V)G =T 2 (x;, N(xp)s ..o, N(xpi1)s hys s ).

Proof. In this case, G acts on R[m + 1] like the group U(m + 1, ¢*). Therefore, for
each j e {1,...,m+ 1}, the degree in x; of N(x;) € R[] is minimal, and we can
take ¢; = N(x;). If we consider the elements of G for which A is the identity matrix
and v is the zero vector, then we obtain an abelian subgroup H. Similarly to what
was done in the proof of Theorem 4.10, we can show that H is the group H~ with
t=m and d=1. Let k€ {0,...,m}. Since R[m+1+k]° C R[m+ 1+ k] and
using Proposition 4.6, we can see that the minimal degree in x,,,,, of a polynomial
in R[m + 1 + k]¢ is greater than or equal to ¢>™~9*!. By Proposition 4.5, this is the
Xpq14.-degree of

Vi (Ary) = ¥, (hy) € R[m + 1+ k].



992 FERREIRA AND FLEISCHMANN

According to Lemma 4.11 and Proposition 4.2-4, we have that ,,_,(h;) is
invariant for G, and therefore, we can take ¢, « =¥, (k). Now, from
Lemma 4.4 and Proposition 4.2-2, it follows that for k<m, V,_(h) €
IF 2 [x;, N(x3), ..., N(x,,_4), hy, By ooy By ] Finally, applying Theorem 2.1, we
conclude that

F:(V)O =TF,2(x,, N(x)s - s N(Xpy1)s s - ),

and this finishes the proof. O

4.3. The Invariant Field of a Sylow p-Subgroup of Sp(2m, q)
Here IF = IFq and n = 2m. Now, for each k > 1, let h, := €, _;. Thus h; =
p (xgm—iﬂxi - x2m—i+1x7)'

Lemma 4.13. For all k > 1, the polynomials h, belong to IFq[V]S”(z’""’).

Proof. By Lemma 4.3, h, = 99" (h,_,) for k > 1, and so it is enough to prove that
h, is an invariant polynomial, which is done in the same way as in the proof of
Lemma 4.9. O

Theorem 4.14. Let G be the Sylow p-subgroup of Sp(2m, q) given by Lemma 3.3.
The invariant field (V)€ is generated by the polynomials N(x;), withi =1, ..., m+1,
and the polynomials hy, withk =1,...,m—1, ie.,

]Fq(V)G =T, (x;, N(xy), ..o, N(xpi1)s By ooos By ).

Proof. By choosing the elements of G for which A and F are the identity matrices
and B is the zero matrix, we obtain an abelian subgroup H of G with elements

Iny | O 0
0 I 0
Jm,1S 0 [m—l

where S € M(m — 1, q) is such that § —S” =0. It is easy to check that if C =
JpS then ¢ ; =c,_;, ;. Also if C is any matrix with entries in IF, satisfying c; ; =
Cpjm_i» then S = J, ,C satisfies S — S” = 0. Hence H is the group H* with t = m —
1 and d =2. Now, let k € {1,...,m —1}. Since R[m+1+k]° C R[m + 1+ k]*""
the minimal degree in x,,,,,, of a polynomial in R[m + 1 + k] is, according to
Proposition 4.6, greater than or equal to ¢"*. We know from Proposition 4.5 that
g™ * is actually the degree of V,,_;_(Q; ;) = ¥,,_,_(h;). We know that y,(h,) is
an invariant polynomial by Proposition 4.2-4 and Lemma 4.13, and therefore, we
take @, 1406 = Vo1 (h)). Also, it follows from Lemma 4.4 and Proposition 4.2-2
that for k < m — 1

Vo1 (hy) € IFq[xl’ N(x3), ooy N(Xpo1p)s By By ooy By g ]
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Finally, for each j € {1, ..., m + 1}, we compute the polynomial ¢;. We note that G
is acting on R[m + 1] in the same way as is the group U(m + 1, TF,). Hence R[j]® =
R[j]V"*+" ) and therefore, we can choose ¢; = N(x;). Applying Theorem 2.1, we
conclude that

F,(V)° = IF, (o, N, - NG s ),

and this finishes the proof. |

4.4. The Invariant Field of a Sylow p-Subgroup of O*(2m, q)

Let again V = IF} with n = 2m. The orthogonal group O*(2m, g) is the group
of invertible matrices that preserve the quadratic form

m
o) = Z Lopm—it1%;
i=1

with v =37, (ou; + oy,_;11v;) (see [15]). Now consider the following family of
polynomials: for k > 1 define h, := Q,_,,. In particular, o) = >/, x,,_.,,x;. The
next lemma shows that £, is invariant under the action of O*(2m, ¢) for all k.

Lemma 4.15. For all k > 1 the polynomials h, belong to IFq[V]0+(2’”"J).

Proof. We know from Lemma 4.3 that for k > 1, h, is the ¢*~?th Steenrod
operation of h,_,, and therefore, we just have to show that 4, is invariant. This
follows directly from the definition of the group O*(2m, q). a

We have to consider separately the cases when the characteristic of IF, is 2 and
when it is not.

Theorem 4.16. Let g be odd and let G be the Sylow p-subgroup of Ot (2m, q) given
by Lemma 3.4. The invariant field ¥ (V)¢ is generated by the polynomials N(x;), with
i=1,...,m+ 1, and the polynomials h,, with k =1,...,m —1, i.e.,

IF,(V)% = I (x;, N3, - s NOtpui1)s s ey ).

Proof. First let us consider the abelian subgroup H of G obtained by taking the
elements of G for which the matrices A and B are equal to the identity and the
zero matrix, respectively. Analogously to the proof of Theorem 4.10, we can easily
show that H =H~ with t=m —1and d =2. Let k € {1,..., m — 1}. We proceed
analogously to the proof of Theorem 4.14. Note that R[m +1+k]° C R[m + 1 +
k]"" and therefore it follows from Proposition 4.6 that the minimal degree in x,,, .,
of a polynomial in R[m + 1 + k]¢ is greater than or equal to ¢"~'"*. According to
Proposition 4.5, this is the x,, ,,-degree of

‘/fm—l—k(Qo,l) = ‘pm—l—k(hl)-
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Now, V¥,,_,_;(h,) is invariant by Lemma 4.15 and Proposition 4.2-4. Hence, we can
take ¢, 104 = ¥,_1_1(hy). Applying Lemma 4.4 and Proposition 4.2-2, we see that
fork <m—1,

Vi (hy) € IFq[xl’ N(xp)s ooy N(xpoi i) Bys gy o By ]

Now we determine for each j € {1,..., m + 1}, the polynomial ¢;. By looking
at how G acts on R[m + 1] we can see it is acting in the same way as the group
U, in Lemma 4.8. Hence we can choose ¢; = N(x;) for j € {1, ..., m + 1}. Applying
Theorem 2.1, we conclude that

F,(V)% = I, (x1 NG - NGt Byt ),
which finishes the proof. O

Finally, we assume that the characteristic of IF, is 2. Consider the subgroup
G, of O*(2m, q) given in Lemma 3.5.

Lemma 4.17. The invariant field for G, is generated by the polynomials N(x;), with
i=1,...,m+ 1, and the polynomials h,, withk =1,...,m —1, i.e.,

]Fq(V)Gl = ]Fq(xl? N(XZ)’ ) N('xm+l)’ hl’ R hm—l)’

Proof. First we would like to note that in the proof of Theorem 4.16 the only time
we made use of the characteristic of IF, was when we applied Proposition 4.6. If
we consider the elements of G, with A equal to the identity matrix and B the zero
matrix, then we obtain an abelian subgroup H, with elements
Iy |0 0
0 | O
Jm—ls 0 ]m—l

where S € M(m — 1, g) is such that S+ S” =0 and s; = 0. Hence for C =J,_,S
we also have ¢;,, ; = 0. Now, we can use Remark 4.7 instead of Proposition 4.6

to obtain the same conclusion as in the proof of Theorem 4.16 about the minimal
degrees in x,,, ;... The rest of the proof is similar to the one of Theorem 4.16. O

Theorem 4.18. Let G be the Sylow p-subgroup of O (2m, q), with q even, given by
Lemma 3.5. Then TF (V) is generated by the polynomials

X1, N(XZ)’ R N(xm—l)’ N(xm) + N(xm+1)’ N(xm)N(an—l)’ hl’ cro hm—l'

Proof. We showed in the proof of Lemma 4.17 that L normalizes G,. Hence G, is
a normal subgroup of G and G/G, =< L >. We have

F,(V)° = (F,(V)°)
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and applying Lemma 4.17 we get
IFq(V)G =TF,(x;, N(x2), oy N(xy1)s s ooy By )57
It also follows from Lemma 4.17 that
R:=T [x;, N(xy), ..., N(x,11)s By ooy By ]
is a polynomial ring, so IF,(x,, N(x,), ..., N(x,.,), hy, ..., h, )="> is the fraction
field of R<t>. Now, < L > is a group of order 2 and it is acting on R such that
it fixes the elements x,,N(x,),..., N(x,_,).h;,hy, ..., h,_, and swaps N(x,) with

N(x,,.1)- It is known that the invariant ring for the symmetric group X, acting on
IF, [X, Y] by interchanging X with Y is generated by X + ¥ and XY (see [14] Theorem

1.1.1). Hence IF,(x;, N(x), ..., N(x,,11), by, ..., h,_)=" is generated by
X1, N(‘xZ)’ A N(xm)’ N('xm) + N(‘merl)’ N('xm)N(xin+l)’ hl’ teeo hmfl’
and this finishes the proof. |

4.5. The Invariant Field of a Sylow p-Subgroup of O~ (2m + 2, q)

Here IF = IF, and n = 2m + 2. In [15] we can see that the orthogonal group
O~ (2m + 2, q) is the group of invertible matrices that preserve the quadratic form

m

2 2
Q@) = Z O a—ip1 O T 0y Oy 1 Oy + A0, Lo,

i=1

where we chose a such that the polynomial X* 4 X + a is irreducible in IF_[X].
Keeping in mind that now n = 2(m + 1), for k > 1 define

by =Ty

Thus hy = Y0 Xopya_in1Xi + Xy + X1 Xyn + axs,,,. We prove that all h, are
invariant under the action of O~ (2m + 2, q).

Lemma 4.19. For every k > 1, h; belongs to IF, [V]? 29,

Proof. We know from Lemma 4.3 that for k > 1, h, is the ¢**th Steenrod
operation of i,_, and so we only need to check that %, is invariant. Just as in the
proof of Lemma 4.15, this follows from the definition of O~ (2m + 2, g). O

Just as in the previous subsection, we study separately the cases when ¢ is odd
and when it is even.

Theorem 4.20. Let g be odd, and let G be the Sylow p-subgroup of O~ (2m + 2, q)
defined in Lemma 3.4. The invariant field IF (V)© is generated by the polynomials N(x;),
withi=1,...,m+ 2, and the polynomials h;, with j = 1,...,m, ie,

IFq(V)G = Il:q('xl’ N(XZ)’ et N('xm+2)’ hl’ R hm)'
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Proof. If in the proof of Theorem 4.16 we replace m by m + 1 and Q,, by I},
then we obtain a proof for this theorem. O

Now we assume that the characteristic of IF, is 2 and consider the subgroup
G, of O"(2m + 2, ¢) given in Lemma 3.5.

Lemma 4.21. The invariant field for G, is generated by the polynomials N(x;), with
i=1,...,m+ 2, and the polynomials h,, with k =1, ..., m, ie.,

]Fq(V)Gl =1IF,(x;, N(xy), ..., N(x,10)s By o oo s By).

Proof. If we replace m by m + 1 and use Theorem 4.20 instead of Theorem 4.16
in the proof of Lemma 4.17, then we get a proof for the result here stated. |

Theorem 4.22. et g be even and let G be the Sylow p-subgroup of O~ (2m + 2, q),
given by Lemma 3.5. Then ]Fq(V)G is generated by

xl? N(x2)7 R N(xm)7 N(xm+l)2 + N(xm)N(xm+l)’ N(xm+2)’ hl’ R hm'

Proof. We use similar arguments to those in the proof of Theorem 4.18. Here
we also have IF (V)¢ = (IF (V)°1)="1>. Applying Lemma 4.21, we get IF (V)¢ =
IF,(x;, N(xy), ..., N(x,,15), by, ..., b, )="17, which is the fraction field of R<"1= with
R:=T [x;, N(xy), ..., N(x,42), by, ..., b, ]. Now, we can easily check that <L,> is
a group of order 2 acting on R by fixing x;, N(x,), ..., N(x,,), N(x,,15), has ..., By
and mapping N(x,,,) — N(x,.,) + N(x,,). Applying Theorem 6.5, we can prove
that the invariant ring of a group of order 2 acting on IF [X, Y] such that
it fixes X and maps Y to Y+ X is generated by X and Y2+ XY. Hence

IF,(x;, N(xp), ..., N(x,112), by, .. h,) =817 is generated by
xl’ N(x2)’ st N(xm)’ N(xm+1)2 + N(xm)N(merl)’ N(xm+2)’ hl’ st hm)’
and the proof is complete. O

4.6. The Invariant Field of a Sylow p-Subgroup of O(2m + 1, q)

In [15] we can see that the orthogonal group O(2m + 1, ¢) is the group of
invertible matrices that preserve the quadratic form

m

o) = Z Oy —i 1% T o‘;2}1+1’

i=1
where we chose a basis for V such that

m
V= Z(“i”i + %opaip1 V) F Ly W
i=1

Consider the following family of polynomials: for & > 1 take

by := Ty
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In particular, h; =Y ", x,_;;,x; + x5,,. The next lemma shows that all these
polynomials are invariant under the action of O(2m + 1, q).

Lemma 4.23. For all k > 1, the polynomials h; belong to I [V]?@"+19),

Proof. It follows from Lemma 4.3 that h, = 94 (h,_,) for k > 1. Hence it suffices
to show that A, is an invariant polynomial. Again as in the proof of Lemma 4.15,
this follows from the definition of the group O(2m + 1, q). O

Theorem 4.24. Let G be the Sylow p-subgroup of O(2m + 1, q) given by Lemma 3.4
or by Lemma 3.5. The invariant field ]Fq(V)G is generated by the polynomials N(x;), with
i=1,...,m+1, and the polynomials h,, with k =1, ..., m, ie.,

]Fq(V)G = ]Fq('xl’ N(XZ)’ R N(xn1+1)’ hl’ ceeo hm)'

Proof. First assume that ¢ is odd. The proof is analogous, for example, to the
proofs of Theorems 4.16 or 4.12. In the same way we construct an abelian subgroup
H of G which we then prove to be the subgroup H~. Therefore, Proposition 4.6
tells us that ¢”* is a lower bound for the minimal degree in x,,, ., of a polynomial
in R[m + 1+ k]¢ for every k € {1, ..., m}. Applying Proposition 4.5, Lemma 4.4,
Proposition 4.2-2, and Lemma 4.23, we conclude that

Vi (To0) = W, i (h)) € R[m + 1+ k¢

with degree ¢”"* in x,,,,,. For each je{l,...,m+ 1}, and using the same
argument as in the proof of 4.16, we can show that the degree in x; of N(x;) is
minimal among the elements of R[j]°. Now, applying Theorem 2.1 completes the
proof for odd g. If g is even, the proof is analogous to the previous one, but now
we use Lemma 4.17 instead of Theorem 4.16. O

5. PROOFS FOR SECTION 3

In this section, we present the proofs of Lemmas 3.3, 3.4, and 3.5. We keep
the notation of Section 3. We start by determining the orders of the groups 65}1, X,
and ®y , with the following extra assumption, which will be satisfied in all cases
considered later.

Hypothesis (H): If F =IF, with g even, then we assume that the diagonal
entries of BT X,B are equal to zero for every B € M(I x n, TF).

Lemma 5.1. Assume hypothesis (H), and for given B, let y; be the number of matrices
S satisfying: S + (€ST) = —BT X, B. Then y; is, independently of B, equal to

" Vg" fF=TIF,

" if F=1F, godd and e =+ "

q@q” if F =1, g even and e = “4 "
n(n—1)

g q ifF=F ande="-"
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Proof. 1t is not hard to see that the solution set of the matrix-equation in the
Lemma is nonempty: indeed, if IF = IF this follows from 1/2 € IF, if ¢ is odd and
from hypothesis H if g even. Let IF =1IF, and Y = €Y" an arbitrary “right-hand
side.” Due to the surjectivity of the trace function, there always exists ¢ € IF with
c+c¢=1,s0 for §:=cY we have S+ (eS7) = Y. Hence the number of choices for
S is the same as the number of solutions for M + (eM”) = 0. For this equation the
number of solutions only depends on what happens to the diagonal entries of M
when we consider different fields. In fact, for the remaining ones the number of
possibilities is always r@, where r is the number of elements in IF.

When F =T, a simple argument give us the result. But if IF = IF, then we
need to be more careful. Here the equation M — M" = 0 implies that m;; = m;; for
all i. Hence m;; € I and there are ¢" choices for the elements in the diagonal of M.
Now, from M + MT = 0 we obtain m, + m, = 0, i.e., each m; belongs to the kernel
of the trace map, which has dimension 1 (see Lemma 10.1 in [15]). So there will be
q" different ways of choosing the elements in the diagonal of M. O

Note that for ®y y, and & , the number of choices for A and B are the
same. If r is the number of elements in IF, then there are P choices for A and

" for B. Let s be number of matrices F € U(/, IF) satisfying F" X,F = X,. Applying
Lemma 5.1, we obtain the orders of G y, and Gy .

Lemma 5.2. Ler s be as above and assume hypothesis (H). Then

sq2n2+(2171)n ifIF = Iqu

sgHI=hn if F=1IF,qodd and e =*“+"

sqtn if F=1IF,gevenand e =“+ "
orif F=IF, ande="-"

65l =

X1.X,

Proof of Lemma 3.3. 1t is well known that up to equivalence there is only one
nondegenerate hermitian form (see [15]). Also in [15] is shown that

GU )] = " (¢ — (~1)). ™

i=1

Moreover, a basis can be choosen such that the matrix of the hermitian form is of
type (2) in Section 3 with € = “+” and the following statements hold:

e X, =J, ,and X, = J, for GUQ2m, ¢*);
e X, =J, and X, = [1] for GU2m + 1, ¢*).

Let G, =®;  , and G, = &] | be the groups defined in Lemma 3.3. We note that
a matrix F satisfies F*J,F = J, if and only if it is of the form (1?) with a +a = 0.
Hence there are ¢ different possibilities for F. Thus applying Lemma 5.2 we obtain
that the order of G, is equal to qz’"z"". According to formula (7) this is the order
of a Sylow p-subgroup for GU(2m, ¢*). Similarly, we can show that G, is a Sylow
p-subgroup for GUQ2m + 1, ¢°).
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In [15], it is proven that up to equivalence there is only one nondegenerate
alternating form which can be represented by the matrix (2) of Section 3 with
X, = X, =(%})and e = “=." Also,

m—1

1Sp@m. @)l = ¢ TT(® — ). ®)

i=1
Let G be the group given in Lemma 3.3-3. Then any matrix F € U(2, q) satisfies
FTJ,F = J, and the number of choices for F is g. Since hypothesis (H) is easily
checked in this cases, applying Lemma 5.2 shows that G has order q’”z. By formula
(8) this is the order of a Sylow p-subgroup and the proof is complete.

The orthogonal groups are described as acting on V = IF; with n € {2m, 2m +
1,2m+2}. We set v:=(a,...,0,) € V.

Proposition 5.3.

(1) Ot(2m, q) is the group of invertible matrices preserving the quadratic form Q(v) =
D) Lo i1
(i) O~ (2m + 2, q) is the group of invertible matrices preserving the quadratic form

m

_ 2 2
Q(U) - Z OCZm-%—Z—i-%—lfxi + (xm+1 + OCm+locm-%—2 + ClOCm+2,

i=1
where a is such that X* + X + a is irreducible in TF [X].
(iil) O(2m + 1, q) is the group of invertible matrices preserving the quadratic form
O(v) = XLy Cgprs1—i1% + Ly

Proof. See [15] Chapter 11. |

Remark 5.4. Define X, :=[«, ... «,] and let J, be the matrix given by (4) in
Section 3. Then we can rewrite the quadratic forms associated to each orthogonal
group in the following way:

(1) o0W) =X, 1) YT + 0,10, Where Y= [o,.5 ... ty,], for OT(2m, g);
(i) Q) = X, L, YT 4+ 02| + %y Bppyn + a0, 5, Where Y:i=[o,,5 ... 0y,,,], for
0 (2m+2,q);
(i) Q(v) = X,,J,,Y" + o2 .|, where Y:= [0,,,5 ... 0,.1], for O2m + 1, q).

m+1°

The order of each orthogonal group is (see [15], p. 140)
m—1
|0*@2m, g)] =2¢""V(g" = 1) [T (¢" = 1); ©)
i=1

|07@2m +2, g)l = 24"V (¢""" + D]](¢* - 1); (10)

i=1

q" H(qu -1 g even
02m + 1, g)| = T (11)
2q™ ]_[(qz’ -1 q odd

i=1
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Proof of Lemma 3.4. This is similar to the proof of Lemma 3.3. Since the
characteristic of the field is odd, we obtain a Sylow p-subgroup by determining the
subgroup of U(n, q) preserving the bilinear form associated to the corresponding
quadratic form. Now, we can choose a basis such that (2) in Section 3 is the matrix
of the bilinear form with:

e X, =J, ,, X, =J, for O"(2m, g);
e X, =J,,X,=(})) for O°2m+2,q);

o X, =J,, X, =[2] for O2m + 1, g).

Since g is odd, hypothesis (H) holds and applying Lemma 5.2, we can show that, in
each orthogonal group, the group 65}1, x, has the same order as a Sylow p-subgroup.
This completes the proof.

Lemma 5.5. For g even and S € M(n, q), there are unique matrices S’ and C, with
S’ symmetric and C upper triangular, such that S = S’ + C.

Proof. Define the symmetric matrix §' = [s;;] by s}, :=s; for i < j, s, :=s,; for
i > j and the upper triangular matrix C := [c;;] by

o sty i<
Y 0 ifi>j

Then we have § = 8" + C. The matrices S and C are unique because S = S| + C, =
S, + C, implies that S{ + S8, =C, + C, =0. 0

Let J, be the matrix (9}).

Lemma 5.6. Ler S € M(n, q) and B € M(2 x n, q). We also consider the row vectors
X =(2,...»%,), Z=1(21,22), Y = (1, y,) whose entries belong F .

(1) XSXT =300 500 + 20, o itici (i s
(ii) If q is even, S + ST = B'J,B, and Z = Y + XB”, then

212, =Yy, + XBTLYT + XCX" + 3" bybyr,

i=1

where C is the matrix defined in Lemma 5.5.

Proof. The result in (i) is obvious. Let us prove (if). It is not hard to check that
B"J,B is a symmetric matrix and its entries are by;b,; + b;;by;, i, j=1,..., n. From
Z =Y + XB7, we get

22, = ()’1 + Zbli“i) ()b + sz_io‘j>

i=1 Jj=1

=y +XB' LY +>° ) by;by;0,0;.

i=1 j=1
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Since
>0 by;byjou0; = > bybyo; + > (b1;ibyj + by by )0
i=1 j=1 i=1 i=1 j=1,j>i
=Y bbby + XCX".
i=1
This completes the proof of (ii). O

Proof of Lemma 3.5. 1In the even characteristic case, we start by determining the
subgroup G of U(n, q) preserving the bilinear form associated to the corresponding
quadratic form. Then we compute the subgroup G, of G whose elements preserve
the quadratic form. For O(2m + 1, g), G, will be a Sylow p-subgroup. However, for
the groups O+t (2m, gq) and O~ (2m + 2, g), this is not the case, and we shall need an
additional element of order 2 to obtain a Sylow p-subgroup.

We start with the orthogonal group O1(2m,q). The matrix of the
corresponding bilinear form can be represented as the matrix (2) in Section 3 with
X, =J,_, X, =J,, and € = “+.” Now we determine which elements M in (Sifmflgjz
satisfy Q(Mv) = Q(v). By Remark 5.4, the quadratic form is Q(v) = XJ, YT +
Uy Oy With v=[X Z Y|" and Z := [o,, @,,,]. If N is any element of G, then Nv =
[X' Z' Y']", where

X = XAT
Z' =7+ XB"
Y =XSTA"'YJ, +ZD" +YJ, A", ;.

Hence,

Q(NU) = X/Jm—l(Y/)T + “:n«kla;n
= XJ, Y + XSX" + XB" 1,Z" + o, ,00,,. (12)

Applying Lemma 5.6, we get XSX” = Y7 ' 5,0 + XCX”, with C from Lemma 5.5,
and

m—1
o0l = Oy 0y + XBTLZT + XCXT + Y by ibyet?.

i=1

If we substitute these expressions in (12), we obtain Q(Nv) = 37! (s; + by;by) o +
Q(v) for all v, and hence s;; = b;b,; fori =1,..., m — 1. Hence N belongs to G,. It
is not hard to check that all the matrices in G, preserve the quadratic form. Hence
G, is the stabilizer subgroup of Q in (Sijrnm 5,- Since for elements of G, the entries s;
are defined by the matrix B, the proof of Lemma 5.1 shows that |G,| = g™ V.
Now, we claim that L (see (5) in Section 3) normalizes the group G,. So let
N € G,. The product LNL only changes the matrices B and D in N to B’ = J,B and
D’ = DJ,, respectively. A straightforward calculation shows that S + ST = (B")?J,B’
and D' =—J, (A"Y)"(B)"J,. Hence LNL € G,, and this proves our claim. The
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order of the group generated by G, and L is therefore 2¢™™~", which by formula
(9) is the same as the order of a Sylow p-subgroup. This completes the proof of
Lemma 3.5.2.

For O-(2m +2, q), we repeat similar steps as in the previous case. The
quadratic form is Q(v) = XJ,,Y" + o, | + %1 %,00 + a0, , withv=[X Z Y]" and
Z:= [0, ,.,]. Now the matrix of the bilinear form is the matrix (2) in Section 3
with X, =J,, X, = J,, and € = “+.” We get for an element N in (Sjj’myjz that

O(Nv) = Y (s;; + by, + byby, + aby)o; + Q(v)
i=1

and therefore N preserves the quadratic form if and only if N is an element of G,.
Thus G, is subgroup of order ¢"+V.

To prove that L, (see (5)) normalizes G,, we just repeat the same argument
as above and we use the fact that (J;)"J,J; = J,. Hence the group generated by G,
and L, has order 2¢"+D which is actually the order of a Sylow p-subgroup for
0~ (2m + 2, q) with ¢ even (see formula (10)). This completes the proof of Lemma
3.5.3.

Finally, in O(2m + 1, g) the matrix of the bilinear form is the matrix (2),
Section 3 with X, =J,, X, =0, and € = “+.” Remark 5.4 shows that Q(v) =
XJ,Y" 4o, with v=[X a,,; Y]". Hence, we obtain for an element N in &} ,
that

O(Nv) = i(sii + b%i)ociz + 0(v).
i=1

Hence N preserves the quadratic form if and only if N belongs to G,. From this, we
can conclude that G, is a subgroup of order g™, which implies that G | 18 a Sylow p-
subgroup for O(2m + 1, g) with g even (see formula (11)). This completes the proof
of Lemma 3.5.1.

6. PROOFS FOR SECTION 4
In this section, we present the proofs of Lemmas 4.3, 4.4, and 4.8 and
Proposition 4.6.

Proposition 6.1. Let O, I, ,, and A, ; be the polynomials defined above.

s,

(1) 2 (Qo1) = Qp; — Qpy + Q.

2 9'(91,1) = Qf,l - QZ,] - 296,1 + Q1,1-

3) 9"((2&]4) = Qg’j — QH—I,j — ngw +Qs’jf0r s>0ifj=—lands>1ifj=1
@) () =1, =T, + T

(5 9b'(rl,a) = Flr,i - Fz,/t - 2F(§,;. + Fl,),-

6) 7*(I;) = Fsr,az_ Vo, =1y, + 15, for s> 1.

(7) g"(Au) = Allléz - Az,;\ - A?,/zz‘f‘ Al,).'

(8) P*(A; ) = AL, — A, — AL+ A fors = 2.
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Proof. Applying * to Q, ,, we obtain

@.(QO,I) = Z gf’.(xnfm)gﬁ.(xi) = Z(xnfiJrl - x:sz»l)(xi - x,r)
i=1

i=1

=Qp; — Oy +Q,

and 1 is proved. Now

PH(,) = L (5 01) P (6) P (5 (5) )

5 7

s+1 . s +1
((X:H'Jrl - 'x::—iJrl)(xi —Xx;) + J('xn—i+l - x;7i+1)(xirv - xiv ))s

-

1

1

and from this, 2 and 3 follow. Before proving 4, 5, and 6 note that by taking f, ; :=
x4+ Axn ), we can write Iy, = Qo + fy,, L, = Q. +2f,,. Thus,

P*(0,,) = 2° Q1) + P (fo.2) P(T5,) = P°(Qy 1) + 29°(f;1)s

and therefore, we just need to determine how %* acts on the polynomials f, ;.
Following the same reasoning as in the beginning of the proof, we can show that

P*(fo..) = fo, = 2f1+ fou
P (f;) = foo—Jo, = fio+ s for s > 0.

Combining this with the results in 1, 2, and 3, we get 4, 5, and 6. Now we prove 7.
Since in this case IF = IF », we have r = ¢* and so

P*(AL) = 3P (i) 1P (x) + P (3, )P (x)7) + A9 (x4

3 2 2 3
((XZ—:'H - XZ—H—I)(-XL‘ —x)+ (Xpi1 — xZ—i+l)(x? —x7))

M=

1

3 2
/“(xiﬂ - xZ1+1)(xm+l - xi+1)

_l’_
= AT, = Ay, — A+ A
A similar calculation proves 8. |

Proof of Lemma 4.3. We will prove the result only for the polynomials €, ;. For
a homogeneous polynomial f such that the ith steenrod operation %(f) # 0, we
obtain deg(%'(f)) = deg(f) + i(r — 1). Thus, we just need to consider the degrees of
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the terms in 9*(£), ;) and Z*({, ;). We have

P*(Qo1) = 7 (o) = P ( Qo) + P2 ( Qo) = PP ( Qo) + - = Q= Oy + Q4
by Proposition 6.1. The degrees of ,,, Q,;, and Qg are 2, r+1 and 2r,
respectively. Comparing this with the degrees of 2'(Q ), we get Z°(Q,,) = Qg .
P Q1) = Q. and P*(Q,,) = Qf ;. Again by Proposition 6.1, we get for s > 0,

P ) = PUQ ) — P Q) + PHQ,) -
= QT,I - Qz,l - 296,1 + Q1,1,
@'(Qs,j) = Q:J - Q’s-H.j - Q:—l,j + Qs,j'

Hence we have as follows:

b g)O(QS,j) = Qs,j;
o degQ , =r(r"+1), deg?'(Q, ;) =r'+1+r—1, and therefore 2'(Q, ) =

204, and 2'(Q, ;) = Q) ;

e degQ ;= rt"+1,deg?" (Q,;) = r'+ 1+ r'(r — 1), and therefore 2" (), ;) =
Qs+1,j;

o deg Q) =r(r'+1), deg? ™'(Q,;)=r'+1+("+1)(r—1), and therefore
g)rSH(Qs,j) = Q;,j'

Similar arguments prove the remaining results in the lemma.
The next proposition shows how the IF-algebra homomorphism i, acts on the
polynomials Q ;, I, ;, and A ;.

Proposition 6.2. For every | > 1, the following equations are true:

(M) Q1) =¥1(Qo )" — ¥ () (Q4) + lpzfl(xz)w_l)‘//zfl(90,1)2

) V() =¥ (Q ) = () W (Qs) — 2 (x) Y, (Q0,) +
lpl—l(x/)(rJrl)(rfl)‘P/—l(91,1)2

() () =, (Q )" — Wl—l(xl)rillpl—l(‘Q's-H,j) - l//l—l(xl)rc(ril)‘//l—l(ﬂs—l,j)r +
wl—l(xl)(r”—l)(r_l)‘//l—l(Qs,j) fors>0ifj=—lands>1if j=1;

@ Vi) = (T )" =y () (1) + Y ()2 (To,);

S) Vi) = (T )" = () () — 2'/1171(xz)r(r_l)‘pzfl(ro,z)r +
WI—I(XI)(r+I)(r71)lP1—l(Fl,),);

(6) (T, ) =¥, (T )" =ty ()™ "y (T ) — Wy ()" 0, (T )" +
‘ﬁl—l(xz)(ﬁ“)(rfl)‘//z—1(l;-,z) for s > %Q .

(7) ¥i(Ay ) = '2%71(/\1,/1)" =Y )T (M) — o ()T N (A )7+
Wiy ()T 7"71%71(/2\1,1)2 , s ,

®) ¥i(A, ) =V (A DT = ()T (A ) =W ()T D (A )T +
‘ﬁl—l(xl)(qz"_l+l)(qz_l)‘//z—1(As,i) for s> 2.

Proof. We only prove 1, 2, and 3. All the other statements can be proved by similar
calculations. But we should remember that, when we consider the polynomials A ;,
r is equal to ¢*>. According to Proposition 4.2-3, the IF-algebra homomorphism
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W, satisfies ¥, (x;) = ¥, (x,)" — ¥, (x))"""W,_, (x;) for all i. For simplicity, let T =
Yooy (x). Then y(x;) = ¥,y ()" — T, (x;) and

Q) = S UG ()

i=1

=Y (i) = T (e )W (1) = T (%)

i=1

=¥, (o) =T () + T2 Y1 (9))

which proves 1. Since
‘//I(Q.v,j) = Z(wl(xnﬂ#l)rj vi(x;) + jlpl(xnfiJr])lpl(xi)rA)
i=1

=2 W)™ = TP ) ) Wy (1) = T ()

i=1

+ i W () = T () (W (x)"

i=1

s+1

=T ()",

2 and 3 follow easily. O

Proof of Lemma 4.4. We only prove the statement in 1. We do this by induction
on [. First we consider Q; with s >0 if j=—1and s> 1if j=1. For /=1, it
follows from Proposition 6.2-3 that

s

-1 ¥ (r—1)
lljl(Qs,j) = Q;,j —xi Qs+1,j — X U]

s—1,j

n xirSJrl)(rfl)Qs’j

belongs to Flx,, O ;, Q ;, Q, ;. Now, assume that the result is true for / — 1.

Again from Proposition 6.2-3 we get

V() = i (Q )" = Wi () s () = Wi ()"0 ()
+¥ (’Q)OAH)(FUWA (Qs,j)'

By induction, we have

Vi (Qy ) € Flxy, 1 (x2), s 0 (xy), Q1 Qs Qg joe e Qs+1—1,j]’
Ui ( Qg ) € Flx, i (xa)s oo s Yin (1) Qg 1 Qg oo Qg1
lpl—l(Qs—l,j) € Flx, i (%), -5 o (X)), Qoo Qg o Qg s ee s ‘Q'H—l—Z,j]’

if s —1 > 0. The arguments for s = 0 and s = 1 are similar. Hence,

W/(Qs,j) € IFlx, (%), -5 oy (xy)s Qs—l,j’ Qs,j’ Qs+1,j» cees Qs+l,_i]'
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Now, if in the previous argument, instead Proposition 6.2-3, we use Proposition 6.2-1
and Proposition 6.2-2, then we get the result for Q,, and €, ;, respectively. This
proves 1. Similarly, the other statements can be obtained also by induction on /.

Now we consider two families of subgroups L; and L; of H* and H~,
respectively. For any matrix A and k > 1 define as follows:

o A = A;
e A® is the matrix obtained from A by fixing all the entries in the first k — 1 rows
equal to zero.

Letk € {1,2,...,t}. We represent by L; the subgroup of H* formed by the matrices

I, |0o]o
0 |I,]0
ct® 1oL

Replacing C*® by C~® in the elements of L, we obtain a subgroup of H~ which
we represent by L;. We want to determine the invariant rings R[z + d + k]% and
R[t+ d + k]* for all k. First, we need to see what happens to the entries of the
matrices C* and C~ when we take different fields.

Lemma 6.3. Consider the matrices C* and C~.
(1) For IF =T, we obtain as follows:

o cf e]l:qforalliandcfjellsqzifj;ét—i-i—l;

it—i+1

® ¢t =0foraliandc;eFpifj#t—i+l
(2) For F =T, we get as follows:

e ¢ €T, forall iand j
o If q is odd, then c;, ., =0 for all i, and if q is even, then ¢;; € IF, for all i
and j.

Proof. All the statements follow from the fact that (i,j))=(—j+1,t—i+
) & j=t—i+1. O

Lemma 6.4. Let G, and G, be subgroups of U(n, ¢*) acting on IF 2[V]. Assume that
for afixed2 <i<nandl <i—1, the orbit of x; under the action of:

o G,is {xi—i—Z;:l ax;:ap,...a;_ €Fpna e}
. 1 ’ -
o Gyis{x;+Xa;x;:ay,...a, € Fpna +a, =0}

Then the G,-orbit product of x; for £ = 1,2 is given by the following equations:

(1) Ng,(x) = F_y p(x)? — Fl—l,qz(xl)q_lFl—l,qz(xi)>
(2) Ng,(x;) = F_y p(x)7+ Fl—l,qz(xl)q_lFl—l,qz(xi)'

Moreover, both are homogeneous polynomials of degree ¢*~'.
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Proof. We have

Fiy p(X) = [T X+ax+-+4a x)

a],ma,_]e]qu

and it is homogeneous of degree ¢* . Since F,_; (X) is IF -linear, replacing X by
X; + a;x; gives

Fiy o) +aFy p(x) = [T i+ax+ax+--+a_x_).

ar,..., aI_]eIqu

Therefore, we get

N(x;) = l_[ (Fl—l,qz (x;) + alFlfl,qz (x) = Flfl,qz (x)? = Fl—l,qz (xl)qilFlfl,qz (x:),

aelF,

for the orbit product of x; under the action of G,. Now, for the action of G, the
orbit product of x; is given by

N(x;) = 1_[ (Fl—l,qz(xi) + alFl—l,q2 (x)))-

a+a;=0

Note that a;, + a, = 0 is equivalent to say that a, in the kernel of the standard trace
map IF . — IF, which is well known to be a one dimensional vector space over F,
(see, e.g., Lemma 10.1 in [15]). So if ¢ ¢ IF,, then ¢ — ¢ is a basis for ker Tr and

N(x;) = 1_[ (F/—l,qz (x;) +a(c— E)Fz—1,q2 (%))

aelF,
= F[—l,qz (x)? = ((c — E)Fl—l,qz (xl))q_lF[—l,qz (x;)-
Since (¢ — ¢)9~! = —1, the statement in 2 is proved. a

Theorem 6.5. Let f|,..., f, € F[V|® be homogeneous invariants with n = dim V.
Then the following statements are equivalent:

(i) F[VI® = F[f..... f,ls
(it) The f; are algebraically independent over IF and []._, deg(f;) is equal to |G]|.

Proof. See Proposition 16 in [12] or Theorem 3.7.5 in [7]. a
Proposition 6.6. Ler k € {1,...,t}. Then
R[t+d + k]Lk+ =TF[x), ooy X Xpagts -+ o> Xrpank—ts Mg s

where N(x,_4.:) Is the orbit product of x, 4., and in this variable its degree is as
follows:

° qZ(t—k)+1 lfIF — Iqu;
° qr—k+1 lfIF — IFq.
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Proof. For each k, the group L] acts on R[f + d + k] in the following way: it fixes
x;foralli<t+d+k—1and

t—k+1

+
Xipark P Xiparr T D €Lx;
=1

Note that this defines an action of a subgroup L of U(t + d + k, IF). Thus R[t + d +
k)% = R[t 4 d + k]“. We will show that the product of the degrees of

X5 ooos Xppas Xepaits -+ s Xepaphot> N(Xppain)

is equal to the order of L, which is the same as showing that the degree of N(x, ;)
equals the order of L. Therefore, applying Theorem 6.5 we obtain R[t + d + k]t =
IFlxy, .oy Xhas Xiparts - -+ s Xepari—t» N(Xq44)]- First, we consider IF = IF .. Applying
Lemma 6.3-1, we can conclude that the order of L is ¢°¢~®+!. By Lemma 6.4-1,

N(X 4 g40) = Fivp (Xrpas) ! — Fi g (xf—k+l)q_1Ft—k,q2 (Xrpasr)

and has degree ¢*‘~Y*!. Now, when IF =T, the group L has order ¢'**' by
Lemma 6.3-2. In this case,

t—k+1
N(Xpyarr) = 1_[ Xirark T Z Cl:—,jxj
i1 i1 €Fy J=
=F e g(Xar)’ — F[—k,q(xtfk+1)q71Fz—k,q(xt+d+k)’
and its order is g+, O
We have a similar proposition for the groups L; .
Proposition 6.7. Let k € {1,...,1t}. Then

Rt +d+ k" =F[x,,..., Xirdr Xeparts - Xepark—1s N(Xpap)]s

where N(X,, 4.i) is the orbit product of x,, 4., and in this variable it has degree:

. qZ(t—k)H if IF = Iqu;
e ¢ " ifIF=TF, and q is odd;
o g K fF = IF, and q is even.

Proof. Just as in the proof of Proposition 6.6, the action of L; also defines an
action of a subgroup L of U(t + d + k, IF) on R[t + d + k], and we just need to show
that the degree of N(x,,,) is equal to the order of L. When IF =IF ,, it follows
from Lemma 6.3-1 that L has order ¢>"=9*! and from Lemma 6.4-2 that

N(xt+d+k) = Fz—k,qZ (xt+d+k)q + Fz—k,qz (xt—k+l)q71Fr—k,q2 (xz+d+k)
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has degree ¢*~*'. For IF =T, we just apply Lemma 6.3-2 to obtain that the
order of L is ¢'* if ¢ is odd and ¢'~**! if ¢ is even. In each case, the calculation of
N(x,,,4) and its degree is straightforward. |

Proof of Proposition 4.6. 1t follows from Propositions 6.6 and 6.7 that the degree

of N(x,,,,) 1s the minimal degree in x,,,,, of a polynomial in R[t+d + k& or
R[t + d + k]* . Since for each k, we have

Rlt+d+k" CR[t+d+k]% and R[t+d+k]" CR[t+d+k]™,
applying Propositions 6.6 and 6.7 completes the proof.

Proof of Lemma 4.8. The groups U, act on IF[x;, x5, ..., x
as U(n — 1, IF). Hence

_;] in the same way

n

Flx,, x5, ..., xn_l]Uk = IF[x;, N(xy), ..., N(x,_;)]-

Now the order of U, is |U(n — 1, IF)|s for some s € N. We will show that the degree
of N(x,) is equal to s and then we apply Theorem 6.5. Let r be the number of
elements in IF. First, we consider the group U,. Therefore, s = r"~2. It is not hard to
see that Ny, (x,) = F,_, ,(x,) and consequently its degree is r"=2. For the group U,,
s = ¢*"2 g which is the degree of N(x,) according to Lemma 6.4-2.
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