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A B S T R A C T   

In the design of reinforced concrete structures several limit states are usually verified using simplified methods 
instead of using complex direct calculation. Span-to-depth ratio limits are applied for deflection control. In the 
same way, a redistribution factor and the relative depth of the compression zone are applied for the required 
ductility, but this is not enough. In fact, specific span-to-depth ratio limits, which are developed in this paper, 
should also complement the conditions referred to here. 

A numerical study is developed to compute the deflection ductility index of a wide range of continuous beams 
(or one-way slabs) considering as ultimate point when the rotation capacity (given by MC2010 and EC2) is 
achieved. From the boundary between fragile and ductile failures, the new span-to-depth ratio limits for the 
required ductility are defined and compared with the existing similar limits for deflection control. 

The results indicate that: (i) for normal strength concrete (up to 50 MPa), the ductility limit is more restrictive 
than the deflection limit when the redistribution factor δ is lower than 0.9, being always more restrictive for high 
strength concrete; (ii) for the current building beams, the slenderness used (10 < l/d < 20) allows ductile fail
ures, while for typical building slabs (low reinforcement ratio, but high redistribution), the slenderness should be 
l/d ≤ 20; (iii) the conditions of MC2010 and EC2 to use plastic analysis without any direct check of the rotation 
capacity are actually incomplete and need to be revised. 

The new span-to-depth ratio limits proposed in this paper, which satisfy both ductility and deflection re
quirements, depend on the redistribution factor, characteristic compressive strength of concrete and total me
chanical reinforcement ratio.   

1. Introduction 

As reinforced concrete (RC) is the most used construction material in 
the world, the scientific knowledge about it has increased greatly during 
recent decades. Nowadays, the design of a simple RC structure includes 
several tasks, with many calculations and parameters, the reason why 
using computers is now almost mandatory. In this context, the demand 
from structural engineers for simplified design methods has grown, at 
least for pre-designing the RC elements. 

The simplified design methods make it possible, with simple con
siderations, to define solutions which permit one Ultimate Limit State 
(ULS) or one Serviceability Limit State (SLS) to be fulfilled, avoiding the 
complex calculations of that limit state. Taking into account their 
popularity, several RC codes (like the two used here: MC2010 [1] and 

EC2 [2]) already include these simplified methods. To define these, 
several assumptions about the expected behaviour of the RC structure 
and the loading are considered, which may sometimes not be true. This 
is why the codes usually only present simplified design methods for the 
SLS, because the target reliability index is significantly lower than the 
values defined for the ULS. Thus, it is common to find simplified design 
methods for crack control, deflection control and vibration control. 

Regarding deflection control, several methodologies were proposed 
to estimate the deflection of RC beams [3,4] and slabs [5], depending 
mainly on the loading, quantity of reinforcement, geometry, creep and 
shrinkage. However, a simplified method based on the span-to-depth (or 
slenderness) ratio limit was developed. During last decades, based on 
different approaches, several researchers proposed their formulas for 
span-to-depth ratio limits. Some of these limits are now in codes, and 
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depend mainly on the structural system, the type of element and the 
concrete strength class. This methodology has been applied with success 
for many years. Gardner [6], Lee et al. [7], Veselin & Rumen [8] and 
Eren et al. [9] compared the limits of several known RC codes (ACI 318, 
MC2010/EC2, CSA A23.3, AS 3600) and proposals of numerous re
searchers. As they conclude that code limits do not always give con
servative results, some corrections were proposed. Similar methodology 
was developed for slabs [10] and prestressed beams [11]. Besides these 
previous knowledge, more recently, complex formulas were proposed by 
Scanlon & Lee [12] and Caldentey et al. [13], exclusively to control 
deflection, and Marí et al. [14] to control not only deflection but also 
crack width, both related to SLS. Note that, none of known slenderness 
limit includes any ULS. 

However, from the ULS it is also possible to define span-to-depth 
ratio limits, as developed in this paper, from the required ductility. In 
fact, the ductility of RC structures is an essential property not only to 
accommodate the change that occurs in the deformation field during its 
service lifetime, but also to ensure that statically indeterminate struc
tures have a plastic behaviour during rupture, which means that engi
neers can apply plastic design. The ductility can be evaluated at different 
levels: materials, cross-sections and elements, with the respective 
number of influential parameters successively growing. The last one, 
ductility in elements, being a global ductility factor, is used in this paper. 

In this sense, drift ratio limits are generally used for reinforced 
concrete columns. Matamoros et al. [15], Lam et al. [16], Rodrigues 
et al. [17], Wibowo et al. [18], Zoppo et al. [19], Raza et al. [20] per
formed several experimental tests to investigate the behaviour of col
umns subjected to cyclic loadings. The most significant parameters for 
the drift ratio, such as the axial load level, amount of transverse rein
forcement, slenderness of the column, and the yield strength of the 
longitudinal reinforcement, were identified. Sindel et al. [21] compared 
the drift limits of several codes. Erduran & Yakut [22] and Lu et al. [23] 
performed numerical analysis to evaluate the drift limits of RC columns. 
Empirical equations to describe the drift ratio limits were proposed. This 
visual reading is usually presented as a function of the damage limit, 
slenderness, class and quantity of reinforcement and axial load level. 
Other studies on columns calculated the ductility factors [16,24]. 
However, according to Lam et al. [16], the performance of columns may 
not be accurately expressed by the section ductility factor, but a better 
representation could be achieved by using the drift ratio (a global 
ductility factor). This conclusion is relevant because on beams global 
ductility factors usually are not used. 

In fact, the study of ductility on beams is typically restricted to the 
calculation of the rotation capacity of the plastic hinges (a local ductility 
factor) in order to estimate the allowable degree of moment redistri
bution. CEB Task Group 2.2 bulletins [25] and [26] include several 
works and a synthesis about RC ductility, rotation capacity and moment 
redistribution. Bernardo & Lopes [27], Bagge et al. [28], Sin et al. [29], 
Carmo [30], Shin et al. [31] and Bernardo et al. [32] performed 
experimental tests and extended this knowledge for other types of 
concrete. Salvatore et al. [33] did the same for a specific type of steel. 
Farouk & Khalil [34], Pokhrel & Bandelt [35], Carpinteri & Corrado 
[36] and Erduran E, Yakut [37] present several numerical studies to 
estimate the ductility of RC beams. From all this experimental, theo
retical and numerical studies, the influence on the ductility of the ge
ometry, materials properties, structural system, reinforcement 
(longitudinal and transverse), and loading (monotonic and reversed 
cyclic) was identified and quantified. 

Therefore, in contrast with RC columns, in RC beams and slabs global 
ductility factors are not usually used, as developed in this paper. How
ever, the deflection ductility index on beams and slabs can be a useful 
tool for designers because it represents how much a beam can deform 
after maximum load. When this index is lower than one, a fragile and 
premature rupture occurs, and the maximum load is lower than the 
theoretical plastic capacity of the beam. To avoid that, the deflection 
ductility index should be equal to or higher than one. This condition 

leads to a span-to-depth ratio limit, which could also be used in pre- 
design, in the same way as it is used for deflection control. For this 
reason, it could be a good tool for RC structural pre-design. According to 
the authors’ knowledge, this has never previously been done. 

Thus, in this paper the span-to-depth ratio limits for continuous 
beams (or one-way continuous slabs, or two-way spanning slabs 
continuous over one long side) based on the required ductility are 
calculated from the deflection ductility index, which constitutes the 
main novelty of this paper. Afterwards, these limits are compared with 
similar deflection control limits to find the most conditioning one. To be 
consistent, the assumptions of fib Model Code 2010 - Volume 2 [1] 
(similar to the Eurocode 2 - Part 1-1: 2004 [2]) are applied for both 
requirements. 

To achieve this, in Section 2 a brief explanation of the behaviour of 
continuous RC one-way members is done, the fundamental parameters 
and the rupture criterion are introduced, and the numerical study and 
the numerical model to compute the deflection ductility index are 
described. In Section 3, the results of the deflection ductility index are 
first presented, then from these the span-to-depth ratio limits are derived 
and compared with the deflection span-to-depth ratio limits, and lastly 
new equations for span-to-depth ratio limits are proposed. Section 4 
presents the main conclusions. 

2. Concepts and methodology 

2.1. Behaviour of continuous RC one-way members up to rupture 

Continuous RC beams or one-way spanning slabs show a marked 
non-linear behaviour with the increase of loading. Fig. 1 presents a 
simplified model for an interior span with a rectangular cross-section 
submitted to a uniformly distributed load up to rupture. The deflec
tion response of the beam under loading can be explained approximately 
by the graph illustrated in Fig. 2a) with four different lines delimited by 
the origin and four characteristic zones. 

For low actions all beam sections remain uncracked with the full 
stiffness. Cracking at the continuous supports takes place in Zone 1, 
followed by cracking in the span. The load continues to increase 
considerably until the reinforcing bars at the supports reach the yielding 
(Zone 2). At the supports, plastic hinges are developed, and they start to 
rotate under more loading. 

If the structure has enough ductility, in Zone 3 a new yielding occurs 
on the reinforcing bars at the mid-span and a new plastic hinge is created 
at this section. With three plastic hinges a collapse mechanism is formed, 
which means that the loading capacity of the beam has been reached. 
From this zone, small load increments cause large deflections. When the 
rotation capacity of the plastic hinges located at the supports is attained 
(Zone 4), the beam collapses and the load capacity is lost. 

However, if the structure has limited ductility (Fig. 2b)), Zones 3 and 
4 cannot be achieved, and a premature collapse may occur. This means 
that the plastic hinges in the supports have achieved their capacity 
before the development of the plastic hinge in the mid-span. In this 
situation, the full capacity of the element (beam or slab) is lower than 
the design value obtained by the plastic analysis. To avoid that, at least 
Zone 3 should be achieved. 

Fig. 1. Simplified model for an interior span of a continuous beam or one-way 
spanning slab under uniformly distributed load and its mid-span deflection. 
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2.2. Basic parameters and rupture criterion 

Regarding the bending ductility of RC structures, it is important to 
remember three parameters: μΔ, δ and θpl. The deflection ductility index 
μΔ is defined as the ratio between the ultimate deflection Δu and yield 
deflection Δy of beams (Eq. (1)). The objective of this paper is to provide 
elements whose span-to-depth ratio ensures that Zone 3 is always 
reached, that is, the element achieves its full capacity; this means that μΔ 
should be equal to or higher than one. 

The redistribution factor δ (Eq. (2)) is defined as the ratio between 
the support bending moment after redistribution (Msup,red) and the 
support bending moment calculated according to the theory of elasticity 
(Msup,el) or without any redistribution. 

μΔ =
Δu

Δy
(1)  

δ =
Msup,red

Msup,el
(2) 

In numerical studies the yield deflection Δy is usually easier to 
calculate than the ultimate deflection Δu because the first occurs when 
yielding is detected and the second depends on the rupture criterion 
used, which in turn depends on the type of analysis which is performed 
(Bernoulli beam, plane stress, volumetric). In this paper an analysis with 
Bernoulli beams is carried out (Section 2.3), so the most appropriate 
rupture criterion is through the rotation capacity (of plastic hinges in 
supports). As mentioned in Section 2.1, when the rotation capacity of the 
plastic hinges located at the supports is attained, it is considered that 
ultimate deflection Δu is achieved. 

The total rotation θ is equal to the sum of curvature along the 
member length at failure, while the elastic rotation θel is defined at the 
onset of yielding of reinforcement [26]. The rotation capacity is un
derstood as the maximum plastic rotation θpl of two sections and it is 

calculated as the difference between the total rotation at failure θ and 
the elastic rotation at the onset of yielding of reinforcement θel. Fig. 3 
shows the definition of plastic rotation according to the CEB [26]. 

Regarding the calculation of the rotation capacity on beams and 
slabs, there are several models recognised by the international scientific 
community of structural engineering that present good results. These 
include the Stuttgart model, Naples model, Darmstadt-Leipzig model, 
Zürich model, Delft model (all detailed in [26]), Coimbra model [38], 
Adelaide model [39] and Hong Kong model [40]. Although these models 
show different results and the experimental results indicate some 
dispersion, in general the values of rotation capacity predicted by the 
different models are similar and they compare well with the experi
mental results [26,40]. For columns with axial forces and cyclic load
ings, other models should be used, like the Salerno model [41]. 

Considering these models and the existing experimental data, the 
rotation capacities have been established in several codes. From these 
codes, the simplified procedure defined by fib Model Code 2010 – Vol
ume 2 (MC2010) [1] and Eurocode 2 - Part 1–1: 2004 (EC2) [2] is the 
one that gives the most reasonable results [42]. Therefore, in this paper 
we apply this procedure, which states not only the rotation capacity of 
continuous beams or one-way spanning slabs, but also the conditions for 
its application. 

This procedure is based on the rotation capacity of a beam or one- 
way spanning slab zone over a length of approximately 1.2 times the 
section depth (Fig. 4). It is assumed that these zones are subjected to a 
plastic deformation (formation of plastic hinges) under the relevant 
combination of actions [2]. The basic value θpl,basic for the rotation ca
pacity according to this procedure is shown in Fig. 5 for reinforcing steel 
class C. To take into account the shear slenderness, the basic value θpl, 

basic should be adjusted according to Eq. (3). Therefore, the main pa
rameters for rotation capacity θpl in this procedure are the relative depth 
of the compression zone x/d and the shear slenderness MSd/VSd.d. 

θpl = θpl,basic⋅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

MSd

3⋅VSd⋅d

√

(3)  

where: MSd is the design value of the applied bending moment over the 
support; VSd is the design value of the applied shear force near the 
support; d is the effective depth of the cross-section. 

2.3. Numerical study 

As explained in Section 2.2, the deflection ductility index μΔ can 

Fig. 2. Loading versus mid-span deflection curve: (a) with enough ductility, (b) 
without ductility. 

Fig. 3. Definition of plastic rotation according to the CEB [26].  
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distinguish safe cases from unsafe cases when its value is larger or 
smaller than one. From the boundary line between the two cases (μΔ =

1), it is possible to define the span-to-depth ratio limits based on the 
required ductility. Thus, the deflection ductility index is first numeri
cally calculated and from these results the span-to-depth ratio limits are 
defined. 

Therefore, a systematic analysis is developed with the objective of 
quantifying the deflection ductility index. The variation of the deflection 
ductility index was obtained by taking into account the variation of the 
six parameters defined in Table 1. Each parameter can have different 
values according to Table 1. All 324 combinations of these values were 
processed. 

Initially the section width was introduced as a parameter, but it was 
noticed that this parameter did not change the results, because the 
mechanical reinforcement ratio ωt includes this parameter. The chosen 
values for span l, effective depth d and mechanical reinforcement ratio 
ωt include most of the common beams used in building construction. For 
the redistribution factor δ, the three most typical situations were 
selected: δ = 1.0 represents the elastic design, δ = 0.875 represents the 
most common case for beams in buildings due to the arrangements of 
variable actions, and δ = 0.75 represents the common limit of the 
redistribution factor with equal quantities of reinforcement in spans and 
supports. Two structural systems were selected: interior span and end 
span, of a continuous beam or one-way continuous slab or a two-way 
spanning slab continuous over one long side. Two concrete types were 

chosen to cover the normal (NSC) and high (HSC) strength types of 
concrete. Fig. 6 exhibits the supports and reinforcement distribution. 

The total mechanical reinforcement ratio is equal to the sum of 
mechanical reinforcement ratios on the span (sp) and half of the sum of 
two supports (sup) (given in Eq. (4) and Eq. (5)). Only considering this 
sum as constant, it is possible, with a small error, to change the redis
tribution factor without modifying the load capacity of the beam, when 
the redistribution factor is the changeable parameter. Table 2 shows the 
distribution of steel reinforcement along the beam for every combina
tion between the redistribution factor δ and total mechanical rein
forcement ratio ωt. For all combinations and cross-sections, the 
mechanical compressive reinforcement ratio was taken as 50% of the 
mechanical tensile reinforcement ratio. 

Interior span: ωt = ωsp +
1
2
⋅
(
ωsup +ωsup

)
=

Asp
s ⋅fy

b⋅d⋅fc
+

Asup
s ⋅fy

b⋅d⋅fc
(4)  

End span: ωt = ωsp +
1
2

⋅
(
ωsup + 0

)
=

Asp
s ⋅fy

b⋅d⋅fc
+

1
2
⋅
Asup

s ⋅fy

b⋅d⋅fc
(5)  

2.4. Numerical model 

According to the previous section, 324 continuous beams needed to 
be computed until collapse. To do this, a numerical model which applies 
the non-linear finite element method is developed to compute the strains 
and stresses along the beams during the loading. 

Each beam was divided into several Bernoulli beam type elements 
with a length similar to 0.6h, according to the definition of plastic hinge 
length in MC2010 and EC2 (Fig. 4). One integration point per element 
was used. The computations performed showed the formation of plastic 
hinges on the expected elements. Fig. 7 illustrates the finite element 
meshes used for the analysis of the two structural systems. The analysis 
was implemented by loading increments. 

For each loading increment, an iterative process is implemented to 
calculate the following parameters: i) nodal displacements, ii) element 
strains, iii) element stresses, iv) element stiffness by considering an ac
curate cross-section analysis and integrating in the element domain, v) 
new internal forces and vi) the residual forces. The iterative process 
stops when the residual forces are almost null. At the end of each loading 
increment, the plastic rotation of each element is calculated. The anal
ysis stops when in any one element the plastic rotation is higher than the 
rotation capacity. This methodology works very well and gives precise 
results if the loading increments are small enough. 

Figs. 8 and 9 exhibit the stress–strain relationships considered for 
reinforcing steel B500C and concrete C20 and C70, respectively, and 
used in the cross-section analysis. For concrete in compression, the 

Fig. 4. Geometry definition of a plastic hinge in MC2010 and EC2.  

Fig. 5. Basic value of rotation capacity in MC2010 and EC2 for reinforcing steel 
class C. 

Table 1 
Parameters studied and their values.  

Parameter Values 

Span of the beam - l [m] 5 / 10 / 20 
Effective depth of the cross-section - d [m] 0.25 / 0.45 / 0.95 
Total mechanical reinforcement ratio - ωt 0.2 / 0.4 / 0.6 
Redistribution factor - δ 1.0 / 0.875 / 0.75 
Structural system Interior span / End span 
Concrete C20 / C70  

Fig. 6. Structural systems and distribution of reinforcement: (a) interior span, 
(b) end span. 
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MC2010 and EC2 parabolic model was applied and for concrete in 
tension the tension–stiffening law developed by Figueiras [43] was 
adopted. 

3. Results and discussion 

3.1. Deflection ductility index 

Fig. 10 shows the typical results obtained by this numerical study for 
a beam or one-way spanning slab with l = 5 m, d = 0.25 m, δ = 1.0, C20 
and various mechanical reinforcement ratios. As expected, Δu decreases 
while Δy increases with the increase of total mechanical reinforcement 
ratio ωt. 

The deflection ductility indexes were computed for the 324 studied 
combinations. Fig. 11 shows the deflection ductility index as a function 
of slenderness ratio l/d and total mechanical reinforcement ratio ωt for 
the two structural systems and for the two types of concrete. In these 
figures the plane surface for μΔ = 1.0 represents the limit from which the 
structures reach the ultimate deflection Δu without reaching its total 
design loading capacity, as explained in Section 2.2. 

To obtain the final results in Fig. 11, the method of least squares was 
applied to smooth out some divergent values resulting from the 
computing process and to interpolate and to extrapolate for other values 
of the parameters. During the early analysis of the ductility index ach
ieved from the variation of different parameters, it was noticed that the 
influence of the effective depth d and span l could be considered by only 
one parameter, the slenderness ratio l/d. Therefore, one parameter could 
be removed, and this fact allowed all the results to be viewed in 3D 
diagrams (Fig. 11). 

The shape of the results for the two structural systems was similar for 
the same type of concrete. In fact, it was noticed that the shape of the 
deflection ductility index μΔ practically does not depend on the struc
tural system. On the other hand, the slenderness ratio l/d, the redistri
bution factor δ, the type of concrete (NSC or HSC) and the total 
mechanical reinforcement ratio ωt show relevant influence. 

As expected: i) the deflection ductility index μΔ reduces with the 
increase of slenderness ratio l/d because with the increase of l/d the 
demand for plastic rotation increases faster than the rotation capacity; 
ii) the deflection ductility index μΔ reduces with the reduction of 
redistribution factor δ because more plastic rotation is required in the 
support plastic hinges (see Fig. 12), iii) the deflection ductility index μΔ 
reduces with the increase of the concrete strength class because the ul
timate compressive strain of the concrete decreases; iv) the deflection 
ductility index μΔ reduces with the increase of total mechanical rein
forcement ratio ωt because the rotation capacity decreases with the in
crease of the relative depth of the compression zone, that is, with the 
mechanical reinforcement ratio. 

These numerical results were obtained with the formulation of 
MC2010 and EC2 for the rotation capacity, which includes a margin of 
safety. For this reason, the results obtained here for the deflection 
ductility index, approximately between 0.5 and 3.5, are slightly smaller 
than the average experimental results found in the literature 
[26,30,45,46]. Taking this into account, the numerical results calculated 

Table 2 
Distribution of reinforcing steel.  

δ ωt Interior span End span 

ωsp ωsup ωsp ωsup 

1.0  0.2  0.066  0.133  0.106  0.188  
0.4  0.133  0.267  0.212  0.376  
0.6  0.200  0.400  0.318  0.564 

0.875  0.2  0.083  0.117  0.117  0.166  
0.4  0.167  0.233  0.234  0.332  
0.6  0.250  0.350  0.351  0.498 

0.75  0.2  0.100  0.100  0.128  0.145  
0.4  0.200  0.200  0.256  0.290  
0.6  0.300  0.300  0.384  0.435  

Fig. 7. Geometry meshes and supports: (a) interior span, (b) end span.  

Fig. 8. Stress–strain relationship for reinforcing steel B500C [44].  

Fig. 9. Stress–strain relationship for the two concretes used.  

Fig. 10. Results for interior span with l = 5 m, d = 0.25 m, δ = 1.0 and C20.  
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here should be understood as the minimum characteristic values for the 
deflection ductility index expected for continuous beams or slabs. 

Besides that, the great majority of experimental tests in the literature 
refer to simply supported beams, where the deflection ductility index 
can be considerably larger than the values obtained for continuous 
beams. In addition, many of these old experimental tests used rein
forcing bars different from actuality, which means that the comparison 
of the results of those experimental tests with the results of this nu
merical study should be treated with caution. 

3.2. Span-to-depth ratio limits based on required ductility 

As explained in Section 2.2, the span-to-depth ratio limits based on 
the required ductility can be achieved from the deflection ductility 
index. These limits correspond to the intersection of the horizontal plan 
μΔ = 1 with the surfaces of the deflection ductility index represented in 
Fig. 11. These intersections are represented in Fig. 13, from which it is 
now easy to get the maximum slenderness ratio for a continuous beam or 
one-way spanning slab based on the required ductility. 

The span-to-depth ratio limits depend on the total mechanical rein
forcement ratio ωt, the redistribution factor δ, the concrete strength class 
and the structural system. The reasons why the span-to-depth ratio limit 

Fig. 11. Deflection ductility index: (a) interior span and concrete C20, (b) interior span and concrete C70, (c) end span and concrete C20, (d) end span and con
crete C70. 
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decreases with these four parameters are the same as detailed in the 
previous section for the deflection ductility index. The curves presented 
are relatively similar for the two structural systems when the same 
concrete strength class is considered. This means that the concrete 
strength is more relevant than the structural system. 

In order to use NSC in reinforced concrete structures, some consid
erations should be pointed out. For the current beams in buildings (δ ≥
0.875, 10 < l/d < 20), only when ωt > 0.45, it may be required to reduce 
the beam slenderness from l/d = 20 to l/d = 10. For typical slabs (δ =
0.75, ωt < 0.3) in general, it is safe if slenderness l/d ≤ 20, but if a high 
percentage of the total mechanical reinforcement ratio (ωt) is used (for 
example, a wide beam inside a slab due to architectural restrictions), the 
slenderness needs to be reduced or the redistribution factor (δ) 
increased. 

In order to apply the HSC in reinforced structures, the values ob
tained here for the slenderness ratio could be restrictive for high values 
of the total mechanical reinforcement ratio. However, the geometrical 
reinforcement ratio in HSC is two to three times higher than NSC for the 
same total mechanical reinforcement ratio, which means that, for the 
same geometrical reinforcement ratios, the values of the total mechan
ical reinforcement ratio used in HSC are generally smaller than NSC. 
From this standpoint, the application of HSC in reinforced structures is 
encouraged. 

According to MC2010 [1] and EC2 [2]: “Plastic analysis without any 
direct check of rotation capacity may be used for the ultimate limit state 
if … all the following are fulfilled: i) the area of tensile reinforcement is 
limited such that, at any section xu/d ≤ 0.25 for concrete strength 
classes ≤ C50/60, ii) reinforcing steel is either Class B or C, iii) the ratio 
of the moments at intermediate supports to the moments in the span 
should be between 0.5 and 2”. Condition i) in this context is approxi
mately similar to ωt < 0.25, condition ii) is satisfied in this paper, but if 
reinforcing steel of Class B were used the rotation capacity would be 
lower, and consequently the span-to-depth ratio limits would be lower, 
condition iii) in this context is similar to δ ≥ 0.5. Considering the results 
of Fig. 13: i) for δ = 1.0, the MC2010 and EC2 conditions are enough, ii) 
for δ = 0.75, the MC2010 and EC2 conditions are only valid if l/d < 20, 
and iii) for δ = 0.5 (not computed in this work), the MC2010 and EC2 
conditions will certainly be valid only for small span-to-depth ratios. For 
reinforcing steel of Class B the span-to-depth ratios would be more 
restricted. So, this suggests that the MC2010 and EC2 conditions are 
actually incomplete, unsafe and need to be revised. 

As explained in the previous section, the numerical results calculated 
here should be understood as the minimum characteristic values for the 
span-to-depth ratio limits. This means that not all the continuous beams 
or slabs identified in the last paragraph are potentially unsafe, but only a 
small percentage of them. 

Fig. 12. Bending moment versus loading curve, rotation versus loading curve 
and plastic rotation, for the end span of a continuous beam or slab: (a) δ = 1.00, 
(b) δ = 0.75. 

Fig. 13. Span-to-depth ratio limits based on required ductility: (a) interior 
span, (b) end span. 
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3.3. Comparison between ductility and deflection span-to-depth ratio 
requirements 

In the current practice of pre-design of beams and slabs, it is usual to 
condition the dimensions of the beams and slabs in such a way that the 
SLS related to the deflection control is automatically fulfilled. However, 
Fig. 13 showed curves that may also be of practical interest in the pre- 
design of continuous beams and slabs, if the engineer wants these ele
ments to reach failure with enough ductility. In this section, the results 
obtained by these two different methodologies are compared. 

Note that both pre-design methodologies are in accordance with the 
principles of MC2010 and EC2. Deflection control is defined explicitly, 
while the required ductility is defined implicitly through the rotation 
capacity. Therefore, the study carried out here is a comparison of 
methodologies obtained according to the same code, to be consistent, 
although they come from different limit states. 

According to MC2010 [1] and EC2 [2], if beams or slabs are designed 
in order to fulfil the l/d ratio limits defined in Eqs. (6) and (7), it is 
expected that the respective deflection will not exceed the limits defined 
in these codes. 

l
d
= K⋅

[

11+ 1.5
̅̅̅̅̅
fck

√
⋅
ρ0

ρ + 3.2
̅̅̅̅̅
fck

√
⋅
(ρ0

ρ − 1
)1.5

]

if ρ ≤ ρ0 (6)  

l
d
= K⋅

[

11+ 1.5
̅̅̅̅̅
fck

√
⋅

ρ0

ρ − ρ’
+

1
12

̅̅̅̅̅
fck

√
⋅

̅̅̅̅̅
ρ’
ρ0

√ ]

if ρ > ρ0 (7)  

where: l/d is the span-to-depth ratio limit; K is a factor to take into ac
count the different structural systems; ρ0 = 10− 3

̅̅̅̅̅̅
fck

√
is the reference 

reinforcement ratio; ρ is the required tension reinforcement ratio at mid- 
span to resist the moment due to the design loads; ρ’ is the required 
compression reinforcement ratio at mid-span to resist the moment due to 
design loads; fck [MPa] is the characteristic compressive strength of 

concrete. 
Fig. 14 compares the two pre-design methodologies for the two 

structural systems and for the two concrete classes. 
For normal strength concrete, the current pre-design method based 

on the slenderness limits of the deflection control is only valid if the 
redistribution factor δ is higher than approximately 0.9; below this 
value, the required ductility is more restricted than deflection control, 
especially for beams (high values of total mechanical reinforcement 
ratio ωt), where the slenderness limits may be only half of the values 
given by deflection control. 

For high strength concrete, the required ductility is almost always 
the most restricted condition. For high values of total mechanical rein
forcement ratio ωt the difference is huge. These results show that the 
application field of the high strength concrete could be more limited 
than initially thought. 

The curves related to the deflection control in Fig. 14 also enable us 
to answer a pertinent question in the study of structural ductility, but 
which does not always have a properly validated answer. According to 
the literature [26], deflection control is not as sensitive as crack control 
when moment redistribution is applied. However, the curves for 
deflection control in Fig. 14 indicate that there is some influence of the 
redistribution factor in the span-to-depth ratio limits, mainly in the 
interior span. 

3.4. Proposed formula for general span-to-depth ratio limits 

The results presented in the previous section show the relevance of 
developing pre-design equations that include the requirements of 
deflection control and the required ductility. Thus, this section presents 
equations which satisfy both requirements. 

To achieve this, several steps were done with the results of Fig. 14: i) 
in each figure a linear envelope of the two requirements was calculated 
for each δ, ii) for each figure a regression surface was defined in order to 

Fig. 14. Comparison between span-to-depth ratio limit requirements: (a) interior span and concrete C20, (b) interior span and concrete C70, (c) end span and 
concrete C20, (d) end span and concrete C70. 
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simulate all their three envelopes with one equation, that is l/d (δ, ωt), 
iii) for each structural system the two regression surfaces (C20 and C70) 
were joined, making a linear transition between them (Fig. 14a and b) 
for interior span, and Fig. 14c and d) for end span) to make two 4D 
surfaces, which correspond to the final equations, that is l/d (δ, ωt, fck). 

Eqs. (8)–(11), which correspond to step ii), are the span-to-depth 
ratio limits for each subfigure of Fig. 14. These linear expressions 
depend only on redistribution factor δ and total mechanical reinforce
ment ratio ωt. 

Interior span and concrete C20 :
l
d
= − 22.8+ 68⋅δ − 34⋅ωt (8)  

Interior span and concrete C70 :
l
d
= − 94.3+ 152⋅δ+ 131⋅ωt (9)  

End span and concrete C20 :
l
d
= 33.0 − 86⋅ωt + 64⋅δ⋅ωt (10)  

End span and concrete C70 :
l
d
= − 2.0+ 15⋅ωt − 108⋅δ⋅ωt + 56⋅δ (11) 

Eqs. (12) and (13), which correspond to step iii), are the final span- 
to-depth ratio limits for interior span and end span structural systems, 
respectively. They allow us to pre-design continuous beams or one-way 
spanning slabs of current buildings satisfying the deflection control and 
structural ductility requirements. 

l
d
= 6+ 34.4⋅δ − 1.43⋅fck − 100⋅ωt + 1.68⋅δ⋅fck + 83.2⋅δ⋅ωt + 3.31⋅fck⋅ωt

− 4.16⋅δ⋅fck⋅ωt

(12)  

l
d
= 46 − 22.4⋅δ − 0.70⋅fck − 126⋅ωt + 1.12⋅δ⋅fck + 133⋅δ⋅ωt + 2.01⋅fck⋅ωt

− 3.44⋅δ⋅fck⋅ωt

(13)  

where: 5 < l/d < 50 is the span-to-depth ratio limit; 0.7 < δ < 1.0 is the 
redistribution factor, 10 < fck [MPa] < 100 is the characteristic 
compressive strength of concrete, and 0.1 < ωt < 0.7 is the total me
chanical reinforcement ratio. 

Fig. 15 presents a comparison between the proposed limit for an 
interior span and concrete C30 with several existing deflection limits in 
different codes and two recent proposals in the literature (Caldentey 
et al. [13] and Marí et al. [14]). It should be mentioned that while the 
equations of the codes are easier to work (fewer parameters), the 
equations of the two proposals are harder to work (more parameters: 
shrinkage, creep, dead versus live load, etc.), which makes it almost 
impossible to produce curves for exactly the same conditions. In this 
way, to avoid mistakes in plotting Fig. 15, the results of the simulations 
presented in Fig. 3 of Caldentey et al. [13] (C30/37, DL-LL = 60%-40%) 
and in Fig. 4b of Marí et al. [14] (p/b = 25kN/m2) were used. These 
curves seemed to be the most plausible to apply in current building 
beams. So, although all the curves are not exactly comparable, it can be 
concluded from Fig. 15 that for δ = 1.00 (without redistribution), the 
proposed limit is in line with the existing limits because deflection 
control is the most restrictive condition, while for δ = 0.75 (with high 
redistribution), the proposed limit presents much lower values because 
the required ductility is the most restrictive condition. 

4. Conclusions 

The increasing complexity in the design of RC structures has moti
vated the search for new simplified methods that could help engineers to 
easily define structural solutions that fulfil the complex rules. Particu
larly, the span-to-depth (or slenderness) ratio limits are very useful for 
the pre-design of beams and slabs. 

One of the topics that concern engineers during the design of RC 
structures, in relation to other materials is the reduced ductility of the 
RC elements. In fact, fragile and premature rupture can occur on 
continuous beams and slabs if the rotation capacity is insufficient. To 
avoid that, the plastic rotations that occur in hinges needed to be 
checked during the design. However, this process requires non-linear 
structural analysis, which is usually not performed during the struc
tural design of buildings. The work presented in this paper allows this 
hard task to be avoided by using a simplified method based on span-to- 
depth ratio limits. 

To achieve this, a numerical study which performed the non-linear 
structural analysis of 324 continuous beams (or one-way continuous 
slabs) until rupture was carried out. The parameters considered were: 
span l, effective depth of the cross-section d, total mechanical rein
forcement ratio ωt, redistribution factor δ, structural system (end/inte
rior span) and concrete strength class fck. From this study, the deflection 
ductility indexes were plotted. With these results, the boundary between 
fragile and ductile cases could be established, making it possible to 
define the span-to-depth ratio limits for the required ductility. 

From this study the following conclusions can be pointed out: 

Fig. 15. Comparison between proposed and several deflection span-to-depth 
ratio limits, for interior span and concrete C30: (a) δ = 1.00, (b) δ = 0.75. 
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- The results obtained for the deflection ductility index μΔ, between 0.5 
and 3.5, are mainly acceptable, but also indicate several beams 
without enough ductility (μΔ < 1). The deflection ductility index μΔ 
reduces with the increase of: the slenderness ratio l/d, concrete 
strength class fck and total mechanical reinforcement ratio ωt. The 
deflection ductility index μΔ also reduces with the reduction of the 
redistribution factor δ.  

- The span-to-depth ratio limits for ductility requirements change with 
the variation of several parameters in the same way as described 
above for the deflection ductility index. The limit values for high 
strength concrete are very restricted, so using a high mechanical 
reinforcement ratio in this type of concrete is not recommended.  

- Considering the practical application of these limits in buildings: i) 
for the current beams (δ ≥ 0.875, 10 < l/d < 20), only when ωt >

0.45 it may be required to reduce the beam slenderness from l/d = 20 
to l/d = 10; ii) for typical slabs (δ = 0.75, ωt < 0.3), in general, it is 
safe if slenderness l/d ≤ 20, however, if a high percentage of total 
mechanical reinforcement ratio (ωt ) is used, the slenderness (l/d) 
needs to be reduced or the redistribution factor (δ) increased.  

- Considering the validity of the conditions of MC2010 [1] and EC2 [2] 
to use plastic analysis without any direct check of rotation capacity: 
i) for δ = 1.0, the conditions are sufficient; ii) for δ = 0.75, the 
conditions are only valid if l/d < 20; and iii) for δ = 0.5, although not 
computed in this work, the conditions will certainly be valid only for 
small span-to-depth ratios. In addition, for reinforcing steel of Class B 
the span-to-depth ratios will be more restricted. Therefore, this 
suggests that the conditions of MC2010 [1] and EC2 [2] are actually 
incomplete, unsafe and need to be revised.  

- The usual methodology of controlling the ductility of continuous 
beams and slabs by indirectly limiting the redistribution factor (δ) 
and the relative depth of the compression zone (x/d) is not enough. 
The results suggest that the element slenderness ratio (l/d) should 
also be considered.  

- Regarding the comparison between the ductility and deflection span- 
to-depth ratio limits: i) for normal strength concrete, when the 
redistribution factor δ is lower than approximately 0.9, the required 
ductility is the most restricted condition; ii) for high strength con
crete, the required ductility is almost always the most restricted 
condition.  

- New span-to-depth ratio limits were presented in Eqs. (12) and (13), 
which fulfil both the required ductility and deflection control re
quirements. These limits depend on the structural system, the 
redistribution factor δ, the characteristic compressive strength of 
concrete fck and the total mechanical reinforcement ratio ωt. 

- From the results presented here and code (MC2010 and EC2) anal
ysis, it can be inferred that there are several constructed buildings 
whose continuous beams and slabs do not have sufficient ductility. 
However, as this problem is only noticed near failure and the service 
loading is lower by enough than the ultimate loading, building 
collapse is rare and generally results from excessive or unexpected 
loading, and the problem is generally undetected by people and 
engineers. Nevertheless, the problem exists. 

To conclude, it is expected that this paper will motivate researchers 
to look again at the ductility of RC structures, and the ongoing revision 
of MC2010 [1] and EC2 [2] could benefit from these results. 
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