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Abstract
We establish conditions to ensure global stability of a competitive periodic system from
hypotheses on individual maps. We study planar competitive maps of Kolgomorov type. We
show how conditions for global stability for individual maps will remain invariant under
composition and hence establish a globally stable cycle. Our main theoretical contribution
is to show that stability for monotone non-autonomous periodic maps can be reduced to
a problem of global injectivity. We provide analytic conditions that can be checked and
illustrate our results with important competition models such as the planar Leslie-Gower and
Ricker maps.

Keywords Competition models · Global stability · Kolmogorov maps · Monotone maps ·
2D Periodic maps

1 Introduction

A fundamental problem in the area of discrete dynamical systems is the global stability of
fixed or periodic points of a map. In this article we consider the global dynamics a non-
autonomous periodic planar maps of the type

xn+1 = Fn(xn), for n ∈ Z
+, (1)

where xn ∈ R
2+ = [0,∞)2 and for some positive integer p > 1, we have Fn+p = Fn , for all

n.
We address the question of whether the global dynamics of the periodic system (1) can be

determined from the knowledge of the dynamics of the individual maps Fn . We provide new
insights to this problem by focusing on competitive Kolmogorov maps, that is, competitive
maps of type Fn(x, y) = (x fn(x, y), ygn(x, y)). These maps arise naturally in applications
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to mathematical biology andmathematical economics. For instance, they represent important
problems in population models with fluctuation habitat, also commonly called periodically
forced systems (see [5–8] for further examples).

We will focus on a set on conditions that are sufficient to ensure global stability of indi-
vidual maps Fn . Some of these conditions will remain invariant under composition and thus
trivially carry over to the periodic case. While for other conditions we will establish criteria
that can be analytically verified. Most importantly, in applications for periodic systems of
period two, conditions for global stability of competitive maps Fn alone will be sufficient to
that the periodic system (1) is globally stable

Let us now begin to describe our conditions. We say that map F : Ω → R
k is monotone

if whenever x ≤O y, then F(x) ≤O F(y), where O is an orthant of Rk and x ≤O y if and
only if y − x ∈ O. Simply said, a map is monotone if it preserves order. When dealing with
planar maps we have two orderings. One is the order induced by the first or third quadrant
and maps preserving this ordering are called cooperative. The other is the order induced by
the second or fourth quadrant (denoted by≤K or K -order) and maps preserving this ordering
are called competitive. We say a region Ω ⊆ R

2+ is a competitive region or K -convex if it
contains the line segment joining any two of its points that are ordered with respect to ≤K .

As we examine planar competitive maps and its applications, we will focus on sufficient
conditions that can be checked analytically. A planar map is called strongly competitive if
the inverse of the Jacobian Matrix of the map is a positive matrix. When the planar map is
orientation preserving this is easily observed by checking that the entries on themain diagonal
are positive and the entries in the off-diagonal are negative. This was first introduced in [21]
and later generalized in [3] for higher dimensional maps to establish global stability. Since
we are concerned with analytical conditions, this will be our working definition, that is, when
we say a map is competitive, we mean strongly competitive.

We also remark, as mentioned in [21], that positiveness is not the most general condition
that could be stated but will suffice for our purposes. Recent work in [12] shows that it is
possible to consider nonnegative instead of positive conditions, but these do not change the
main ideas and conclusions in this article since we do not consider degenerate cases, or
limiting cases for the parameters in our study. In fact, as we work with repellor and saddle
points we consider the strict inequality of being greater (or less) than one instead of greater
or equal (less or equal) than one. More precisely, we say a fixed point is a repellor when both
eigenvalues of the JacobianMatrix at the fixed point have absolute value greater than one and
a fixed point a saddle when one of the eigenvalues of the Jacobian Matrix at the fixed point
have absolute value greater than one and the other has absolute value less than one. This is
also called a hyperbolic saddle.

Now we list our main assumptions, similar to the hypotheses made in the articles [3,11,
13,21,22] when studying competitive maps. We shall assume that F : Ω ⊆ R

2+ → R
2+ is a

class C1 and Ω is a competitive region. In addition, F satisfies the following hypotheses.

(H1) The map F is competitive.
(H2) The extinction fixed point (0, 0) is a repellor.
(H3) Themap F has two exclusion fixed points E1 = (̂x, 0) and E2 = (0, ŷ) that are globally

asymptotically stable when restricted to each axis, but a saddle in Ω .

As we are concerned with global stability, we are interested in a unique fixed point or
a unique cycle. One of our main contributions is to frame this question as a problem on
global injectivity. In particular, we use classical Theorem of Gale-Nikaido [9], which has
been recently given a geometric generalization in [1], to set analytic conditions for the
uniqueness of the interior fixed point. Indeed, to say that F(x, y) = (x f (x, y), yg(x, y))
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has a unique interior coexistence fixed point is to say that ( f (x, y), g(x, y)) = (1, 1) has
a unique solution. Let us denote by ˜F the reduced map associated to F to be given by
˜F(x, y) = ( f (x, y), g(x, y)). Our new hypothesis is simply the following:

(H4) The reduced map ˜F is injective.

Our main result is as follows.

Theorem 1 Consider a periodic system (1) with period p. Assume that Ω ⊆ R
2+ is a com-

petitive region and Fn : Ω → R
2+ is a Kolmogorov planar map of class C1 that satisfies

(H1)–(H4). If Φp = Fp−1 ◦ · · · ◦ F1 ◦ F0 satisfies (H3)–(H4), then the periodic system has
a globally asymptotically stable periodic cycle.

We remark that in applications, with concrete expressions for the maps Fn , we will show
that if individual maps satisfy (H1)–(H4), then the composition map Φp automatically satis-
fies (H1)–(H4) as well and the system has a globally asymptotically stable cycle.

We organize this paper as follows. We provide the necessary background on competitive
maps and determine the analytical conditions to check our hypotheses. Later, we apply our
results to global stability of periodic competitive systems such as the planar Leslie-Gower
competition model [14] and the Ricker competition model [19].

2 Competitive Maps andMain Result

For more comprehensive details on the theory of monotone planar maps, we refer to [21].
In applications, the following result tells us how to analytically check if a planar map is
competitive and when that is the case, the orbit of every point will converge to some fixed
point.

Theorem 2 (Smith [21]) LetΩ ⊆ R
2+ be a competitive region and F : Ω → R

2+ be a planar
C1 map that satisfies the following:

i. The map F is orientation preserving, i.e., det DF(x) > 0, for x ∈ R
2+.

ii. The entries on the main diagonal of DF(x) are positive and the entries in the off-
diagonal are negative.

iii. The map F is injective.

Then {Fn(x)} is eventually componentwise monotone. In addition, if the orbit has compact
closure, then it converges to a fixed point of F.

It can be difficult to show that the map F is injective on Ω , but in [2], the authors use
singularity theory to determine regions of invertibility of F so that the result above can apply
for the Ricker competition map.

As mentioned in the introduction, we restrict ourselves to competitive maps (H1) that
have a repellor extinction point (H2) and one exclusion fixed point in each axis that are
saddle points (H3). Under these three hypotheses, we can already tell quite a bit on the global
dynamics of the map.

Theorem 3 (Smith [21]) Let Ω ⊆ R
2+ be a competitive region and F : Ω → R

2+ be a
planar C1 such that (H1)–(H3) hold. Then there exist positive fixed points E∗ = (x∗, y∗)
and E∗ = (x∗, y∗), not necessarily distinct, such that the exclusion fixed points (E1 and E2)
and the positive fixed points (E∗ and E∗) are K -ordered as E2 ≤K E∗ ≤K E∗ ≤K E1. In
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addition, the orbit of every interior point converges to a fixed point (u, y) belonging to the
rectangle with corners E∗ and E∗ and sides parallel to the axis, that is, x∗ ≤ u ≤ x∗ and
y∗ ≤ v ≤ y∗.

Therefore, if it can be shown that F has a unique positive coexistence fixed point, then the
rectangle with corners E∗ and E∗, in the result above, reduces to a single unique fixed point.
Hence F is globally stable. This is a subtle but important issue, it means that we can utilize
results on global injectivity to determine global stability results. Indeed, from this discussion
we have the following straightforward result.

Proposition 1 Let Ω ⊆ R
2+ be a monotone region and F : Ω → R

2+ be a planar C1 such
that (H1)–(H4) hold. Then there exists a unique positive coexistence fixed point E∗ that is
globally asymptotically stable in the interior of Ω .

We now consider a non-autonomous periodic planar map of period p > 1 as denoted
by (1). For each i , letΦ i

p = Fi+p−1 ◦ · · ·◦ Fi+1 ◦ Fi be the associated composition operators.
When i = 0, we write Φ0

p as Φp . (For more details in non-autonomous periodic difference
equations we refer the reader to [16]).We seek to determine if the maps Fn satisfy hypotheses
(H1)–(H4), then Φ i

p will also satisfy hypotheses (H1)–(H4).
We begin with (H1), in order to check if an orientation preserving map is competitive and

thus satisfies (H1), it suffices to check that the inverse of the Jacobian matrix is a positive
matrix, that is, entries of DF−1(p) are positive, see [3, Lemma 4.1]. Hence competitiveness
is preserved under composition of maps in any dimensions using the chain rule.

Next, a simple computation will also show that the origin will remain a repellor
under composition, thus (H2) is also preserved under composition. Indeed, let Fi (x, y) =
(x fi (x, y), ygi (x, y)), these maps have the origin as a common extinction fixed point, so the
origin is also an extinction fixed point of Φ i

p . Let DFi be the Jacobian matrix of Fi . A quick
computation shows that

DFi (x, y) =
(

fi (x, y) + x∂x fi (x, y) x∂y fi (x, y)
y∂x gi (x, y) gi (x, y) + y∂ygi (x, y)

)

. (2)

Hence, at the extinction fixed point (0,0), the eigenvalues are fi (0, 0) and gi (0, 0). By
assumption (H1) that the origin is a repellor of each individual map, we have that | fi (0, 0)| >

1 and |gi (0, 0)| > 1. Using the chain rule, the eigenvalues at the origin for Φ i
p are given by

∏p+i−1
j=i f j (0, 0) and

∏p+i−1
j=i g j (0, 0). Thus, both are clearly greater than one in absolute

value.
Let us now focus on checking (H3). Since we must restrict the analysis to each axis, we

begin with the dynamics of periodic systems of one-dimensional maps.
Let F0, F1 : D ⊂ R

+
0 → D be competitive Kolmogorov maps given by F0(x) = x f0(x)

and F1(x) = x f1(x)where D is a closed interval.Motivated by the applications in population
dynamics, we further assume that f0(x), f1(x) > 0 and f ′

0(x), f ′
1(x) < 0 for all x ∈ D.

Since F0 and F1 are competitive, F ′
0(x) ≥ 0 and F ′

1(x) ≥ 0, or equivalently,

f0(x) + x f ′
0(x) ≥ 0 and f1(x) + x f ′

1(x) ≥ 0 for all x ∈ D.

It is a straightforward computation to verify that the composition maps Φ i
2 = Fi+1 ◦ Fi

are Kolgomorov maps and the associated reduced maps are injective. Indeed, let i = 0 (the
case when i = 1 is similar) and Φ2(x) = (F1 ◦ F0)(x) = x f0 (x) f1 (x f0 (x)).

The reduced map associated to Φ2 is given by ˜Φ2(x) = f0 (x) f1 (x f0 (x)). We can show
that ˜Φ2(x) is injective by showing that its derivative is nowhere vanishing. A computation
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shows that

˜Φ ′
2(x) = f ′

0(x) f1 (x f0(x)) + f0(x) f
′
1 (x f0(x))

(

f0(x) + x f ′
0(x)

)

,

or equivalently,

˜Φ ′
2(x) = f 20 (x) f ′

1(x f0(x)) + f ′
0(x)

(

f1(x f0(x)) + x f0(x) f
′
1(x f0(x))

)

. (3)

Thefirst term in (3) is negative as f ′
1(x) < 0. For the second term, let us denote y = x f0(x).

Then f ′
0(x) < 0 and from the assumption that F1 is monotone, we have that f1(y)+y f ′

1(y) ≥
0. Thus ˜Φ ′

2(x) < 0 for all x ∈ D. This means that ˜Φ2 is injective.
The upshot of the computation above, is that when D is compact, the orbit of any interior

point underΦ2 must converge to some fixed point. As we assume that the origin is a repellor,
the orbit must converge to an interior fixed point. Recall that an interior fixed point of Φ2

would satisfy ˜Φ2(x) = 1. If the interior fixed point were not unique, by Rolle’s Theorem,
there would be a point where ˜Φ ′

2(x) = 0 contradicting the computation in (3) where we show
˜Φ ′
2(x) < 0 for all x ∈ D. Hence, the fixed point must be unique and globally stable. We

also note that since the domain and image of F0 and F1 is D, all possible fixed points of Φ2

would be in D as well.
As we turn to planar maps, the discussion above establishes the first part in (H3). Namely,

for each exclusion fixed point in the axis, the restriction to each axis will be globally stable.
We now need to establish the conditions for it to be a saddle and we do so by computing the
eigenvalue of the eigenvector not in the axis. Without loss of generality, let us focus on the
x-axis and consider the composition operator Φp .

For each i , we assume that Fi (x, y) = (x fi (x, y), ygi (x, y)) satisfies (H3) and the exclu-
sion point of Fi on the x-axis is (x̂i , 0). The Jacobian Matrix of Fi at the exclusion point
is

DFi (x̂i , 0) =
(

fi (x̂i , 0) + x̂i
∂ fi
∂x (x̂i , 0) x ∂ fi

∂ y (x̂i , 0)
0 gi (x̂i , 0).

)

. (4)

Thus, the eigenvalue corresponding to the eigenvector not in the axis is gi (x̂i , 0) which
we assume to be greater than one. Next, consider {x0, x1, . . . , x p−1} to be the globally
asymptotically stable p-cycle on the x-axis. This is indeed the globally stable p-cycle from
the one-dimensional analysis above. By the chain rule, DΦp (̂x, 0)will be a triangular matrix

and by (4), the eigenvalue associated to the eigenvector not in the x-axis is
∏p−1

i=0 gi (xi , 0).
Similarly, for the exclusion point of Fi on the y-axis we have that the eigenvalue associated
to the eigenvector not in the y-axis is

∏p−1
i=0 fi (0, yi ).

Therefore, to say that Φp satisfies (H3) whenever Fi satisfies (H3) is equivalent to say
that if |gi (̂xi , 0)| > 1 for each i , then

p−1
∏

i=0

|gi (xi , 0)| > 1 and
p−1
∏

i=0

| fi (0, yi )| > 1. (5)

In view of the computation above, we have the following result as a generalization of
Theorem 3:

Theorem 4 Let Ω ⊆ R
2+ be a monotone region and Fn : Ω → R

2+ be a planar C1 with
Fn(x, y) = (x fn(x, y), ygn(x, y)) such that (H1)–(H3) hold. If

| fn(0, y)| > 1,∀(0, y) ∈ Ω and |gn(x, 0)| > 1,∀(x, 0) ∈ Ω, (6)
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then the periodic system (1) has two cycles
{

(

x∗
0, y

∗
0

)

,
(

x∗
1, y

∗
1

)

, . . . ,
(

x∗
p−1, y

∗
p−1

)}

and
{(

x0,∗, y0,∗
)

,
(

x1,∗, y1,∗
)

, . . . ,
(

x p−1,∗, y p−1,∗
)}

such that the orbit of every interior point
converges to a cycle

{

(u0, v0) , (u1, v1) , . . . ,
(

u p−1, vp−1
)}

with x∗
n ≤ un ≤ xn,∗ and

yn,∗ ≤ vn ≤ y∗
n.

Remark 1 The condition in hypotheses (6) is much stronger that condition (5) needed for the
composition map to satisfy (H3). In applications to concrete maps, such as the Ricker Map,
we are able to show directly that (5) holds from |gi (x̂i , 0)| > 1 and | fi (0, ŷi )| > 1 since we
can relate the individual fixed points (x̂i , 0) and (0, ŷi ) to the cycle {x0, x1, . . . , x p−1} and
{y0, y1, . . . , y p−1}, respectively.

Lastly, we will now consider how one checks condition (H4), that is, we provide analytic
conditions to determine when the reduced map is injective. There are many important results
for detecting invertibility of amap, see [1,9,10,17,18].We define the leading principal minors
of an n × n matrix as the determinant of the submatrix obtained by deleting the last n − k
rows and columns of the matrix for k = 1, 2 . . . , n. This means that the first leading principal
minors is the first diagonal entry and subsequent leading principal minors are the square
matrices along the diagonal. For our purposes, we shall use the following result that provides
two simple analytical conditions.

Theorem 5 (Gale-Nikaido [9]) Let F : R2 → R
2 be a C1 planar map given by F(x, y) =

( f (x, y), g(x, y)). If all the leading principal minors of the Jacobian Matrix do not change
sign, that is,

| fx | 
= 0 and (GN1)

| fx gy − fygx | 
= 0, (GN2)

then F is injective.

We remark that Theorem 5 works in higher dimensions as well and the leading principal
minors can be replaced by any nested sequence of square matrices along the diagonal of the
Jacobian Matrix starting from diagonal entry.

Wewill illustrate for two-periodicmaps how to check the conditions above to show that the
reduced map of the composition operator is injective. Let us consider two Kolmogorov maps
defined by Fi : D ⊂ R

2+ → D given by Fi (x, y) = (x fi (x, y), ygi (x, y)), for i = 0, 1,
such that fi (x, y) and gi (x, y) are decreasing in both variables.

Denote Φ2(x, y) = (F1 ◦ F0)(x, y) as the map given by

Φ2(x, y) = (x f0(x, y) f1(x f0(x, y), yg0(x, y)), yg0(x, y)g1(x f0(x, y), yg0(x, y)))).

The reduced map is given by

˜Φ2(x, y) = ( f0(x, y) f1(x f0(x, y), yg0(x, y)), g0(x, y)g1(x f0(x, y), yg0(x, y)))).

The first leading principal minor of the Jacobian Matrix of ˜Φ2 is given by

J11(x, y) = f 20 (x, y)
∂ f1
∂u

(u, v) + ∂ f0
∂x

(x, y)
∂

∂u
(u f1(u, v))

+y f0(x, y)
∂ f1
∂v

(u, v)
∂g0
∂x

(x, y),
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where we write u(x, y) = x f0(x, y) and v(x, y) = yg0(x, y) for simplicity.
Similarly, the determinant of the Jacobian Matrix of ˜Φ2 is given by

det ˜Φ2(x, y) = J11(x, y)J22(x, y) − J12(x, y)J21(x, y),

where Ji j are the entries of D˜Φ2, namely, J11(x, y) as above and,

J12(x, y) = ∂ f0
∂ y

(x, y)
∂

∂u
(u f1(u, v)) + f0

∂ f1
∂v

(u, v)
∂

∂ y
(yg0(x, y)),

J21(x, y) = ∂g0
∂x

(x, y)
∂

∂v
(vg1(u, v)) + g0

∂g1
∂u

(u, v)
∂

∂x
(x f0(x, y)),

and

J22(x, y) = g20(x, y)
∂g1
∂v

(u, v) + ∂g0
∂ y

(x, y)
∂

∂v
(vg1(u, v))

+xg0(x, y)
∂g1
∂u

(u, v)
∂ f0
∂ y

(x, y).

Thus conditions (GN1) and (GN2) that will be checked in specific maps are

J11(x, y) 
= 0, for all (x, y) ∈ D, (7)

and

det ˜Φ2(x, y) 
= 0 for all (x, y) ∈ D. (8)

In the case of the planar Leslie-Gower model and the Ricker competition model, we can
check (7) and (8), under some conditions on their parameters. We will see this fact in details
in the next section.

3 Applications

Let us now consider particular maps from Mathematical Biology in order to illustrate our
results.We restrictmost of ourwork to 2-periodicmaps due to the complexity of computations
since the amount of parameters involved is significant for analytical computations.

3.1 Periodic Leslie-Gower Model

Consider the 2-periodic Leslie-Gower model xn+1 = Fn(xn) where Fn : R2+ → R
2+ and

Fn+2 = Fn for all n such that the sequence of maps is given by

F0(x, y) =
(

r0x

1 + c11x + c12y
,

s0y

1 + c21x + c22y

)

and

F1(x, y) =
(

r1x

1 + d11x + d12y
,

s1y

1 + d21x + d22y

)

.

We remark that the analysis that follows can be extended to a more general period of the
equation.
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Note that that Fn is a diffeomorphism. We shall consider the case when ri > 1 and si > 1
for i = 0, 1, which corresponds to the situation where the system does not go to extinction.
In addition, all the competition parameters ci j and di j are assumed to be positive constants.

The conditions under which the autonomous Leslie-Gower model satisfies conditions
(H1)–(H4) are analyzed in detail in [3]. We state below the conditions that will be used in
this article for completeness. First, the competition parameters must satisfy

c21 < c11, c12 < c22 and d21 < d11, d12 < d22. (9)

In addition, the condition that each individual map Fi must satisfy (H3) is given by:

g0 (̂x0, 0) = g0

(

r0 − 1

c11
, 0

)

= c11s0
c21 (r0 − 1) + c11

> 1 (10)

and

g1(̂x1, 0) = g1

(

r1 − 1

d11
, 0

)

= d11s1
d21 (r1 − 1) + d11

> 1. (11)

As we begin checking our hypotheses, we know that (H1) and (H2) are trivially satisfied.
For (H3) and (H4), we will provide analytical conditions that can be checked. Let us consider
the eigenvalues associated to the 2-cycle in the x-axis and determine how to verify condition
(5) to establish (H3).

Wedenote {(x0, 0), (x1, 0)} to be the 2-cycle in the x−axis.A straightforward computation
shows that

x0 = r0r1 − 1

c11 + d11r0
and x1 = r0r1 − 1

d11 + c11r1

In fact, there are similar expressions for general p-periodic case. In a paper by Clark and
Gross [4], the authors showed that the p-periodic equation xn+1 = rn xn

1+cn xn
, rn+p = rn

and cn+p = cn for all n, has a globally asymptotically stable p-cycle of the form
{x0, x1, . . . , x p−1} where

x0 =
∏p−1

i=0 ri − 1

c0 + ∑p−1
i=1

(

∏i−1
j=0 r j

)

ci
, xi+1 = fi (xi ), fi (x) = ri x

1 + ci x
.

Now, to check condition (5) for the 2-periodic case we need to show that

1
∏

i=0

|gi (xi , 0)| = s0
c21x0 + 1

s1
d21x1 + 1

> 1.

We note that the condition for
∏1

i=0 | fi (0, yi )| is analogous. Using the expressions for xi
this is equivalent to check if

s0s1 − 1

r0r1 − 1
>

c21d21(r0r1 − 1) + c21(d11 + c11r1) + d21(c11 + d11r0)

(c11 + d11r0)(d11 + c11r1)
. (12)

Now, to see whether the periodic Leslie-Gower model satisfies (H4) by checking if the
Gale-Nikaido conditions (7) and (8) hold for the compositionmapΦ2(x, y) = (F1◦F0)(x, y).
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The reduced map associated to Φ2(x, y) is given by

˜Φ2(x, y) =
⎛

⎝

r0r1

(c11x + c12y + 1)
(

d11r0x
c11x+c12 y+1 + d12s0 y

c21x+c22 y+1 + 1
) ,

s0s1

(c21x + c22y + 1)
(

d21r0x
c11x+c12 y+1 + d22s0 y

c21x+c22 y+1 + 1
)

⎞

⎠ .

The first leading principal minor J11(x, y) of the Jacobian Matrix of ˜Φ2 is given by

−r0r1((c11 + d11r0) (c21x + c22y + 1) 2 + d12s0y (y(c22c11 − c12c21) + (c11 − c21)))

((c21x + c22y + d12s0y + 1)(1 + c11x + c12y) + d11r0x (c21x + c22y + 1))2

Clearly, from relations in (9) it follows that J11(x, y) < 0 and the first Gale-Nikaido condi-
tion (7) is satisfied.

In order to check the second Gale-Nikaido condition (8) we need to show that det D˜Φ2 
=
0. In the general case, the computations are exceedingly long and unreasonable to manipulate
due the number of parameters. Therefore we will focus on the symmetric case where we can
concretely check the hypotheses of our results. We highlight that in this special symmetric
case, we can show that condition (8) is satisfied and hence (H4) holds and we can also show
that conditions (10) and (11) implies (12) which in turn verifies (H3).

In the Leslie-Gower competition model, the symmetric case means the case where there
is no intraspecific competition (competition between members of the same species), i.e.,
cii = dii = 1 and the interspecific competition is equal (competition between members of
different species), i.e., ci j = di j = a, for i 
= j . Under this assumption on the parameters
we have that

det D˜Φ2(x, y) =(1 − a)r0r1s0s1

(

A

B

)

,

where

A = r0
(

x
(

a2y + a + y + 1
) + ax2 + (y + 1)(ay + 1)

)

× (

2a3x2 + a2x(2x + 3y + 3) + s0
(

3a3xy + a2
(

x2 + x(3y + 2) + y(y + 2)
)

+ a
(

x2 + x(y + 2) + (y + 1)2
) + (x + 1)(y + 1)

) + a
(

x2 + x(2y + 3) + (y + 1)2
)

+ (x + 1)(y + 1)) + (ay + x + 1)2
(

s0
(

2a3xy + a2
(

x2 + 2xy + x + 2y(y + 1)
)

+ a(y + 1)(2x + 2y + 1) + (y + 1)2
) + as20 y(ay + y + 1) + (a + 1)(ax + y + 1)2

)

+ ar20 x(ax + x + 1)(ax + y + 1)2

and

B = (ar0x(ax + y + 1) + (ay + x + 1) (ax + s0y + y + 1))2

× (r0x(ax + y + 1) + (ay + x + 1) (as0y + ax + y + 1))2 .

Since A/B > 0, as both of these expressions contain only positive terms, and from relation (9)
we have that a < 1, it follows that det D˜Φ2(x, y) > 0. Thus, from Theorem 5 the map ˜Φ2

is injective and (H4) holds.
For (H3), we can combine (10) and (11) and we have in the symmetric case that

(s0s1 − 1) > a [a (r0 − 1) (r1 − 1) + (r1 − 1) + (r0 − 1)] , (13)
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and also (12) reduces to

s0s1 − 1

r0r1 − 1
> a

[

a(r0r1 − 1) + (1 + r1) + (1 + r0)

(1 + r0)(1 + r1)

]

. (14)

We claim that

a (r0 − 1) (r1 − 1) + r0 + r1 − 2 >
(r0r1 − 1) [a(r0r1 − 1) + r0 + r1 + 2]

(1 + r0)(1 + r1)
. (15)

Indeed, a long but straightforward manipulation shows that inequality (15) is equivalent
to the inequality (1 − a) (r0 − r1)2 > 0 which is clearly valid as a < 1. Next, we combine
(15) and (13) to establish that (14) is true and hence (H3) holds for Φ2.

Finally, from Theorem 1 the 2-periodic Leslie-Gower competition model has a 2-periodic
globally asymptotically stable cycle with respect to the interior of R2+.

3.2 Periodic Ricker Map

Consider the 2-periodic Rickermodel xn+1 = Fn(xn)where Fn : R2+ → R
2+ and Fn+2 = Fn

for all n, such that the sequence of maps is given by

F0(x, y) =
(

xer0−x−a0 y, yes0−y−b0x
)

,

and

F1(x, y) =
(

xer1−x−a1 y, yes1−y−b1x
)

.

We are interested in the analyses of a systemwhere the individual maps satisfy (H1)–(H4).
This is the case where the system does not go to extinction and has a unique positive fixed
point. Therefore we assume that the parameters for each individual map Fi satisfies ai si < ri ,
biri < si , and aibi < 1, i = 0, 1. In addition, because we are restricting our analysis for
the monotone case, we further assume that ri , si < 1, i = 0, 1. A detailed analysis of the
autonomous Ricker competition model can be found in [2,3,15] and for completeness, we
will mention the results that will be needed for our analysis.

Aswe assume that the individualmaps aremonotone, this requires that themaps are locally
invertible on their domains. Following the work in [2] where the domain of invertibility for
the Ricker map was studied, we need to find a region in the domain bounded by the critical
curve. Let F(x, y) = (xer−x−ay, yes−y−bx ) and the critical curve of a the 2-dimensional
continuous map F is given by the set of points for which the Jacobian determinant of F
vanishes, or for which the map F is not differentiable. In other words,

LC−1 = {p ∈ U : det DF(p) = 0, or F is not differentiable in p}.
For the Ricker map F , we have that

LC−1 =
{

(x, y) ∈ R
2+ : y = 1 − x

1 − (1 − aibi )x
, x 
= 1

1 − aibi

}

, (16)

and it is formed by two branches:

(i) LC1−1, a curve connecting the points (0, 1) and (1, 0), for x < 1
1−ai bi

.

(ii) LC2−1, an unbounded curve for x > 1
1−ai bi

.

It has been shown in [2] that the dynamics of the Ricker maps is determined by points
under LC1−1 whenever ri , si < 1. Namely,
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Fig. 1 The relative position between the critical curves LC1−1 and LC1
0 of the Ricker competition model.

The region under the curve LC1
0 is the image of the region under the curve LC1−1 and it denoted by D in

Theorem 6

Theorem 6 [2,Theorem4.7]Consider theRickermapgivenby F(x, y) = (xer−x−ay, yes−y−bx )

as above. Let D be the region enclosed by the curve LC1
0 = Fi

(

LC1−1

)

and the axes. Then
Im(F) = D.

Observe that from (16) and condition (i) above, the curve LC1−1 is contained in the unit
square. Also, in the monotone case when ri , si < 1, the curve LC1

0 lies under the curve
LC1−1. Thus, from Theorem 6, we may restrict the domain of the Ricker map to the regionΩ

enclosed by the curve LC1−1 as the image of any point will lie inside it after one iteration as
depicted in Fig. 1, see [2] for more details. In particular, in the analysis that follow we then
assume that 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1.

Another important consequence of Theorem 6 for the periodic case is that the domain of
Fi where it is invertible is the region Ω which depends on ai and bi . Since this region must
be common to all maps, we require that ai = a and bi = b.

As we proceed to check (H3) for the periodic map, we remark that Sacker in [20]
proved that the p-periodic Ricker equation xn+1 = xnern−xn , rn+p = rn , for all n, has
a globally asymptotically stable p-cycle whenever ri ∈ (0, 2), not just for the monotone
case.

Since we assume that each Fi satisfies (H3), then we have

|gi (̂xi , 0)| = eri−bx̂i > 1. (17)
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Now we verify that (5) is satisfied by the following computation,

p−1
∏

i=0

|gi (xi , 0)| =
p−1
∏

i=0

eri−bxi = e
∑

(ri−bxi ) = e
∑

ri−b
∑

xi

= e
∑

ri−b
∑

x̂i = e
∑

(ri−bx̂i ) =
p−1
∏

i=0

eri−bx̂i > 1.

We note that for the Ricker Map, it is straightforward to see that
∑

xi = ∑

x̂i . Thus Φi

satisfies (H3) whenever Fi satisfies (H3).
As we turn our attention to checking (H4), we again restrict the analysis for the 2-periodic

system. We will show that for each i = 0, 1, the composition map Φ i
2 : R2 → R

2, given by
Φ i

2 = Fi+1 ◦ Fi is injective by checking the Gale-Nikaido conditions.
Without loss of generality, let us consider the case when i = 0, i.e, Φ2 = F1 ◦ F0. Thus,

the composition map Φ2 is given by

Φ2(x, y) =
(

xeΘ1(x,y), yeΘ2(x,y)
)

,

where

Θ1(x, y) = r0 + r1 − x
(

1 + er0−x−ay) − y
(

a + aes0−bx−y
)

and

Θ2(x, y) = s0 + s1 − x
(

b + ber0−x−ay) − y
(

1 + es0−bx−y
)

.

The reduced map ˜Φ2(x, y) is given by ˜Φ2(x, y) = (

eΘ1(x,y), eΘ2(x,y)
)

.
The first leading principal minor of the Jacobian matrix of ˜Φ2 is given by

J11(x, y) =
(

(x − 1)er0+bx+y + abyes0+ay+x − e(b+1)x+(a+1)y
)

eΘ1(x,y)−(1+b)x−(1+a)y .

Clearly eΘ1(x,y)−(1+b)x−(1+a)y > 0 and (x − 1)er0+bx+y < 0. Now let us show that

abyes0+ay+x − e(b+1)x+(a+1)y < 0, (18)

or equivalently

y − ln(aby) > s0 − bx . (19)

First, y − ln(aby) ≥ 1 − ln(ab) > 1 for all y. Indeed, ln(ab) < 0 as ab < 1. Since
0 < s0 < 1 and 0 < bx (i.e., −bx < 0), it follows that s0 − bx < 1. Consequently,
y − ln(aby) > 1 > s0 − bx is always satisfied. Thus J11(x, y) is bounded away from zero
and the first Gale-Nikaido condition is satisfied.

Next, for the second Gale-Nikaido condition, let us compute the determinant of the Jaco-
bian matrix of ˜Φ2.

det D˜Φ2(x, y) =
[

(1 − x)er0+bx+y + (1 − y)es0+x+ay + (1 − x)(1 − y)(1 − ab)er0+s0

+(1 − ab)e(1+b)x+(1+a)y − ab(1 − ab)xyer0+s0

+ab(x − 1)er0+y+bx + ab(y − 1)es0+x+ay
]

eΘ1+Θ2−(1+b)x−(1+a)y .
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Simplifying the expression above, we have det D˜Φ2(x, y) > 0 if e(1+b)x+(1+a)y >

abxyer0+s0 . This inequality is equivalent to

(1 + a)y − ln(ay) > r0 + s0 + ln(bx) − (1 + b)x . (20)

Forward computations show that (1 + a)y − ln(ay) ≥ 1 − ln
(

a
1+a

)

> 1 for all a > 0 and

y > 0.Analogously, one can show that r0+s0+ln(bx)−(1+b)x ≤ r0+s0+ln( b
1+b )−1 < 1

for all b > 0 and x > 0. This shows that Inequality (20) is always verified.
Therefore, det D˜Φ2(x, y) is bounded away from zero and from Theorem 5 the map ˜Φ2 is

injective.
Consequently, from our main result in Theorem 1 the 2-periodic competitive Ricker com-

petitionmodel has a 2-periodic globally asymptotically stable cyclewith respect to the interior
of R2+.

4 Conclusion

In this paper, we have derived conditions to determine global stability of a competitive
periodic planar systems from hypotheses on individual maps. Our main contribution was to
show that global asymptotic stability for monotone non-autonomous periodic maps can be
reduced to a problem of global injectivity. Our main result is illustrated with two important
competitionmodels in fluctuation habitats: the periodic Leslie-Gower model and the periodic
Ricker competitionmodel.We showed how the theoretical results are verified in applications.
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