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ABSTRACT

The work is concerned with the modeling of low-current quasi-stationary discharges, including the Townsend and corona discharges. The
aim is to develop an integrated approach suitable for the computation of the whole range of existence of a quasi-stationary discharge from
its inception to a non-stationary transition to another discharge form, such as a transition from the Townsend discharge to a normal glow
discharge or the corona-to-streamer transition. This task includes three steps: (i) modeling of the ignition of a self-sustaining discharge,
(ii) modeling of the quasi-stationary evolution of the discharge with increasing current, and (iii) the determination of the current range
where the quasi-stationary discharge becomes unstable and the non-stationary transition to another discharge form begins. Each of these
three steps is considered in some detail with a number of examples, referring mostly to discharges in high-pressure air.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0057856

1. INTRODUCTION

The physics of many gas discharge systems has been under-
stood reasonably well by now. High-quality data for evaluation of
transport and kinetic coefficients and tools performing such evalu-
ation are publicly available, e.g., LXCat' and LoKI.” Sophisticated
numerical models have been developed for the simulation of gas
discharge systems. Such models are virtually universally based on
time-dependent solvers, which give detailed information on spatio-
temporal distributions of plasma parameters and are indispensable
for studies of discharges with fast temporal variations, such as
high-frequency discharges, pulsed discharges, streamer and spark
discharges, etc, e.g., Refs. 3 and 4.

Time-dependent solvers can also be used for the computation
of steady-state (or, more precisely, quasi-stationary) gas discharges:
an initial state of a discharge is specified and its relaxation over
time is followed until a steady state has been attained. An alterna-
tive is to use stationary solvers, which solve steady-state equations
describing a steady-state discharge by means of an iterative process
unrelated to time relaxation. Stationary solvers offer important

advantages in simulations of steady-state discharges. In particular,
they are not subject to the Courant-Friedrichs-Lewy criterion or
analogous limitations on time stepping. This allows one to speed
up simulations, with improvement by orders of magnitude in many
cases, and is particularly important for modeling discharges with
strongly varying length scales, e.g., corona discharges, where a var-
iation of the mesh element size by orders of magnitude is indis-
pensable. Moreover, stationary solvers allow decoupling of physical
and numerical stability. Another useful feature of stationary solvers
is their ability to compute patterns of complex behavior that can
manifest itself in the modeling of gas discharges even in apparently
simple quasi-stationary situations. Time-dependent solvers may not
provide important information in such cases. Several such examples
referring to the modeling of glow discharges and thermionic arc
discharges can be found in Ref. 5.

Although most of the popular ready-to-use toolkits for gas
discharge simulation employ time-dependent solvers, e.g,
nonPDPSIM® and Plasma module of commercial software
COMSOL Multiphysics®, stationary solvers for gas discharge mod-
eling are provided by Plasimo;” COMSOL Multiphysics® provides

J. Appl. Phys. 130, 121101 (2021); doi: 10.1063/5.0057856
Published under an exclusive license by AIP Publishing

130, 1211011


https://doi.org/10.1063/5.0057856
https://doi.org/10.1063/5.0057856
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0057856
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0057856&domain=pdf&date_stamp=2021-09-29
http://orcid.org/0000-0001-9059-1948
http://orcid.org/0000-0002-8395-2693
http://orcid.org/0000-0001-5938-4182
http://orcid.org/0000-0003-2184-802X
mailto:benilov@staff.uma.pt
https://doi.org/10.1063/5.0057856
https://aip.scitation.org/journal/jap

Journal of

Applied Physics

stationary solvers for general partial differential equations; and
although the Plasma module of COMSOL Multiphysics® is
intended to work with time-dependent solvers, it can still be used
with stationary solvers.’

This work is concerned with modeling of low-current dis-
charges, including the Townsend and corona discharges, the aim
being to develop an integrated approach suitable for the computa-
tion of the whole range of existence of a quasi-stationary discharge
from its inception to a non-stationary transition to another dis-
charge form, such as the transition from the Townsend discharge
to a normal glow discharge or the corona-to-streamer transition.
It is convenient to divide the task into three steps: (i) modeling of
the ignition of a self-sustaining discharge, (ii) modeling of the
quasi-stationary evolution of the discharge with increasing current,
and (iii) the determination of the current range where a quasi-
stationary discharge ceases to exist and the above-mentioned non-
stationary transition begins. Each of these three steps is considered
in some detail with a number of examples, referring mostly to dis-
charges in atmospheric-pressure air.

From the mathematical perspective, the problem of ignition of
self-sustaining discharges is an eigenvalue problem.’ In this work,
several methods for its numerical solution are discussed and com-
pared. The method of choice, the so-called resonance method, is
physics-based and requires solving a boundary-value problem for
steady-state linear partial differential equations, which may be rou-
tinely done by means of ready-to-use solvers, including commercial
ones. Note that, in addition to being of theoretical interest, under-
standing the ignition of self-sustaining discharges is important for
applications: it is a useful reference point in the investigation of
breakdown in high-voltage electrical equipment in low-frequency,
e.g., 50Hz, electric fields, where the time of variation of the applied
voltage is much longer than the ion drift time. (In this work, the
term “breakdown” means a transition from low- to high-current
discharge, usually spark or arc discharge, accompanied by a sharp
decrease of the discharge voltage, examples being streamer or
leader breakdown; the meaning that is usual in electrical engineer-
ing.) Moreover, in certain conditions, the breakdown voltage coin-
cides with the voltage of ignition of a self-sustaining discharge,
e.g., Ref. 9.

The solution describing the ignition of a self-sustaining
quasi-stationary discharge, obtained at the first step, may be conve-
niently extended to higher currents by means of stationary solvers.
The most time-consuming step when using stationary solvers is
usually finding a suitable initial approximation, which requires
intelligent guesswork. Fortunately, in simulations of low-current
self-sustaining discharges, this step can be performed in a routine
way using the resonance method. In this work, such integrated
approach is discussed in some detail and examples of its applica-
tion to corona discharges of different configurations and both
polarities are shown.

As the current of a quasi-stationary discharge increases, the
discharge will lose stability and a non-stationary transition into
another discharge form occurs. The loss of stability against small
perturbations may be studied by means of solving the eigenvalue
problem resulting from linear stability theory. In Ref. 10, this
approach was used to study the stability of the Townsend and glow
discharges. An alternative approach to investigation of stability is to
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apply a perturbation to a steady-state solution and to follow the
development of the perturbation by means of a time-dependent
solver. This approach allows studying stability against both small
and finite perturbations. In this work, this approach is illustrated
by the example of the stability of a positive point-to-plane corona
against perturbations of various amplitudes.

The outline of the paper is as follows. A model of low-current
discharges in high-pressure gases is briefly described in Sec. II.
Computation of initiation of self-sustaining gas discharges is con-
sidered in Sec. I1I. The eigenvalue problem, which governs the dis-
charge initiation, is formulated and three different methods for its
solution are given and compared: direct solution of the eigenvalue
problem for the self-sustainment voltage, investigation of stability
of the no-discharge solution, and the resonance method. An inte-
grated approach for the calculation of low-current quasi-stationary
discharges, which is based on a combination of the resonance
method and stationary solvers, is discussed in Sec. I'V. Investigation
of stability of low-current quasi-stationary discharges by means of
eigenvalue and time-dependent solvers is considered in Sec. V.
A brief summary is given in Sec. VI. In order not to overload the
paper, some material has been combined into three appendixes:
Appendix A, where the boundary conditions for drift-diffusion
equations are briefly discussed; Appendix B, concerned with plas-
machemical processes and transport coefficients of low-current dis-
charges in high-pressure air; and Appendix C, where the effective
reduced temperature of a pair of ion species in high electric fields is
briefly discussed.

Il. AMODEL OF LOW-CURRENT DISCHARGES
IN HIGH-PRESSURE GASES

Mathematical ideas discussed in this work apply to both
hydrodynamic and kinetic models of gas discharges. For brevity,
here the consideration is restricted to the conventional system of
hydrodynamic equations describing low-current discharges in high-
pressure gases, which comprises equations of conservation and
transport of charged particles, excited states, and radicals produced
in the discharge, and the Poisson equation,

ong B
Eﬂ‘v'la_sa) (1)
Jo = —Dg Vg — Zanaﬂa Vo, (2)
gV = —e ZZana. 3)

Here, subscript o identifies different species produced in the
discharge (positive and negative ions, the electrons, excited states,
and radicals); 74, J4» D> Uy Sa» and Z, are, respectively, number
density, density of transport flux, diffusion coefficient, mobility, net
volume rate of production, and charge number of species a; ¢ is
the electrostatic potential; e is the elementary charge; and & is the
permittivity of free space. The source terms S, in the equations of
conservation for electrons and positive ions include, in addition to
terms describing production of these species in collisional pro-
cesses, the photoionization term S;. The transport equation (2)
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for the charged particles is written under the so-called drift-
diffusion approximation. This system of equations also includes
other relevant equations, such as equations governing the photo-
ionization and the electron and neutral-gas energy equations. If
motion of the neutral gas plays a role, then the convective terms
have to be added to the lhs of Eq. (1) and the system of equations
includes also the Navier-Stokes equations.

The system of equations is supplemented by usual boundary
conditions. In particular, boundary conditions for densities of
charged particles on the surfaces of electrodes and dielectric surfa-
ces (in case they border the active zone of the discharge) may be
written as described in Appendix A.

Most examples given in this work refer to low-current dis-
charges in high-pressure dry air and have been computed with the
use of transport coefficients and a kinetic scheme of plasmachemi-
cal processes described in Appendix B. The local-field approxima-
tion is employed, so all the transport and kinetic coefficients,
including those for the electrons, are assumed to depend on the
local reduced electric field E/N and the neutral-gas temperature T.
(Here, E = |V¢| is the electric field strength and N is the number
density of the neutral gas.) The kinetic scheme does not consider
excited states or radicals and takes into account one species of posi-
tive ions, which are designated AT, the electrons, and three species
of negative ions, O,, O™, and O3, so that o = At e, 0;,07, and
O3 in Egs. (1)-(3). The photoionization is evaluated by means of
the three-exponential Helmholtz model,"’

3 B
Son() = > Sm), @
j=1

with each of the terms satisfying the Helmholtz partial differential
equation,

V3 ) — (Ajpo,) S (0) = —A;pd 1)) (=1,2,3).  (5)

Here, Aj and A; are constants (parameters of the three-exponential
fit function) given in Ref. 11, po, is the partial pressure of molecu-
lar oxygen, and I(r) is the product of the probability of ionization
of a molecule at photon absorption and the local photon produc-
tion rate. The latter is assumed to be proportional to S;(r), the rate
of ionization of neutral molecules by electron impact, and I(r) is
written as'”

Si(r), (6)

I(r) = (0.03 + 15'7Td) Py

E/IN Jp+p,

where p is the neutral-gas pressure and p,/( p + p,) is a quenching
factor that accounts for the non-radiative de-excitation of radiating
states of nitrogen molecules due to collisions with other molecules.
The quenching pressure p, is set equal to 30 Torr.' ™" The exam-
ples reported in this work are limited to low discharge currents,
where the discharge-induced heating and motion of the neutral gas
are negligible, and refer to T = 300 K.

The boundary conditions for electron and ion densities are
those specified at the end of Appendix A. The electron emission
flux is related to the flux of incident positive ions by the effective
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secondary emission coefficient y, which is assumed to characterize
all mechanisms of secondary electron emission (due to ion,
photon, and excited species bombardmentg.3 The rate of photoioni-
zation is set to zero at all solid surfaces, S p)h =0(G=1,2,3), simi-
larly to Refs. 15 and 16.

The numerical modeling reported in this work was performed
with the use of commercial software COMSOL Multiphysics®.
The following interfaces were used: transport of diluted species or
TDS [equations of conservation and transport of charged species,
Egs. (1) and (2)], electrostatics [the Poisson equation, Eq. (3)], and
coefficient form partial differential equations [the Helmholtz equa-
tions, Eq. (5)]. The streamline (Galerkin-Petrov) and crosswind
diffusion stabilizations, which are default options of the TDS inter-
face, were kept activated in all cases except where otherwise indi-
cated. It should be stressed that both stabilizations are consistent, i.e.,
the corresponding terms vanish when the iterations have converged.

lll. COMPUTING INITIATION OF SELF-SUSTAINING GAS
DISCHARCGES

A. The eigenvalue problem

The condition of initiation of a self-sustaining gas discharge,
where the discharge voltage is just sufficient for the electron impact
ionization to compensate losses of the charged particles, is well
known for wide parallel-plate electrodes, where the applied electric
field is uniform and diffusion of the charged particles is of minor
importance. The condition reads

ad =In(1/y +1), (7)

where o is the Townsend ionization coefficient, d is the discharge
gap width, and y is the effective coefficient of secondary electron
emission from the cathode. An approximate relation for other dis-
charge configurations is obtained by replacing ad by the so-called
ionization integral, which is the line integral of o evaluated along
the electric field line that ensures the biggest value of this integral.
Such approach is theoretically incomplete and cannot be general-
ized, without invoking arbitrary assumptions, to account for poten-
tially important effects such as the photoionization or the presence
of dielectric surfaces. Nevertheless, it remains the main tool used in
industrial applications, e.g., recent work.'”

However, the problem of ignition of self-sustaining discharges
may be solved by accurate mathematical means and this solution is
relatively simple.” At the ignition, the charged particle densities are
very low and the applied electric field is not perturbed by plasma
space charge, so the rhs of Eq. (3) may be dropped and this equa-
tion assumes the form of the Laplace equation,

V3¢ = 0. 8)

Let us first assume that no dielectric surfaces border the active zone
of the discharge, then perturbation of the applied electric field by
surface charges deposited on the dielectric need not be considered
as well. (The case of a discharge along a dielectric surface will be
considered in Sec. IV C.) Therefore, the distribution of the electric
field in the gap, for a given gap geometry, is governed solely by the
applied voltage U and may be found by means of standard
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electrostatic simulations disregarding the presence of charged parti-
cles in the gap. Of course, the electric field distribution is linear
with respect to U and it is sufficient to perform the electrostatic
simulation only once and then to scale the computed electric field
distribution to each required value of the applied voltage U. For
definiteness, it is assumed that the applied voltage is defined as the
potential of the anode with respect to the cathode, thus U > 0.

At the ignition, there is no need to consider nonlinear pro-
cesses, such as reactive collisions involving two or more particles pro-
duced in the discharge (ions, electrons, excited states, or radicals),
which includes the stepwise ionization and the recombination of
charged particles. Thus, there is no need to consider excited states
and radicals and it is sufficient to consider the equations governing
the charged-particle distributions in the gap, Eqs. (1) and (2) with o
referring to the charged species.

According to the conventional definition, the ignition voltage
is the value of the applied voltage U such that the applied electric
field produces an ionization intensity just sufficient to compensate
for the losses of charged particles, so a steady-state balance of the
charged particles can be reached. Therefore, the system of equations
should be considered in the stationary form, i.e., without deriva-
tives with respect to time in Eq. (1). The resulting equations gov-
erning distributions of the ion and electron densities read

A Jo = S 9

Ia =D, vna - Zana:ua V¢’ (10)

where subscript a refers to the charged species (the ions and the
electrons).

Since there is no need to consider nonlinear processes at the
ignition, the source terms S, are linear with respect to the charged-
particle densities. Note that this implies that the dependence of the
photoionization rate S, on the electron density #, is linear. This is
indeed the case as exemplified by Eqs. (4)-(6): I(r) the rate of ioni-
zation of neutral molecules by electron impact is proportional to
the local electron density n,(r); therefore, the dependence of S (r)
on n,(r), while being non-local, is linear. Note that this is the case
also in models where the photoionization rate is computed by eval-
uation of an integral (e.g., Refs. 6, 14, 18, and 19) rather than by
solving partial differential equations.

Equations (9) and (10) are supplemented by Egs. (4)-(6) or
similar and boundary conditions Eq. (A6) with §, =&, =1/2 or
similar. The obtained boundary-value problem, which is considered
for a given distribution of the electric field in the gap, governs dis-
tributions of the ion and electron densities at inception and is
linear (with respect to these densities).

We consider conditions where there is no external ionizing
radiation and the ionization mechanisms are direct ionization by
impact of electrons, accelerated by the applied electric field, and
photoionization by photons produced in the discharge; there is no
thermionic, thermo-field, and field electron emission from the
cathode, as well as no electron photoemission caused by external
radiation. Then, the above-described linear boundary-value
problem governing distributions of the ion and electron densities
in the gap is homogeneous. Since the problem is considered for a
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given distribution of the electric field in the gap, the applied
voltage U is a control parameter of the problem. The aim is to find
a value U = Uj such that the problem describes the inception of a
self-sustaining discharge, i.e., a low-current steady-state discharge.

From the mathematical perspective, this is a boundary-value
problem for a system of partial differential equations (or integrodif-
ferential equations, if the photoionization rate is computed by eval-
uation of an integral) and this problem is linear (with respect to
the charged-particle densities) and homogeneous (no external ioni-
zation terms). For all values of the applied voltage U, the problem
admits a trivial solution: the ion and electron densities are zero at
all points in the gap, which correspond to a situation where no dis-
charge has been ignited. The task is to find a value of U such that
the problem admits, in addition to the trivial solution, also a non-
trivial one. In mathematical terms, this is an eigenvalue problem
and U is the eigenparameter.

Thus, the ignition of a self-sustaining discharge is described
by an eigenvalue boundary-value problem for a system of partial
differential or integrodifferential equations governing distributions
of the ion and electron densities. The physical sense of the problem
is that the applied voltage should be such that direct ionization by
the impact of electrons accelerated by the applied electric field and
photoionization by photons generated in the discharge are just suffi-
cient to compensate for the losses of charged particles. In agreement
with the above, in the special case of wide parallel-plate electrodes,
the formulated eigenvalue problem may be reduced to one dimen-
sion and leads to the well-known self-sustainment condition (7), pro-
vided that similar simplifications are applied: no diffusion, one ion
species, and no photoionization.

There is one more special case where the applied electric field
can be considered uniform and the formulated problem may be
reduced to one dimension: the problem of self-sustainment field in
the cross section of a plane or cylindrical positive column of a long
low-current discharge. The formulated problem takes a form similar
to the well-known eigenvalue problem for an ordinary differential
equation describing the ambipolar diffusion of charged particles in
the cross section of a positive column under the assumption of quasi-
neutrality, e.g., Ref. 4. The solution to the latter problem is well
known: the cosine for a plane column and the zero-order Bessel
function for a cylindrical column, respectively, Egs. (5.2.26), (5.2.27)
and (5.2.35), (5.2.36) from Ref. 4. At the discharge ignition, the trans-
versal electric field is zero, the diffusion is free and not ambipolar,
and there is no quasi-neutrality. Therefore, the above-cited solution’
is valid for the distribution of the election density #, at the discharge
ignition provided that the ambipolar diffusion coefficient is replaced
by the electron diffusion coefficients D,. The ion density exceeds n,
by the factor D, /D;, where D; is the diffusion coefficient of the ions.

In the general case, the formulated eigenvalue problem for the
ignition of a self-sustaining discharge is multidimensional and its
numerical solution is not quite trivial. Three numerical methods
for solving this problem are discussed in Secs. I1I B-III E.

B. Direct solution of the eigenvalue problem for the
self-sustainment voltage

The most direct approach to solving the eigenvalue
problem, formulated in Sec. III A and governing the ignition of a

J. Appl. Phys. 130, 121101 (2021); doi: 10.1063/5.0057856
Published under an exclusive license by AIP Publishing

130, 121101-4


https://aip.scitation.org/journal/jap

Journal of
Applied Physics

self-sustaining discharge, is to apply an appropriate standard eigen-
value solver directly to the eigenvalue problem as it was formulated,
considering U as the eigenparameter. The solver will return a set of
eigenvalues (spectrum) and eigenfunctions associated with each of
the eigenvalues.

Each of the eigenfunctions is a vector with each of the compo-
nents describing a distribution of the number density of one of the
ion species or the electrons. Some of the eigenfunctions have com-
ponents all of which are non-negative (or nonpositive, which is
equivalent since eigenfunctions are defined to the accuracy of cons-
tant factors) at all points of the computation domain, i.e., the dis-
charge gap. Eigenvalues associated with such eigenfunctions may
be physically meaningful. Other eigenfunctions have one or more
components that change sign in the discharge gap. Since the com-
ponents of the eigenfunctions describe distributions of charged-
particle species, the eigenvalues, with which such eigenfunctions
are associated, have no physical meaning. There can exist also
eigenvalues associated with eigenfunctions that have some of their
components positive and others negative. Such eigenvalues have no
physical meaning as well.

In addition, most eigenvalues are complex (and appear in pairs
of complex conjugate values), and others are real. Since the eigen-
parameter is the applied voltage U, complex eigenvalues have no
physical meaning, while real ones may be physically meaningful.

One of the eigenvalues must simultaneously be real and asso-
ciated with an eigenfunction with all the components being non-
negative at all points of the computation domain. This eigenvalue
will give the voltage of ignition of a self-sustaining discharge (for
brevity, the term “self-sustainment voltage” will be also used).

This approach requires the use of an eigenvalue solver for
boundary-value problems for systems of partial differential or inte-
grodifferential equations. For example, an eigenvalue solver for
boundary-value problems for systems of partial differential equa-
tions provided by commercial software COMSOL Multiphysics® is
used in this work. A more laborious option is to first manually dis-
cretize the partial differential or integrodifferential equations,
thereby converting the problem into an eigenvalue problem for a
system of linear algebraic equations, for which solvers are more
easily accessible.

C. Investigation of stability of no-discharge solution

The second approach is indirect. Let us return to the full
problem considered in Sec. II, which includes, in particular, the
Poisson equation. This problem admits two steady-state solutions.
First, there is a solution with the ion and electron densities equal to
zero at all points in the gap and with the electrostatic potential gov-
erned by the Laplace equation. This solution describes a situation
where the voltage is applied to the electrodes; however, no dis-
charge has been ignited. Of course, the discharge current I is zero
for this solution. It should be stressed that although the ion and
electron densities equal to zero do not represent a solution to the
eigenvalue problem formulated in Sec. III A (which, by definition,
must be non-trivial), the zero densities do represent, jointly with
the Laplacian potential distribution, a formal solution of the full
problem for any value of the applied voltage U. Second, there is a
solution with non-zero charged-particle densities and the
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electrostatic potential governed by the Poisson equation. This solu-
tion describes the self-sustaining discharge and exists for all values
of the discharge current I, starting from infinitesimal values at the
inception.

A graphic illustration is shown in Fig. 1. The current-voltage
characteristic (CVC), described by the no-discharge solution, i.e.,
the one with the zero ion and electron densities, coincides with the
positive part of the ordinate axis (I = 0, U > 0). The solution with
non-zero densities, describing the self-sustaining discharge,
branches off from the former solution at the ignition point
(I =0, U = Up). In mathematical terms, this is a bifurcation point.
Points of bifurcation of steady-state solutions are neutrally stable.
Therefore, the spectrum of stability of the no-discharge solution at
U = Up must include the zero eigenvalue. It is known from experi-
ment that the no-discharge solution is stable for U < U, and
unstable for U > U,. Note that the no-discharge solution, of
course, cannot be realized experimentally and cannot be calculated
with a time-dependent solver in the range U > U, where it is
unstable. However, it should be emphasized once again that the
no-discharge solution satisfies the full problem for any applied
voltage U and can be trivially computed by means of a stationary
solver for any U including U > Uj.

The stability of the no-discharge solution is governed by a
problem coinciding with the eigenvalue problem formulated in
Sec. III A except that the time derivative terms Jn, /0t in the
charged-particle conservation equations (9), which were omitted in
the formulation of the eigenvalue problem, are taken into account.
The time dependence of all charged-particle densities n, is
assumed to be exponential and described by the same factor e,
where A is a parameter to be determined (the perturbation growth

=0, U>Uq: no
discharge, unstable

self-sustaining discharge

Bifurcation point

[=0, U<Ugy: no
discharge, stable

0 I

FIG. 1. Schematic of current-voltage characteristics at inception. The solution
with non-zero ion and electron densities, describing the self-sustaining dis-
charge, branches off from the solution with the zero densities, describing the
no-discharge situation, at the bifurcation point (/ = 0, U = Uy) marked by the
circle.
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increment): 1,(r, t) = ng (r)e. The obtained time-independent
boundary-value problem for a system of linear homogeneous
partial differential (or integrodifferential) equations for ny (r) rep-
resents an eigenvalue problem with A being the eigenparameter. Its
spectrum, ie., the set of A values, computed for a given U value
governs the stability of the solution with the zero ion and electron
densities, describing the no-discharge situation for this U. It should
be stressed that this eigenvalue problem does not coincide with the
eigenvalue problem formulated in Secs. III A; in particular, the
eigenparameter is different: A instead of U.

Most eigenvalues are complex. Such eigenvalues describe per-
turbation modes that grow or decay in time in an oscillatory
manner. Other eigenvalues are real and describe perturbation
modes that grow or decay monotonically in time.

The spectrum is computed, by means of an appropriate eigen-
value solver, for a number of values of the discharge voltage U,
starting from a value that is surely lower than the self-sustainment
voltage Up. Then, U is increased in small increments.

At low applied voltages U, all the eigenvalues must be posi-
tioned in the left half-plane; in other words, real parts of all the
eigenvalues must be negative, which means that all perturbation
modes decay in time. As U increases, one of the eigenvalues must
cross the origin while the others still remain in the left half-plane.
All the components of the eigenfunction associated with the zero
eigenvalue must be non-negative. This crossing represents the point
of neutral stability or, in other words, the bifurcation point being
sought, and the corresponding U value is the self-sustainment
voltage Up.

The spectrum of stability can be computed using the same two
options that were described in the last paragraph of Sec. III B. Note
that in Ref. 20, the second option was employed in order to deter-
mine the self-sustainment voltage of the parallel-plate discharge.

Note that this approach is in essence an alternative way of
solving the eigenvalue boundary-value problem formulated in
Sec. III A; in contrast to the direct approach, which is described in
Sec. III B and in principle gives the whole spectrum (set of U
values) of the eigenvalue boundary-value problem formulated in
Sec. III A, this approach is designed to find only one U value,
namely, the one that corresponds to the self-sustainment voltage.

D. The resonance method

The third approach is physics-based and may be described as
follows. The stationary boundary-value problem governing distribu-
tions of the ion and electron densities at inception, formulated in
Sec. IIT A, is considered and the equations of conservation of the
electrons and one of the positive ion species are supplemented by a
term describing an external ionization source. In other words, Eq.
(9) for the electrons (o = e) and one of the positive ion species
(o = i) are replaced by the following equations:

VI]=S+W, (11)
V-], =S+W, (12)

where W is the external ionization term. This term does not depend
on the particle densities, in particular, on the electron density, nor
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on the applied voltage and is specified more or less arbitrarily. For
example, it may be set constant in space in one-dimensional (1D)
problems and a Gaussian function with a maximum on the dis-
charge axis is a natural choice in axially symmetric problems.

The obtained stationary boundary-value problem describes the
non-self-sustained discharge, generated in the same plasma-
producing gas and the same electrode configuration. The problem
is solved for different values of the applied voltage U. On physical
grounds, one can expect that a kind of resonance will appear when
U becomes equal to the self-sustainment voltage.

Note that the problem is linear and the external ionization
source W is the only inhomogenous term. Therefore, the absolute
values of W are irrelevant as far as the task is restricted to the cal-
culation of the self-sustainment voltage: the scaling of W affects the
scaling of the number densities of the charged particles and does
not affect the self-sustainment voltage. On the other hand, some
care in the choice of the scaling of W is useful if this method is
used as a part of the integrated approach for modeling quasi-
stationary low-current discharges in the whole range of its existence
starting from the inception; and a comment on this point is pro-
vided in Sec. IV A.

The stationary boundary-value problem describing the
non-self-sustained discharge, being linear (and inhomogenous),
may be routinely solved by means of ready-to-use solvers; hence no
need for manual discretization. For example, a linear solver for
boundary-value problems for systems of partial differential equa-
tions provided by COMSOL Multiphysics® is used in the modeling
reported in this work. Note that COMSOL automatically activates
the nonlinear solver option in the case where the default streamline
and/or crosswind diffusion stabilization is kept activated in the
TDS interface since the stabilization terms appearing in the species
conservation equations are nonlinear. However, the number of itera-
tions required is very small, typically no more than two, so the pro-
cedure remains the same whether stabilization is activated or not.

Similarly to the previous one, this method is in essence
another way to solve the eigenvalue boundary-value problem for
the system of partial differential or integrodifferential equations,
formulated in Sec. III A, which finds not the whole spectrum but
rather only the self-sustainment voltage. The method was intro-
duced and termed the resonance method in the preceding work.*
Of course, the very idea of finding a real eigenvalue by varying the
eigenparameter and searching for this or that kind of resonance is
quite obvious. For example, a change of sign of the determinant of
the system of algebraic equations obtained by a finite-difference
discretization of a boundary-value problem was used in Refs. 21-23
as an indication of bifurcation of regimes of current transfer to,
respectively, cold cathodes of glow discharges and hot thermioni-
cally emitting cathodes of arc discharges.

E. Comparing different methods

In order to illustrate the above three methods, it is natural to
apply them to the most basic 1D model of a parallel-plate dis-
charge. Let us consider, as an example, a microdischarge in xenon
at the pressure of 30 Torr. The interelectrode gap is d = 0.5 mm.
Calculations have been performed in the framework of a simple
model accounting for a single positive ion species and the electrons.
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Transport and kinetic coefficients are the same as in Ref. 24. The
secondary electron emission coefficient ¥ was set equal to 0.03. The
simulations have been performed both with and without the
streamline and crosswind diffusion stabilization on two different
uniform numerical meshes, one with 170 and the other with 3000
mesh elements.

Let us first consider results obtained by means of the reso-
nance method. The CVC of the non-self-sustained discharge, j(U)
(here, j is the current density), was computed numerically in the
framework of this method for an external ionization source term
that was uniform in space and is depicted in Fig. 2 by solid lines.
There is a singularity at U = 175.05V, after which the solution
loses its physical significance: the ion and electron densities turn
negative, as well as the discharge current. This is the expected
resonance-like phenomenon, and the U value at which it happens
is the self-sustainment voltage.

An approximate analytical description of the CVC of the
parallel-plate non-self-sustained discharge may be obtained by
neglecting the diffusion of the charged particles and is given by the
following formula:

. eW(l+y) (e* —1)
Coall—y(er —1)]

(13)

The CVC described by this equation duly conforms to the CVC
given by the numerical calculations, shown in Fig. 2. In particular,
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FIG. 2. Solid: current density-voltage characteristic of the non-self-sustained
discharge, the resonance method. Dashed: eigenvalue U = 175.05V, direct
solution of the eigenvalue problem for the self-sustainment voltage. Dotted,
circle: the perturbation growth increment and the point of neutral stability of the
no-discharge solution. Parallel-plate discharge in Xe, 30 Torr, 0.5 mm gap.
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there is a singularity, after which j turns negative. The value of U at
which the singularity occurs is obtained by setting the denominator
of Eq. (13) equal to zero, which leads to the conventional condition
of self-sustainment Eq. (7). The value of U determined by this con-
dition is approximately 177.20V, which duly conforms to the
above-mentioned value of the self-sustainment voltage of 175.05V,
computed numerically. Note that the 1.2% difference is due to the
neglect of diffusion in Eq. (13).

Thus, the expected resonance-like behavior of characteris-
tics of the non-self-sustained discharge, which should occur at
an applied voltage coinciding with the self-sustainment voltage,
is indeed present and may be readily identified as a singularity
in the current-voltage characteristic I(U), accompanied by a
change of sign of current. Note that 170 mesh elements were suf-
ficient to obtain the self-sustainment voltage with five significant
digits, and hence the method is not too sensitive with respect to
the mesh. Moreover, the computed self-sustainment voltage was
the same with five significant digits regardless of whether stabili-
zation was activated or not.

The real spectrum computed in the framework of the
direct solution of the eigenvalue problem for the self-
sustainment voltage (the method described in Sec. III B) com-
prised two eigenvalues, U = 15.633V and U = 175.05V. The
ion and electron densities described by the eigenfunctions asso-
ciated with both of the eigenvalues were non-negative at all
points of the gap and both eigenvalues up to five significant
digits were not affected by either the change in the number of
mesh elements or the activation of stabilization. (The calculations
also returned at least one more real eigenvalue; however, that eigen-
value was constantly increasing with refinements of the numerical
grid.) The bigger one of the two eigenvalues conforms very well to
the above value of the self-sustainment voltage computed by means
of the resonance method. Note that the product ad, evaluated using
the bigger eigenvalue, equals 3.47, while In(1/y + 1) = 3.54 for
y = 0.03. Thus, the bigger eigenvalue approximately satisfies the
conventional self-sustainment condition Eq. (7) as it should.
(The small discrepancy is due to the neglect of diffusion in this con-
dition.) On the other hand, ad = 1.36 x 1073 when evaluated using
the smaller eigenvalue. Thus, the eigenvalue U = 15.633V is way
too low to fulfill the self-sustainment condition. Therefore, this
eigenvalue can only be an artifact. Surprisingly, no warning signs
appeared in the course of the numerical calculations; it should be
stressed, in particular, that this eigenvalue did not depend on the
mesh. Additional comments on this point are provided later in this
section.

The spectrum of stability of the solution with the zero ion and
electron densities (the no-discharge solution), computed in the
framework of the method described in Sec. III C, includes a real
eigenvalue associated with an eigenfunction with both components
non-negative at all points of the gap. There is also a large number
of complex conjugate eigenvalues, all of which were associated
with eigenfunctions whose components change sign in the compu-
tation domain. The real eigenvalue is plotted in Fig. 2 by the dotted
line. As expected, it is negative at low voltages and then
changes sign. The latter occurs at U = 175.05V and the corre-
sponding point is marked in Fig. 2 by the circle; this is the desired
point of neutral stability or, in other words, the bifurcation point,
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and the corresponding U value is the self-sustainment voltage Uy.
This value was not affected by the change in the number of mesh
elements; on the other hand, the method appeared not to work
with the stabilization activated.

Results obtained in this work for the spectrum of stability of
the no-discharge solution conform to results of Ref. 20. Only one
real eigenvalue was found in Ref. 20, which is plotted in Fig. 5 of
Ref. 20. The components of the eigenfunctions associated with the
real eigenvalue, which are plotted in Fig. 6 of Ref. 20, do not change
sign. Eigenfunctions associated with the eigenvalue possessing the
second least negative real part, which is complex, are plotted in
Fig. 7 of Ref. 20; and these eigenfunctions do change sign.

Thus, all three methods described in Secs. IIT B-III D gave the
same value for the self-sustainment voltage, U = 175.05V, as they
should, with the exception of the extraneous root given by the
direct solution of the eigenvalue problem.

As another example, consider the results of numerical simulation
of the ignition of a positive wire-to-plane corona discharge under
conditions of experiment:25 air, 1atm, wire diameter 89um, and
wire-to-plane distance 10 mm. The self-sustainment voltage was com-
puted by means of the direct numerical solution of the eigenvalue
problem and by means of the resonance method, on two different
numerical meshes, one with 165240 and the other with 534 184
degrees of freedom, with and without stabilization. The direct numer-
ical solution of the eigenvalue problem gave the self-sustainment
voltage of 4278.5 and 4278.3 V on the two meshes with stabilization
and 4284.4 and 4285.3 V without stabilization. No extraneous roots
have been detected, in contrast to the above example of parallel-plate
discharge. In the framework of the resonance method, a singularity in
the current-voltage characteristic of the non-self-sustained discharge
with a change in the sign of the current, similar to that shown by the
solid lines in Fig. 2, was found. The self-sustainment voltage of
4278.0 and 4278.2V with stabilization and 4282.2 and 4280.7V
without stabilization was obtained. All the above values are close to
each other and to the experimental ignition voltage, which is approxi-
mately 4.3 kV as seen in Fig. 7 of Ref. 25.

Let us now compare the three methods from the methodologi-
cal point of view. The methods are mathematically equivalent as far
as computation of the self-sustainment voltage is concerned, so the
question is which method is easier to implement and use and
which method has wider applicability.

The method based on the direct numerical solution to the
eigenvalue problem requires computing and analyzing the spec-
trum only once, while the stability method requires doing this
several times (for different U values). Thus, the stability method is
more laborious. On the other hand, the method of direct solution
of the eigenvalue problem must be used with caution in view of the
potential appearance of extraneous roots, as in the example of
parallel-plate discharge. This is an unfortunate drawback of a theo-
retically simple method. Perhaps, this difficulty could be overcome
by further fine-tuning the eigenvalue solver used or by using a dif-
ferent solver. On the other hand, this difficulty is a manifestation
of a general trend: finding the spectrum by means of an eigenvalue
solver, required in the framework of the first and second methods,
is a nonlinear task and, as such, requires care in certain cases; in
particular, distinguishing between physical and artificial eigenvalues
is not always easy.
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In contrast, the stationary boundary-value problem, describing
the non-self-sustained discharge in the framework of the third
(resonance) method, is linear and its solution is straightforward.
The self-sustainment voltage Uy in the resonance method has to be
identified from computations of the non-self-sustained discharge
for different U values rather than directly as in the first method. It
should be stressed, however, that the pattern of the CVCs of the
non-self-sustained discharge, which is shown by the solid lines in
Fig. 2 and comprises a singularity at U = U, with the subsequent
change of sign of current, has been observed in every case where
the resonance method has been applied. This includes also simula-
tions not shown in this paper. In all the cases, the resonance and,
thus, the U value were readily identifiable and the procedure was
straightforward, fast, and reliable. Typical calculations for 2D
geometries take about 10 min on a desktop computer.

An important advantage of the resonance method is its physical
transparency. In particular, it allows the use of this method not only
for simulations of ignition of a self-sustaining discharge but also as a
module of a more general code for the modeling of quasi-stationary
(self-sustained) discharges. This is described in Sec. I'V.

In summary, the resonance method is the method of choice
for the calculation of the ignition of self-sustaining discharges at
least for now. The method has given useful results in a wide range
of conditions and complex geometries, e.g., it was used for investi-
gation of discharge ignition in air between concentric-sphere and
concentric-cylinder electrodes with microprotrusions of different
shapes on the surface of the inner electrode in a wide range of air
pressures.”® Investigation of discharge ignition along a dielectric
surface is considered in Sec. IV C.

IV. INTEGRATED APPROACH FOR THE CALCULATION
OF LOW-CURRENT QUASI-STATIONARY DISCHARGES

As discussed in Sec. I, stationary solvers represent an appro-
priate tool for the modeling of quasi-stationary discharges and
offer important advantages over time-dependent solvers. The most
time-consuming step when using stationary solvers is usually
finding a suitable initial approximation, which requires intelligent
guesswork. Fortunately, in simulations of low-current self-
sustaining discharges, this step can be performed in a routine way
using the resonance method. The resonance method provides a
very accurate first approximation for a steady-state solution at a
very low current, describing the onset of the self-sustaining dis-
charge. Once this solution has been computed, it can be used as a
starting point for the simulations with the discharge current being
gradually increased. The solution for each current serves as an
initial approximation for simulations with the next current value.

In this way, one obtains an integrated approach for modeling
quasi-stationary low-current discharges in the whole range of its
existence starting from the inception. This integrated approach is
described in this section, and examples of its application are given.

A. Combining the resonance method and stationary
solvers

The procedure is illustrated by the flow chart shown in Fig. 3
and may be described as follows. At the first step, the
non-self-sustained discharge is computed as described in Sec. III D.
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Remind that, as discussed in Sec. I1I A, the plasma space charge is
neglected at this step, ie., the rhs of the Poisson equation (3) is
dropped or, in other words, the Poisson equation (3) is replaced by
the Laplace equation (8). Nonlinear processes, such as reactive col-
lisions involving two or more particles produced in the discharge,
are neglected as well. The discharge voltage U is increased in small
increments AU until the discharge current becomes negative. Let
us designate by U, the highest voltage for which the current is still
positive and by I; the corresponding current.

The second step consists in recalculation of the solution
obtained at the first step for U = U; but with the discharge current
being the control parameter instead of the voltage. This amounts to
solving the same problem as at the first step but considering the
discharge voltage as an unknown that has to be found from the
condition that the discharge current (an integral characteristic of
the solution) takes the given value I;. This problem is nonlinear
and, in principle, requires iterations. However, since the initial
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approximation being used represents the exact solution for I = I,
only one iteration is needed without damping.

At the third step, the solution for I = I; is recalculated with
the external ionization term W in Eqs. (11) and (12) switched off.
The convergence is very fast provided that AU is sufficiently small
(typically, no more than three iterations are needed without
damping if AU does not exceed 1% of U). The discharge voltage
will slightly increase (by an amount smaller than AU) and the
obtained value will represent a little more accurate estimate of the
self-sustainment voltage.

At the fourth step, the solution for I = I, is recalculated with
account of the space charge, i.e., with the Laplace equation
replaced by the Poisson equation, and with account of all relevant
nonlinear processes and with the stabilization activated as needed
(if it has not been activated right from the first step). The change
in U will be very small and only one iteration is needed provided
that I; is small enough, say, in the order of nanoamps or smaller,
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which can be ensured by rescaling the external ionization term
W, used in the resonance method. As the outcome of this step,
one obtains a complete solution describing the onset of the self-
sustained discharge.

At the fifth and final step, the quasi-stationary low-current
discharge is computed in the whole range of its existence. The sim-
ulations are performed with the discharge current being gradually
increased. The solution describing the onset of the self-sustained
discharge, obtained at the previous step, is used as a starting point,
and the solution for each current is used as an initial approxima-
tion for simulations with for next current value.

We conclude this section with a few practical hints. In gas dis-
charge modeling, the species conservation and transport equations
are frequently solved in the logarithmic formulation (e.g., this
option is available in the Plasma module of COMSOL
Multiphysics®), where the dependent variables are logarithms of the
species number densities. The logarithmic formulation ensures that
the number density of any of the species is never negative.
However, such formulation introduces additional nonlinearity and
was found to be less efficient for steady-state modeling than the
original formulation (the one with the dependent variables being
the species number densities). The modeling reported in this work
has been performed in the original formulation and no sizable neg-
ative values of species densities have appeared provided that the
numerical mesh is not too coarse.

It is essential that the code allows specifying not only the dis-
charge voltage as a control parameter but also the discharge
current with the possibility of an easy and seamless switching
between the two. A standard way to specify the discharge current
in gas discharge modeling is an implicit one, which involves intro-
ducing an external circuit comprising a voltage source and a ballast
resistance. In COMSOL Multiphysics®, an alternative is available:
one can use the “Global Equation node” option to specify discharge
current directly without introducing an external circuit.

The modeling of the quasi-stationary low-current discharge in
the whole range of its existence (the fifth above-described step)
starts with the discharge current I being the control parameter. As
I gradually increases, it may be helpful to switch the control param-
eter to U, in order to accelerate convergence. When simulating
corona discharges, this can usually be done when the discharge
voltage has increased by about 200 V from the ignition voltage.

It often happens in modeling that iterations converge for a
value of the control parameter, but fail to converge for the next
value, no matter how small the increment of the control parameter.
Since a solution can turn back or join another solution but cannot
just disappear, such a break-off represents a failure of the method.
The most frequent reason is that there is a region of fast variation,
which is not adequately resolved by the numerical mesh being used
(e.g., the corona attachment to the electrode has expanded and is
no longer adequately resolved). A refinement of the mesh solves
the problem. Adaptive mesh refinement is a powerful tool.

The second most frequent reason is that an extreme point of
the CVC or a turning point has been encountered: a code cannot
pass through these points if operated with, respectively, U or I as a
control parameter. An obvious fix is to switch the control parameter.
If the CVC has a complex form, the control parameter has to be
switched several times in order to compute the whole range of
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existence of the steady-state solution. On the other hand, not all sec-
tions of a complex-form CVC are stable and stability analysis is
indispensable. An example of such a situation is encountered in Sec.
V.

B. Coaxial and point-to-plane corona discharges

As examples, CVCs of positive and negative corona discharges
in atmospheric-pressure air, computed by means of the integrated
approach described in Sec. IV A, are shown in Figs. 4 and 5 for the
concentric-cylinder and point-to-plane corona configurations, respec-
tively. Also shown are time-averaged CVCs obtained experimentally.
Agreement between the modeling and the experiment is quite good.

Computed distributions of the excitation rate of radiating
nitrogen states N»(C), which are the main source of visible radia-
tion emitted by air coronas, are shown in Fig. 6 for the
point-to-plane corona and various applied voltages of both polari-
ties along with the corona images recorded in the experiment. It
can be seen that the modeling correctly reproduces the features of
the radiation intensity distributions for both polarities.

The CVCs shown in Figs. 4 and 5 have been computed by
means of stationary solvers in the framework of the approach
described in Sec. IV A. In principle, the CVC of the positive
coronas, as shown in Figs. 4 and 5(a), could be computed also by
means of time-dependent solvers, which are the usual tool in gas
discharge modeling. However, the switching from a stationary
solver to a time-dependent one causes a very significant increase of
the computation time, typically by several orders of magnitude, as
documented in Ref. 28. This is unsurprising given that the mesh
element size in the modeling was in the order of fractions of
micrometer near the surface of the corona electrode, so the
Courant-Friedrichs-Lewy criterion or analogous limitations
require extremely fine time stepping.

On the other hand, an attempt to compute the time-averaged
CVCs of the negative coronas shown in Fig. 5(b) by means of a
time-dependent solver, reported in Ref. 28, was unsuccessful.
This is an indication that the glow negative corona is unstable in
these conditions. This conclusion is consistent with the well-
known fact that the negative DC corona in air usually operates in
a pulsed regime: the current waveform reveals the so-called
Trichel pulses. Therefore, the agreement between the steady-state
modeling and experimental data seen in Figs. 4, 5(b), and 6 shows
that a steady-state model provides a reasonably accurate descrip-
tion of time-averaged characteristics of pulsed negative coronas.
Another example of an agreement of such type may be found in
Ref. 29: the electric field distribution in a negative corona in an
axially symmetric concentric-cylinder gap in air, computed by
means of a steady-state model, was shown to be in good agree-
ment with the time-averaged measurements,”’ performed in a
regime with repetitive Trichel pulses.”'

Thus, in the case of a pulsed corona, time-dependent solvers,
while being an adequate tool for studies of spatiotemporal evolu-
tion of individual pulses (e.g., Refs. 31-35), cannot be used for the
direct calculation of time-averaged characteristics of the discharge.
The latter can be conveniently computed by means of stationary
solvers in the framework of the integrated approach being used in
this section.
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FIG. 4. Current density—voltage characteristic of positive and negative coaxial
corona discharges in concentric-cylinder geometry. Air, 1atm, inner electrode
radius 0.070 cm, and outer electrode radius 10.35cm. Lines: modeling. Points:
experiment.”” Solid line, squares: positive corona. Dashed line, circles: negative
corona. ji: linear current density. Reproduced with permission from Almeida
et al, Plasma Sources Sci. Technol. 29, 125005 (2020). Copyright 2020 IOP
Publishing.
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C. Discharge along a dielectric surface

Consider now a case where the discharge active zone is in
contact with a dielectric surface. The formulation of the eigenvalue
problem describing the ignition of a self-sustaining discharge, given
in Sec. III A, needs to be slightly modified in such cases, as well as
the procedure of solving it by means of the resonance method.

Continuing to consider low-current quasi-stationary dis-
charges (which implies, in particular, that the time of variation
of the applied voltage is much longer than the ion drift time), one
can treat surface charges on a dielectric surface as quasi-stationary.
Therefore, the surface is under the floating potential and the boun-
dary condition for the electric field follows from the condition of
the normal component of the local current density being equal to
zero at each point of the surface. This boundary condition is linear
and homogenous with respect to the ion and electron densities.
Therefore, while distributions of the ion and electron densities in
low-current quasi-stationary self-sustained discharges vary propor-
tionally to the discharge current I, the electric field distribution is
independent from I. This is similar to what happens in the case
where no dielectric surfaces border the active zone of the discharge,
considered in Sec. IIT A. It is this independence of the electric field
distribution from I that makes the concept of self-sustaining
(ignition) voltage applicable in the presence of dielectric surfaces.
The difference from the no-dielectric case is that the electric field
in the presence of a dielectric is coupled to distributions of the
charged particles and cannot be computed independently.

Thus, one needs to consider a stationary boundary-value
problem involving partial differential and possibly also integrodif-
ferential equations, governing distributions of ions and electrons in
the gap, and the Laplace equation governing the electrostatic
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FIG. 5. Current-voltage characteristics of positive (a) and negative (b) corona discharges in point-to-plane geometry for various values of the point-to-plane distance d.

Air, 1 atm. Points: experiment. Lines: modeling. Adapted from Ref. 28.
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1.5 mm

FIG. 6. Images of point-to-plane corona discharges and computed distributions of the rate of excitation of radiating N»(C) levels (in m=°s~", logarithmic scale). Air,
1 atm, point-to-plane distance 14 mm. Upper two rows: positive corona. Bottom two rows: negative corona. Reproduced with permission from Ferreira et al., IEEE Trans.
Plasma Sci. 48, 4080 (2020). Copyright 2020 IEEE.

potential with the aim to determine the value U = U, of the the current density at the dielectric becomes trivially satisfied and
applied voltage such that the problem admits a non-trivial solution brings no information concerning the electric field. Therefore, it is
for the particle densities. Note that this problem becomes ill-posed unclear whether this problem can be solved by means of standard
in the no-discharge situation, where the ion and electron densities eigenvalue solvers. However, it can be efficiently solved by means
are zero and the boundary condition of zero normal component of of the resonance method.
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The procedure is as follows. The first and second steps of the
procedure described in Sec. IV A are performed with the boundary
condition of zero normal component of the electric field at
the dielectric surfaces (instead of zero normal component of the
current density). As in the case where no dielectric is present, the
electric field distribution is decoupled from the ion and electron
distributions and is linear with respect to U, so it is sufficient to
perform the electrostatic simulation only once.

At the next step, the obtained solution for I = I is recalcu-
lated with the boundary condition of zero normal electric field at
the dielectric surfaces being replaced by the condition of zero
normal component of the current density. This involves solving the
equations governing the distributions of the ions and the electrons
in the gap and the Laplace equation for the electrostatic potential,
and these equations are now coupled through the boundary condi-
tion of zero normal current density. The problem is nonlinear, and
the distributions computed at the previous steps are used as an
initial approximation.

Then, the third to fifth steps of the procedure described in
Sec. IV A are performed, and, thus, the discharge is computed in
the whole range of its existence. These steps do not need to be
modified due to the presence of the dielectric and are performed in
the same way as described in Sec. IV A.

As an example, Fig. 7 shows the self-sustainment voltage com-
puted by means of the above procedure (excluding the fourth and
fifth steps of Sec. IV A) for an axially symmetric configuration
shown in the inset: two disk electrodes separated by a cylindrical
dielectric surrounded by atmospheric-pressure air. Note that the
dielectric is depicted as a massive cylinder, however this is irrele-
vant, as is its dielectric constant, since the equations, being station-
ary, are solved only in the air-filled region. The coefficient of
secondary electron emission from the cathode and the dielectric
was 0.03. The simulations have been performed for the dielectric
radius R in the range from 3 to 8.2 mm. The upper edge of the pos-
itive electrode and the lower edge of the negative electrode were
rounded with a 0.2mm radius as indicated in the inset. For
R > 7.7mm (i.e., when the dielectric sticks out by 0.2 mm or more,
which is the case shown in the inset), the edges of the dielectric
were rounded with a 0.2 mm radius as well. For R < 7.3 mm (i.e.,
in the case where the dielectric is recessed by 0.2 mm or more),
there were roundings at the lower edge of the positive electrode and
the upper edge of the negative electrode but not at the edges of the
dielectric. Finally, for 7.3 mm < R < 7.7 mm, there were round-
ings at the dielectric edges as well as at the lower edge of the posi-
tive electrode and the upper edge of the negative electrode. The
radius of the roundings was 0.2 mm, and the centers of curvature
were positioned in such a way that the surfaces of the electrode and
dielectric formed an angle of 90° at the triple junction. Thus, the
contact angle between the metal and dielectric surfaces at the triple
junction was 90° in all the geometries with the aim to limit the
local electric field.

It is seen from Fig. 7 that there is little difference between the
values of the self-sustainment voltage computed with the boundary
condition at the dielectric surface being zero normal current
density or zero normal electric field. For R < 5mm, when the
dielectric is away from the edges of the electrode disks, the self-
sustainment voltage is virtually constant and equals approximately
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FIG. 7. Discharge between two disk electrodes separated by a cylindrical
dielectric. Air, 1atm. Circles, crosses: self-sustainment voltage, modeling with
the boundary condition at the dielectric surface being zero normal current
density (circles) or zero normal electric field (crosses). Triangle: breakdown
voltage, experiment.”®

10kV. This value is in good agreement with the experimental
breakdown voltage for R = 3.5mm reported in Ref. 36, which is
represented in Fig. 7 by a triangle. Note that this value is lower
than the corresponding Paschen value (approximately 11kV),
which is consistent with the discharge being not plane-parallel (the
breakdown path computed for R =< 5mm represents an arc
attached to the electrode edges). As R increases, i.e., as the dielectric
approaches the active zone of the discharge, the self-sustainment
voltage decreases and attains a minimum when R becomes equal to
the electrode radius. For higher R, the self-sustainment voltages
starts increasing again.

There seem to be no quantitative experimental data published
on the effect of dielectric surfaces on self-sustainment voltages. It is
known from experiment that the presence of a dielectric facilitates
the breakdown (e.g., review’’), and it is indeed seen in Fig. 7 that
the self-sustainment voltage decreases as the dielectric approaches
the active zone of the discharge. It would be very interesting to
check experimentally the rapid increase of the self-sustainment
and/or breakdown voltage when the dielectric sticks out, predicted
by the modeling and seen in Fig. 7 in the range R > 7.5 mm.

V. STABILITY OF LOW-CURRENT QUASI-STATIONARY
DISCHARGES

The integrated approach to the modeling of quasi-stationary
low-current discharges, described in Sec. IV A, offers the possibility
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of calculating all existing stationary solutions. In other words, the
integrated approach makes it possible to compute all the steady
states of the discharge that are theoretically possible, regardless of
their stability and whether they can be realized in a particular
experiment. This is a consequence of the decoupling of physical
and numerical stability, which is characteristic of stationary solvers.
An example of the usefulness of this feature is the possibility of
computation of time-averaged characteristics of pulsed negative
coronas by means of a stationary solver, discussed at the end of
Sec. IV B.

The stability of the computed steady states may be studied
separately. Stability against small perturbations may be studied by
means of solving the eigenvalue problem resulting from linear
stability theory. Note that the eigenvalue problem governing stabil-
ity of 2D (axially symmetric or planar) states against 3D perturba-
tions may be formulated and solved in the 2D geometry, which
greatly facilitates the task.

An alternative approach to the investigation of stability is to
employ the same code that was used for the calculation of the
steady-state solution with the stationary solver replaced by a time-
dependent one. A perturbation is applied to the steady-state solu-
tion, and the development of the perturbation is followed by means
of the time-dependent solver. This approach does not involve
solving an eigenvalue problem and allows studying stability against
both small and finite perturbations. However, one should keep in
mind that numerical stability of time-dependent solvers is not nec-
essarily equivalent to physical stability: in Ref. 5, a number of
examples were shown where a time-dependent solver of COMSOL
Multiphysics was able to compute some steady states that are unsta-
ble in the framework of linear stability theory and/or was unable to
compute some stable states. Moreover, time-dependent solvers
cannot give any information concerning stability against perturba-
tions of symmetries different from the one of the calculation
domain of the solver. For example, 2D time-dependent simulations
say nothing about stability of 2D steady states against 3D perturba-
tions, which are frequently the most dangerous ones. Consequently,
care should be employed in drawing conclusions about the stability
of steady states on the basis of time-dependent simulations.

In Ref. 10, the main features of stability of axially symmetric
steady states of the Townsend and glow discharges were investigated
by means of solving the eigenvalue problem in the framework of
linear stability theory, considering as an example conditions of micro-
discharges in xenon. Both real and complex eigenvalues have been
detected, meaning that perturbations can vary with time both mono-
tonically and with oscillations. The fundamental mode of the axially
symmetric glow discharge is stable when the discharge is operated in
the abnormal regime. There is a rather wide window of stability of the
axially symmetric normal discharge, which is characterized by a
normal spot at the center of the cathode. The subnormal discharge is
unstable, the Townsend discharge is stable at low currents.

As another example, let us apply the approach based on the
use of time-dependent solvers to study the stability of steady states
of a positive point-to-plane corona discharge against perturbations
of various amplitudes. It is expected that in this specific geometry,
the most dangerous perturbations are axially symmetric ones,
hence stability may, in principle, be studied by means of 2D time-
dependent modeling.
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In Fig. 8, the CVC of a steady-state positive corona under con-
ditions of experiment,”® computed in a wide current range by
means of a stationary solver, is shown. Also shown are the experi-
mental data from Ref. 28, which refer to a more narrow current
range and are the same as the data shown by triangles in Fig. 5(a).
The CVC manifests a maximum, shown by the circle B, followed
by a turning point C. Leaving analysis of reasons of such behavior
beyond the scope of this work, let us consider stability of different
steady states.

Let Uy be the voltage of the steady state the stability of which
we want to investigate. One can consider different forms of the per-
turbation imposed over the steady-state solution. In this work, the
initial condition for the time-dependent modeling was obtained by
running the steady-state code for U = Uy + AU with a certain
value of AU. (In other words, the perturbation was set equal to the
difference between the steady-state solutions for U = Uy + AU and
U = Uy.) The time-dependent code was invoked with this initial
condition and was run with the fixed corona voltage U = Uj. If in
the course of temporal evolution the perturbation decays and the
discharge relaxes to the steady state U = U, then this state is
stable against the considered perturbations and for the voltage-
controlled discharge. Otherwise, the state is unstable.

Results of the calculations for AU = +20V are schematically
shown in Fig. 9. Here, f designates a state positioned on the
ascending branch of the CVC (branch AB in Fig. 8). On being per-
turbed with +20V (states h and i, respectively), the discharge
relaxes to the state f as shown by the arrows, which means stability.
The same outcome is obtained in calculations for other values of
AU, provided that |AU| is not too big. The same outcome is
obtained also for other steady states on the ascending branch.
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FIG. 8. Current-voltage characteristic of a positive point-to-plane corona dis-
charge in a wide current range. Air, 1atm, point-to-plane distance 5mm.
Triangles: experimental data.”® Line: modeling. Full circles: the point of
maximum (b) and the turning point (c) of the CVC. Open circles: states, the
stability of which is illustrated in Fig. 9.
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FIG. 9. Stability of a positive point-to-plane corona discharge, same conditions
as in Fig. 8.

The states after the maximum of the CVC (on the branch
BCD in Fig. 8) are unstable. In some cases, the discharge relaxes to
the steady state with the same U on the ascending branch on the
CVC. An example is shown in Fig. 9: on being perturbed with
120V (states j and k, respectively), the discharge relaxes not to the
state g but rather to f. In other cases, no steady state was attained
and streamer-like structures appeared to start forming.

The above fits very well into the conventional pattern of stabil-
ity of voltage-controlled discharges against small perturbations: the
states on the ascending branch of the CVC are stable, and the
states beyond the maximum of the CVC are unstable.

On the other hand, the states on the ascending branch of the
CVC are unstable against perturbations of a bigger amplitude: sim-
ulations for higher values of |AU| have shown that stability is lost
(and streamer-like structures appear to start forming) as |AU]|
reaches a threshold value, which is between 150 and 200V for
lower U, and decreases as U increases (e.g., overvoltages of 80 V
or more in the state f triggered the formation of streamer-like
structures). In other words, the states on the ascending branch of
the CVC are stable if the perturbations of the corona voltage are
within approximately 5% for lower voltages and about 1% for
higher voltages. This may explain why a stable positive corona dis-
charge is more difficult to realize for high corona voltages. In any
case, it would be very interesting to investigate experimentally the
effect of voltage stabilization on positive corona.

VI. SUMMARY

The work aims at developing an integrated approach for the
computation of low-current quasi-stationary discharges from the
inception to a non-stationary transition to another discharge form,
such as a transition from the Townsend discharge to a normal glow
discharge or the corona-to-streamer transition. This task involves
three steps: (i) modeling of the ignition of a self-sustaining discharge,
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(ii) modeling of the quasi-stationary evolution of the discharge with
increasing current, and (iii) the determination of the current range
where the quasi-stationary discharge ceases to exist and the above-
mentioned non-stationary transition begins. Each of these three steps
is considered in some detail with a number of examples, referring
mostly to discharges in atmospheric-pressure air.

The ignition of self-sustained gas discharges is governed by a
multidimensional boundary-value eigenvalue problem for a system
of stationary partial differential equations (and possibly also inte-
grodifferential equations), formulated in Sec. III A. The physical
sense of the problem is that the applied voltage should be such that
direct ionization by the impact of electrons accelerated by the
applied electric field and photoionization by photons generated in
the discharge are just sufficient to compensate for the losses of
charged particles. There are two special cases where the applied
electric field may be considered as uniform and the formulated
problem is reduced to one dimension. The first one is the case of
discharge ignition between wide parallel-plate electrodes. The formu-
lated eigenvalue problem leads to the well-known self-sustainment
condition (7) in this case, provided that similar simplifications are
applied. The second special case is the one of self-sustainment field
in the cross section of a plane or cylindrical positive column of a
long low-current discharge. In this case, the formulated problem
takes a form similar to the well-known eigenvalue problem for an
ordinary differential equation describing the ambipolar diffusion of
charged particles in the cross section of a positive column under the
assumption of quasi-neutrality. The difference is that at the discharge
ignition, the transversal electric field is zero, the diffusion is free and
not ambipolar, and there is no quasi-neutrality.

In the general case, the formulated eigenvalue problem for the
ignition of a self-sustaining discharge is multidimensional and
its numerical solution is not trivial. Three different methods for its
solution are described in Secs. III B-III D: direct solution of the
eigenvalue problem for the self-sustainment voltage, investigation
of stability of the no-discharge solution, and the resonance method.
The methods are mathematically equivalent as far as computation
of the self-sustainment voltage is concerned, so the question is
which method is easier to implement and use and which method
has wider applicability. In the authors’ experience, the resonance
method is the preferred one. The method is based on solving linear
partial differential equations and can be implemented with the use
of standard solvers, including commercial ones. It is robust and fast
and has given useful results in a wide range of conditions and
complex geometries.

An important advantage of the resonance method is its physical
transparency. In particular, it allows one to use this method not only
for simulations of ignition of self-sustaining discharges but also as a
module of a more general code for the modeling of quasi-stationary
self-sustained discharges. Such an integrated approach, based on a
combination of the resonance method and stationary solvers, is
described in Sec. IV A and allows modeling of quasi-stationary low-
current discharges in the whole range of their existence starting from
the inception. The use of stationary solvers instead of time-dependent
ones dramatically reduces the computation time, and this reduction is
especially large in discharges with strongly varying length scales, such
as corona discharges, where a variation of the mesh element size by
orders of magnitude is indispensable.
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The integrated approach to the modeling of quasi-stationary
low-current discharges offers the possibility of calculating all exist-
ing stationary solutions, or, in other words, all steady states of the
discharge that are theoretically possible, regardless of their stability
and whether or not they can be observed in a particular experi-
ment. An example of the usefulness of this feature is the possibility
of computation of time-averaged characteristics of pulsed negative
coronas by means of a stationary solver, discussed at the end of
Sec. IV B. Note that time-dependent solvers, while being an ade-
quate tool for studies of spatiotemporal evolution of individual
pulses, cannot be used for the direct calculation of time-averaged
characteristics of a pulsed corona.

The stability of the computed steady states may be studied
separately. Stability against small perturbations may be studied by
means of solving the eigenvalue problem resulting from the linear
stability theory. An alternative approach to the investigation of
stability is to employ the same code that was used for the calcula-
tion of the steady-state solution with the stationary solver replaced
by a time-dependent one; and a perturbation is applied to the
steady-state solution and the development of the perturbation is
followed by means of the time-dependent solver. An example of
application of a time-dependent solver for the investigation of
stability of a positive point-to-plane corona discharge against per-
turbations of various amplitudes is given in Sec. V.

A challenging task is to develop, on the basis of the resonance
method, an accurate and fast tool for evaluation of the self-
sustainment voltage in conditions of industrial interest. Such tool
would provide a reference point for the optimization of hold-off
capabilities of high-voltage switchgear operating in low-frequency
fields. It would be a useful supplement to the technique based on
evaluation of the Townsend ionization integral, which is the main
tool used in engineering practice. Another challenging task is to
establish a connection between the self-sustainment and breakdown
voltages. Note that in certain conditions the two voltages coincide,
e.g., Ref. 9. It would be very interesting to check experimentally the
rapid increase of the self-sustainment and/or breakdown voltage in
cases where the dielectric protrudes into the plasma, predicted by
the modeling and seen in Fig. 7 in the range R > 7.5 mm. Another
interesting unresolved issue is to investigate, through an experiment
supported by a modeling similar to that described in Sec. V, the
effect of voltage stabilization on the positive corona.
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APPENDIX A: BOUNDARY CONDITIONS FOR
DRIFT-DIFFUSION EQUATIONS

The hydrodynamic (drift-diffusion) equations (2) are justified
provided that the local macroscopic length scale L is much larger
than the relevant microscopic scale 1,. When a refers to an ion
species, A, is represented by the ion mean free path. When a =,
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A, is represented by the electron energy relaxation or maxwelliza-
tion length. On distances of the order of 1, or smaller from solid
surfaces, the hydrodynamic equations lose their validity. Therefore,
a kinetic analysis is indispensable in order to formulate boundary
conditions on solid surfaces for hydrodynamic equations in a rigor-
ous way: a kinetic equation for the velocity distribution function on
distances of the order of A, must be solved in the first approxima-
tion in the small parameter A,/L and the obtained solution must
be asymptotically matched with a solution of the hydrodynamic
equations on the scale L; and the procedure of the asymptotic
matching will provide the boundary condition being sought.

Let us denote by the index n the projections of the corre-
sponding vectors onto the local normal directed from the solid into
the plasma. Let us first consider the case where (i) E,, the local
normal electric field at the surface, is weak enough so that its work
over the charged particles of species a over the distance 4, is much
smaller than the characteristic translational energy of the particles,
e|Eq|Aq < kT, (ii) all particles of species a coming to the surface
from the plasma are absorbed and none are reflected; and (iii) the
surface does not emit the particles of species a. (Here, T, is the
species effective temperature and k is Boltzmann’s constant.)
In this case, the distribution function on distances of the order of
Aq is of the order of A,/L, i.e., asymptotically small, compared to
values of the distribution function on distances of the order L.
Therefore, the above-described asymptotic matching procedure
requires that n, the particle number density governed by the
hydrodynamic equations vanishes at the surface, thus giving the
trivial boundary condition n, = 0 for the hydrodynamic equations.
Note that this boundary condition has exactly the same physical
meaning as the standard no-slip boundary condition on solid sur-
faces for the Navier-Stokes equations.

If the local electric field is moderate or strong, e|E,|A, = kT,
then the asymptotic structure of the solution on the distances of
the order A, is rather complex for both the electrons’ ™"’ and the
ions;"' no simple exact solution is possible, and, therefore, there is
no unique way to formulate simple boundary conditions. This
explains why the number of different existing variants of boundary
conditions is so large, e.g., Refs. 42, 43, and references therein.
On the other hand, the effect of the boundary conditions over the
distribution of particles attracted to the surface (the positive ions in
the case E, < 0 and the negative ions and the electrons in the case
E, > 0) is localized on the length scale kT,/e|E,| in the case of
moderate or strong electric fields. This scale is comparable to, or
smaller than, A4, and the hydrodynamic (drift-diffusion) equations
are anyway inapplicable on this scale. The effect of the boundary
conditions on the distribution of the repelled particles will be quali-
tatively correct if the flux of particles emitted by the surface is
described correctly. Hence, the exact form of the boundary condi-
tions is not very important in the case of moderate or strong elec-
tric fields, and this is consistent with what is found in the modeling
practice. Therefore, the use of simple approximations is advisable.

The simplest variants may be summarized as follows. The
hydrodynamic transport flux of particles of species « in the direc-
tion from a solid surface into the plasma may be represented as

Jon = TaJae + T8 — Jurs (A1)
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where J,_ is the density of the flux of the particles coming from
the plasma to the surface, 7, is the reflection coefficient, and ]em is
the density of the flux of the particles emitted by the surface.
Considering r, and ]Em) as known, one needs to express the kinetic
quantity J,— in terms of hydrodynamic parameters in order to
obtain an explicit boundary condition for hydrodynamic equations.

The simplest approximation is to assume that J,_ is propor-
tional to n, the local number density and the mean speed of
chaotic motion, C, = /8kT,/mmy: Jo = E,nyC,, where &, is a
numerical coefficient and m, is the species particle mass.
Equation (A1) assumes the form

]an - ]g,‘:,) - éa(l - ra)anCll' (AZ)

It is well known that if the velocity distribution of particles of
species «a is isotropic and Maxwellian, then the density of particle
flux in any direction, in particular, in the direction to the surface,
equals 1,C, /4, so &, in Eq. (A2) may be set equal to 1/4. The con-
dition obtained in this way is equivalent to the so-called
Thomson-Loeb formula, which has been widely used in fluid mod-
eling of gas discharges, e.g., Ref. 44 and references therein.

If the number of particles moving from the surface is low,
then the velocity distribution near the surface is strongly aniso-
tropic. Approximating this distribution by a half-Maxwellian func-
tion, one obtains &, = 1/2. Note that the obtained boundary
condition in the case of the electrons and 7, = 0 coincides with the
corresponding boundary condition employed in Plasma module of
COMSOL Multiphysics®.

Another variant of boundary condition may be obtained by
representing the velocity distribution near the surface as a superpo-
sition of two distributions, describing the particles moving to and
from the surface. Assuming that each of these distributions is
half-Maxwellian, one can write

Ng—Cy
2

Mo+ Ca
2

reJo +J%) = , )= , (A3)

where 71, and n,_ are the number densities of the particles moving
into the plasma and to the surface, respectively. Solving these equa-
tions for n,, and n,_ and substituting into the expression for the
net particle number density, n, = 14+ + 14—, one finds

Mg = (ra]af +J§3)) Ci,, + Jo (A4)

2
C,’
Solving this equation for J,— and substituting into Eq. (Al), one
obtains the boundary condition,

(o) C
2]em 1- T naca
= — . A5
Jn =17 te 141, 2 (&3)

This condition has been known for a long time, e.g, in the particular
case 1, = 0, it coincides with Eq. (38) of Ref. 45; see also recent
work.” The second term on the rhs of Eq. (A5) is consistent with
the second term on the rhs of Eq. (A2) if one sets &, = 1/2(1 + ).
However, the first term on the rhs of Eq. (A5) involves the coefficient
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2/(1 + r,), which is absent in Eq. (A2) and which exceeds unity
except for r, = 1.

From now on, let us restrict the consideration to the usual sit-
uation where the reflection of the charged particles is insignificant,
ie., 7y = 0 for all charged-particle species. Let us apply each of the
above boundary conditions to three limiting cases. The first one is
the case of local equilibrium, where most of the emitted particles
return to the surface: |J,n| < Js. Equatlon (A2) with &, =1/4
and Eq. (A5) give the correct result n, = 4]em) / C,. Equatlon (A2)
with £, = 1/2 assumes a somewhat different form n, = 2]em /Ca.

The second limiting case is the one where most of the emitted
particles are swept away by the electric field into the bulk of the
plasma and only a small number return to the surface. The drift
velocity of the particles in the vicinity of the surface is directed into
the plasma and is much greater than C,, so the second term on the
rhs of Egs. (A2) and (A5) is small. Equation (A2) assumes the
form J,, = ]em) as it should. On the other hand, Eq. (A5) gives
Jon = 2J50) 2 physically unrealistic result.

The third limiting case is the one where the emission flux is
much smaller than the flux of the particles coming from the
plasma, i.e., the first term on the rhs of Egs. (A2) and (A5) is

small. Equation (A2) with &, =1/4 assumes the form
Jon = —naga/4, while Eq. (A2) with £, =1/2 and Eq. (A5) give
Jan = —14Cq /2. The former expression would be adequate for an

isotropic velocity distribution function. However, the distribution
near an absorbing non-emitting surface is strongly anisotropic, and
the latter expression appears to be more appropriate in such cases.

Thus, each of the boundary conditions correctly reproduces
two of the limiting cases but not the third one. Since the boundary
condition (A5) gives an unrealistic result in the important limiting
case where most of the emitted particles are swept away by the
electric field into the plasma, this condition can be hardly recom-
mended. Equation (A2) with &, equal to 1/4 or 1/2 appears to be
more physical.

In many cases, the ion emission is neglected, i.e., ]em for all
ion species may be set equal to zero. Then, Eq. (A2) assumes
the form

Jon = 761)("&600 genece (A6)

Jen = em

for the ions and the electrons, respectively. The electron emission
flux /) must be evaluated with account of all relevant mechanisms,
including the electron emission under the effect of charged and
excited particles and photons produced in the discharge (secondary
electron emission), photoemission caused by external radiation,
thermionic emission, thermo-field, and field electron emission
from the cathode surface. It should be stressed that in the case of
weak electric field, where e|E,|A, < kT, or, equivalently, the drift
speed is much smaller than C,, the first boundary condition in
Eq. (A6) is equivalent to the trivial boundary condition 7, = 0 as
it should.

The natural choice is to set &, =1/2 in the first
equation (A6). &, in the second equation may also be set equal to
1/2 except at hot surfaces in high-pressure (arc) plasmas, where
the dominating electron emission mechanism is thermionic emis-
sion and a significant part of the emitted electrons return to the
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surface, hence the value £, =1/4 may be more appropriate.
The boundary conditions (A6) with &, =&, =1/2 were used in
most of the simulations described in this work.

For computational reasons, it may be convenient to replace
the boundary condition (A6) for the positive ions at the cathode
and negative ions and the electrons at the anode by the condition
of zero normal derivative of n,, which amounts to neglecting the
diffusion flux of the attracted particles to the electrode in compari-
son with the drift flux. This eliminates difficulties with the compu-
tation of the distribution of the attracted particles on the length
scale kT,/e|E,|, where the solution given by the hydrodynamic
equations is non-physical anyway. This simplification was
employed in most of the simulations described in this work.

As mentioned above, the effect of the precise form of boun-
dary conditions in the modeling is not strong. As an example, one
can refer to the parallel-plate discharge, considered in Sec. III E:
the discharge initiation voltage, computed numerically using the
boundary conditions Eq. (A6) with & =&, = 1/2, differs from the
value that follows from Eq. (13), which was obtained without
account of diffusion with the boundary conditions J., = —yJi, at
the cathode and n; = 0 at the anode, by mere 1.2%. (The index i
here refers to the positive ions.) As another example, one can
mention that the change of the boundary conditions for the nega-
tive ions at the cathode and for the positive ions at the anode from
the condition (A6) with &, = 1/2 to n, = 0 produced little effect
in the modeling of corona discharges reported in Ref. 28.

APPENDIX B: PLASMACHEMICAL PROCESSES AND
TRANSPORT COEFFICIENTS FOR MODELING OF
LOW-CURRENT DISCHARGES IN HIGH-PRESSURE AIR

The model of plasmachemical processes and transport coeffi-
cients of low-current discharges in dry air at pressures of the order
of atmospheric and higher, used in this work, was obtained by
modifying, as described in this section, the “minimal” model."”
Note that the “minimal” model was validated in Ref. 12 by compar-
ing the computed inception voltage of corona discharges with
several sets of experimental data on positive and negative glow
coronas between concentric cylinders, over a wide range of pres-
sures and diameters of the cylinders, and on positive coronas in the
rod-to-plane configuration. It should be stressed that modifications
described in this section do not affect the inception voltage, which
was the parameter computed in Ref. 12. The modified model was
validated in Ref. 28 by comparing the computed steady-state
corona parameters with time-averaged measurements in DC
corona discharges in point-plane gaps in ambient air over a wide
range of currents of both polarities and various gap lengths.

The modified model takes into account the following charged
species: the electrons, an effective species of positive ions, which
will be designated A™ in this work instead of M™ as in Ref. 12, and
the negative ions O;, O, and O3 . The ions generated in air by the
electron impact ionization are N; and Oj . Ions Oj are generated
also by the photoionization, produced by UV radiation emitted by
N, molecules excited by electron impact. The Nj ions in air at
pressures of about 1 atm and higher are rapidly converted into O5 .
One channel of such conversion is the fast charge transfer reaction
NS+ O, — O+ N,. Another channel comprises a three-body
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conversion process of N and N, molecules into the Nj ions, fol-
lowed by the charge transfer from N to O,. Therefore, the positive
ions in the ionization zone are represented mostly by O .

If the reduced electric field E/N is sufficiently low and the
effective ion temperature is not appreciably higher than the neutral-
gas temperature T (which is typically of the order of 300K), then
the O ions may be converted into complex ions, e.g., Ref. 46. In
the case of humid air, the formation of cluster ions containing
several H,O molecules is also possible.

Consider, as a characteristic example, complex ions O4 , which
are created mostly in the reaction O +20, — OF + Oz and
destroyed in the reverse reaction. Usmg the rate constants,”’ one
obtains

3.2
178 x 107570 (Lot (300K exp 0K gy
= No \300K) \ T, P

where z = ng:/no:, ny and T, are the number density and the
effective temperature of species @, and Ny = 2.45 x 10® m™3 is
the standard gas number density (the number density correspond-
ing to the pressure of 1 atm and the gas temperature of 300 K).

Assuming the value of 2.3 x 107*m? V~!s™! for the reduced
mobility (the mobility scaled to the standard number density) of
ions 04+ in air,"® one obtains the followrng estlmate from Wannier
formula (C1): Tor = T + 0.037(E/N) )*Td 2 K. Assuming for the
reduced moblhty of the OF ions in air the value of
2.8 x 1074 m? V157!, which corresponds to the reduced mobility
given in Table IIb (p 68) of compilation*® for the reduced field of
100 Td, one obtains Tor = T + 0.054(E/N) )*Td*K.

It follows from Eq (B1) that, for atmospheric pressure and
T =300K, z>1 for E/N < 51Td and z < 1 for higher reduced
fields; in particular, z ~ 0.0063 for E/N = 100Td, which is an
approximate value of the critical reduced field in air. This example
confirms that the main positive ion species in the active zone of
corona and corona-like discharges in air are the OF ions with a
typical value of the reduced mobility of 2.8 x 107*m?V~1s7L,
Dominating positive ions in the drift zone are complex and, in the
case of humid air, cluster ions (except in the region adjacent to the
active zone where E/N approaches 100 Td) with typical reduced
mobilities in the range (2.0 — 2.5) x 107#m?V~1s71*

The dominating process in the active zone is electron multipli-
cation, which is not directly affected by the presence of positive
ions. Hence, values of the mobility of positive ions in the drift zone
are the relevant ones. In this model, the reduced mobility of an
effective positive ion species is set equal to 2.2 x 10~*m? V~1s7L,
Similarly, the reduced mobility of the ions O; is also set equal to
2.2 x 1074 m? V157!, reflecting the possible formation in the drift
zone of complex and, in the case of humid air, cluster ions. >

The O~ ions are present mostly in the active zone, at high
reduced electric fields, since in the drift zone most of them are
destroyed by detachment, charge transfer to the oxygen molecules,
and conversion into ozone ions. According to Ref. 48, the reduced
mobility of O~ varies between approximately 3.7 x 10~ and
52 % 107*m? V~'s7! over the reduced field range up to 100 Td
(there are no data for higher fields). According to Ref. 50,
the reduced mobility of O~ varies between approximately
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3.3x107* and 4.9 x 107*m? V' s7! over the reduced field range
up to 120 Td. In principle, variations of reduced mobilities with the
reduced field can be readily introduced into numerical models.
Since, however, a constant value is used for the mobility of O;
(and complex/cluster ions) and given that the above variations are
not huge, a constant value of 5.2 cm? V157! is chosen for the
reduced mobility of O~ in order to be consistent. Note that this
value corresponds to the value given in Table IIf (p. 81) of Ref. 48
for the reduced field of 100 Td.

The O3 ions are present mostly in the drift zone at low reduced
fields. According to Ref. 48, the reduced mobility of OF varies
between approximately 2.7 x 107* and 3.4 x 107*m? V~!s~! over
the reduced field range up to 100 Td and between approximately
3.5x 107* and 3.3 x 107*m? V" !s~! over the reduced field range
between 100 and 200 Td. According to Ref. 50, the reduced mobility
of O varies between 2.5 x 107* and 3.1 x 107#*m*V~'s™! over
the reduced field range up to 100 Td and between 3.1 x 10~* and
2.9 x 107*m? V157! over the reduced field range between 100 and
240 Td. In order to be consistent, we have chosen for the reduced
mobility of O] ions a constant value of 2.7 x 107 *m?V~!s7!,
which corresponds to the value shown in Fig. 2 of Ref. 50 for the
reduced field of 60 Td.

The diffusion coefficients of all ion species are related to the
mobilities through Einstein’s relation with the corresponding effec-
tive ion temperatures evaluated by means of the Wannier formula,
Eq. (C1) of Appendix C. We remind that both Einstein’s relation
and the Wannier formula are accurate in the case of ions with a
constant mobility. The mobility of the electrons was taken from
Ref. 51, and the longitudinal and transversal diffusion coefficients
of the electrons were evaluated with the use of the online version of
the Bolsig+ solver’” and the cross sections.’

TUTORIAL scitation.org/journall/jap

The kinetic scheme and relevant kinetic data used in this
model are summarized in Table I. Reactions (1)-(4) and (6)-(8)
are the same that were considered in Ref. 12. In Ref. 12, collisional
detachment from O, reaction 5, was written, following Ref. 54, in
the form O; + M — e + O, + M, where M is any of the molecules
N, and O,. However, the contribution of the process O; + N, is
small; therefore, the collisional detachment from O is written in
this model with account of collisions only with O,. The approxi-
mations of rate constants of reactions 5-8 were taken from Table 2
of Ref. 54. (The rate constant of the collisional detachment from
O was multiplied by the factor of 5, in agreement with the above.)
It should be stressed that these approximations are valid for varia-
ble gas temperature T, in contrast to the approximations given in
the Appendix of Ref. 54 and used in Ref. 12, which are valid only
for T = 300K.

Note that, although numerical results reported in this paper
refer to the constant gas temperature T = 300K, the applicability
of the modified model for variable T is an improvement that will
be exploited in subsequent work. It is expected that the modified
model is applicable under conditions where the degree of dissocia-
tion of oxygen molecules is sufficiently low and oxygen atoms do
not significantly affect the balance of charged particles (in particu-
lar, the rate of destruction of negative ions). At air pressures of the
order of 1atm, this corresponds to gas temperatures of the order of
1000 K and lower.

Another modification to the kinetic scheme'” is an account of
recombination. Again, this modification is not very relevant to the
results reported in this paper; however, it will be useful for subse-
quent work. It should be stressed that due to the lack of sufficient
experimental information, the account of recombination cannot be
introduced in an accurate way and should be considered rather as

TABLE I. Kinetic scheme and relevant kinetic data. T'in K, E/N in Td. A™: the effective positive ion species. B™: any of the negative ions O™, O, and O; . M: any of the mole-

cules N, and O,.

Reaction Evaluation of reaction rate Reference
e+M—2e+A" (1) Same as in Ref. 12 12
e+0, >0 +0(2) Same as in Ref. 12 12
e+0,+M—0; +M (3) L = 1.6 x 107¥(E/N)" "' m* 51
M+hv—e+A" (4) Egs. (4)-(6)" 11
0; +0; — e+ 20; (5) 6.1 x 107 exp [— M#S(OE/N)Z} m3s!¢ See text
O™+ N, - e+ N,0 (6) 1.16 x 107'8 exp[—ﬁéww] m3s71¢ 54
(O + OZ — O + O; (7) 6.9 X 10_17 exp |:— T‘H)%‘(()g/w] m3 S_lc 54
A" + B~ — products (9) Eq. (B2)*

A" + e — products (10) Eq. (B3)?

*Townsend coefficient.
PReaction rate.

“Reaction rate constant.
9Recombination coefficient.
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an order-of-magnitude estimate. The main mechanism of ion-ion
recombination in air, reaction 9, at pressures of the order of 1 bar
and higher is the ion-ion recombination with participation of
neutral molecule(s) with the recombination coefficient in the range
of (2 —2.5) x 1072 m?s~1.°" The rate constant of the binary ion-
ion recombination is typ1cally of the order of 1072 m?s7! (eg,
Refs. 47 and 56) and the contribution of this mechanism is small.
At pressures of the order of 1atm and higher, the coefficient of
ion-ion recombination with participation of neutral molecule(s)
may be estimated by means of the following expression:’

Bi' = (BsN)"'+8, (B2)
where f;; is the three-body recombination rate constant and f;; is
the Langevin recombination coefficient. This expression has to be
separately evaluated for each pair of positive (A1) and negative
(07, O3, 0O3) ions. The Langevin recombination coefficient is
related to the mobilities of the recombining positive and negative
ions, 4, and ug, by the formula g8, = e(,ua +,uﬁ). The value of
the three-body recombination rate constant for T = 300 K and low
reduced electric field is assumed to be equal to 1.5 x 107 m®s~!
for all three negative ion species; and this value ensures a reason-
ably good agreement of the recombination coefficients for O; and
O3, given by Eq. (B2), with the experimental data shown in Figs. 6
and 7 of Ref. 55 on the recombination coefficient in air for a wide
range of pressures. The temperature dependence of the three-body
recombination rate constant varies from T~ 5/2 (or T~ for ions in
parent gases %) at low pressures to T~3/2 at pressures of around
latm.”” Thus, one can set B3 = 1.5 x 1077 (300 K/ T,5) 2 ms s,
where Top is the effective reduced temperature of species o and
defined in Appendix C.

Electron-ion recombination, reaction 10, can occur via
dissociative recombination of molecular ions, the recombination
with participation of neutral molecules, and three-body recom-
bination with the third body being the electron. The most
effective dissociative electron-ion recombination process in air
is the dissociative recombination of molecular ions O; and Oj.
The rate constants of recombination of these ions are
Bo= 2x10"3(300K/T,)"’ m*s"*" and S, =4x10""1
(300K/T,)** m*s™,°" respectively (here, T, is the electron
temperature, which in this work was evaluated in terms of the
electron mean energy with the use of the online version of the
Bolsig+ solver’” and the cross sections’”). The total rate of elec-
tron-ion recombination, accounting for contributions of both
these ion species, is B,nenor + Besttenor and is represented in
the considered model as §,;n.1,+, where n,+ has the meaning of
the sum no: +no: and B,; may be termed the electron-ion
recombination coefficient. One finds

1

ﬁei:m

z
ﬁez + 1 + Zﬁe4’ (B3)

where z is given by Eq. (B1). Note that the second term on the
rths of Eq. (B3), which describes the contribution of O] to the
total recombination rate, can be appreciable even in cases where
z is much lower than unity since the recombination rate cons-
tant for this ion is much higher than that for Of. (Note that the

TUTORIAL scitation.org/journall/jap

latter is a typical situation: rate constants of dissociative recom-
bination for complex and cluster ions are by an order of magni-
tude higher than for diatomic ions.)

The coefficient of electron-ion recombination with participa-
tion of neutral molecules may be estimated by means of a formula
similar to Eq. (B2). The Langevin electron-ion recombination coef-
ficient may be estimated in terms of the mobility s, of electrons,
Bo. = (e/€o)ut,. Since the electron mobility is high (by two orders
of magnitude higher than the ion mobility), the Langevin electron-
ion recombination is negligible up to the gas pressures of about
100 atm. The three-body electron—ion recombination with the third
body being a gas molecule has been studied in several gases, includ-
ing CO, and H,O. There are no data available on the three-body
recombination of oxygen ions with electrons. In the experiment®’
on recombination of NJ in nitrogen at T, = T, the three-body
process has not been observed up to the gas pressure of about
2 atm. It is also known (for CO,) that the recombination coefficient
for the three-body process decreases with increase of T, much
faster than that of the two-body process.”” On the basis of this
information, one can expect that the role of three-body electron-
ion recombination with the third body being a gas molecule would
not be very appreciable for air pressures up to several tens of atm,
although this point requires future study. Thus, the electron-ion
recombination with participation of neutral molecules will be
neglected.

The rate constant of the three-body electron-ion recombina-
tion with a third body being the electron may be estimated as
1.4 x 107%(T,/300K) ** m®s~1.°" This process comes into play
at high electron densities, typically those exceeding 10 m—3, and
may be accounted for by adding the corresponding term to the
expression (B3) if appropriate.

APPENDIX C: EFFECTIVE REDUCED TEMPERATURE
OF A PAIR OF ION SPECIES IN HIGH ELECTRIC FIELDS

Let us consider the effective temperature T, of an ion species
a, which is defined by the equation 1, (v, — Vao)® = 2kT, and
characterizes the mean kinetic energy of the chaotic motion of the
ions. Here, v, m,, and v, are the particle velocity, particle mass,
and average (drift) velocity of species a. This temperature may be
evaluated by means of the Wannier formula in the form

3 3 1
EkTu = EkT + EMVfia, (Cl)

e.g, Eq. (6-2-13b) on p. 276 of Ref. 64. Here, M is the particle
mass of the neutral gas. In the case of air, M is interpreted as a
weighted average of N, and O, particle masses. It is natural to use
the effective temperature T,, while evaluating Einstein’s relation for
the species a.

Let us consider the effective reduced temperature T,z of species
o and B, which characterizes the mean kinetic energy of relative
motion of particles of species o and  and is defined by the equation

%maﬂ (va — vﬂ)2 = %kTa , where mgg = mgmg/ (m,, + mﬁ) is the
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reduced mass of the species. It can be shown that

3 3 meTg+mpTy 1 2
kT, = ket a | _ . C2
2727 my +mg + 2 Mab (Vae = Vap) (€2)

Note that the third factor in the first term on the rhs of Eq. (C2) is
the so-called reduced temperature of the species @ and f, so the
physical meaning of this equation is clear.

Note also that Eq. (C2) is consistent with the well-known fact
that the mean kinetic energy of relative motion of ions and neutrals
is characterized by the effective ion temperature: setting in (C2)
vag = 0, mg = M, Tg = T, one obtains T,z = T, as it should be.

Strictly speaking, the use of the effective reduced temperature
Top for the evaluation of rate constants is justified in the case of
binary ion-ion reactions. However, in the absence of better options
it is natural to use these temperatures also in the case of three-body
reactions, where the third body is a neutral particle, in the same
way as the effective ion temperature is used for the evaluation of
rate constants of three-body ion-molecular reactions with the third
body being a neutral particle. Note that in the particular case of
ion-ion recombination reactions, the factor (v, _Vdﬁ)z in (C2)
may be replaced by (vaq + vas)”.
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