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The method of matched asymptotic expansions is applied to the problem of a collisionless plasma

generated by UV illumination localized in a central part of the plasma in the limiting case of small Debye

length kD. A second-approximation asymptotic solution is found for the double layer positioned at the

boundary of the illuminated region and for the un-illuminated plasma for the plane geometry. Numerical

calculations for different values of kD are reported and found to confirm the asymptotic results. The net

integral space charge of the double layer is asymptotically small, although in the plane geometry it is just

sufficient to shield the ambipolar electric field existing in the illuminated region and thus to prevent it

from penetrating into the un-illuminated region. The double layer has the same mathematical nature as

the intermediate transition layer separating an active plasma and a collisionless sheath, and the

underlying physics is also the same. In essence, the two layers represent the same physical object: a

transonic layer. VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4870013]

I. INTRODUCTION

In the first part of this work,1 a collisionless plasma, gen-

erated by UV illumination localized in a central part of the

plasma, was analyzed. The ions were assumed to be cold and

the fluid description was used. Both plane and cylindrical

geometries were treated. An approximate analytical solution

was found under the approximation of quasi-neutrality and

the exact solution was computed numerically for one value

of the Debye length kD for each geometry, this value being

much smaller than widths of both illuminated and

un-illuminated regions. It was found that the ions generated

in the illuminated region are accelerated up to approximately

the Bohm speed inside the illuminated region. In plane geom-

etry, the ions flow across the un-illuminated region towards

the near-wall positive space-charge sheath with a speed

which is virtually constant and slightly exceeds the Bohm

speed. In cylindrical geometry, the ions continue to be accel-

erated in the un-illuminated region and enter the near-wall

space-charge sheath with a speed significantly exceeding the

Bohm speed. In both geometries, a double layer forms where

the illuminated and un-illuminated regions meet.

A very unusual, if not unique, feature that this simple

system reveals in plane geometry is the coexistence of two

quasi-neutral plasmas of the same size with the ambipolar

electric field being confined in one of them (the illuminated

plasma), while the other (the un-illuminated plasma) is to

high accuracy electric field-free and uniform. The latter is

particularly surprising since in all known models a near-wall

space-charge sheath is bordered by a nonuniform quasi-

neutral presheath where the ions going to the sheath are

accelerated and the voltage drop is of the order of the elec-

tron temperature measured in volts. (We set aside cases

where the ions are produced on the surface, as in Q-

machines or experiments with heated cavities,2 or inside the

sheath, as in near-cathode layers of discharges burning in

cathode vapour.3) Moreover, the difference between illumi-

nated and un-illuminated regions in terms of ion momentum

is in the presence or absence of ionization friction force, and

the fact that the ion fluid is accelerated in the illuminated

plasma, where the ionization friction force is present, and is

not accelerated in the un-illuminated plasma, where the fric-

tion force is absent, is somehow counterintuitive.

The above feature is extremely interesting, also from the

methodological point of view; note that the classical Bohm

sheath solution4 is sufficient to describe both the sheath and

the adjacent (un-illuminated) plasma in such situation. A key

to this feature is the double layer, which shields the ambipo-

lar electric field induced in the illuminated region and pre-

vents it from penetrating the un-illuminated region.

The quasi-neutral analytical solution,1 while clearly

being useful, does not describe the double layer, hence a

more sophisticated treatment is needed in order to fully

understand this feature and the underlying physics. It is clear

that this feature originates in the smallness of kD, therefore

the relevant procedure is to find an asymptotic solution to the

considered problem in the limiting case of small kD. The

technique of choice to this end is the method of matched as-

ymptotic expansions (e.g., Refs. 5–10), which is a standard

tool in problems with singular perturbations. Note that this

method has been successfully used in the theory of

plasma-wall transitions in collisionless plasmas; e.g.,

reviews 11–15. In particular, relevant in the present context

are works,16,17 where a transition layer separating active

plasma and a collisionless sheath was introduced,18 where a

more adequate and simpler mathematical description of this

layer was suggested; and Ref. 19, where the plasma column

in electronegative gases was studied including in the excep-

tional case where the column comprises an inner plasma, a

double layer, an outer plasma, and a near-wall sheath.

An approximate analytical solution in the limiting case of

small kD found by means of the method of matched
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asymptotic expansions is reported in this paper, which is thus

complementary to Ref. 1. Also reported are results of numeri-

cal calculations for different values of kD. Questions to be

answered include: what is the physics of the double layer;

why the ion speed in the un-illuminated plasma deviates from

the Bohm speed; how this deviation can be estimated.

The outline of the paper is as follows. Equations and

boundary conditions are briefly described in Sec. II. An as-

ymptotic solution for plane geometry is given and compared

with numerical results in Sec. III. An asymptotic solution for

cylindrical geometry is outlined in Sec. V. A concluding dis-

cussion is given in Sec. V. Mathematical details are placed

in two Appendices in order not to overload the text.

II. EQUATIONS AND BOUNDARY CONDITIONS

We refer to Ref. 1 for the description of the physical situa-

tion. In brief, we consider a plane or cylindrical plasma pro-

duced by UV radiation. Governing equations are written in the

fluid approximation and are well-known and the same as in

Ref. 1; they include the ion conservation equation, the ion mo-

mentum equation written without account of collisions, the

equilibrium equation for the electrons, and the Poisson equation

1

xb

d

dx
xbnivi

� �
¼ G; (1)

minivi
dvi

dx
¼ eniE� Gmivi: (2)

d

dx
nekTeð Þ þ eneE ¼ 0; (3)

e0

xb

d xbEð Þ
dx

¼ e ni � neð Þ; (4)

where b¼ 0 and x is the distance from the plane of symmetry

for plane geometry, b¼ 1 and x is the distance from the axis

for cylindrical geometry, G is the ionization rate, and other

designations are the usual ones.

It is convenient for the purposes of this work to replace

the ion momentum equation Eq. (2) by an equivalent equa-

tion which can be derived following18,20 and reads

vi

c2
s

� 1

vi

� �
dvi

dx
¼ e0

eni

d

dx

1

xb

d xbEð Þ
dx

� �
þ eE

kTexb

d xbEð Þ
dx

( )

� G

csni

vi

cs
þ cs

vi

� �
þ b

x
: (5)

Here, cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kTe=mi

p
is the Bohm speed. Note that for b¼ 0

this equation coincides with the corresponding equation

from Ref. 18 except that Eq. (5) does not account for ion-

atom collisions.

We consider a situation where the illumination is local-

ized in a central part of the plasma and is uniform there, so

G¼G0 for 0 � x < D and G¼ 0 for D < x � L, where G0 is

a (positive) constant, D is the halfwidth of irradiated region

and L is the halfwidth of the system in the plane case, and D
is the radius of the irradiated region and L is the discharge

tube radius in the cylindrical case. Note that ni, ne, vi, and

electrostatic potential u are, of course, continuous at x ¼ D;

the derivatives du=dx and d2u=dx2 are also continuous,

which follows from Eq. (4); the derivative dne/dx is continu-

ous as well, which follows from Eq. (3); the derivatives

dvi/dx, dni/dx, and d3u=dx3 are discontinuous, which follows

from, respectively, Eqs. (2), (1), and (4).

Boundary conditions are also well-known and the same

as those in1

x ¼ 0 :
dni

dx
¼ 0; vi ¼ 0; u ¼ 0; E ¼ 0; (6)

x ¼ L : nivi ¼
1

4
ne

8kTe

pme

� �1=2

: (7)

Equation (1) can be integrated directly and the result

may be written in terms of the Heaviside step function

H xð ÞðH xð Þ ¼ 0 for x< 0; H xð Þ ¼ 1 for x> 0)

nivi ¼
G0x

1þ b
þ G0

1þ b
D1þb

xb
� x

� �
H x� Dð Þ: (8)

Introduce dimensionless variables

n ¼ x

D
; Ni ¼

ni

n0

; Ne ¼
ne

n0

; V ¼ vi

cs
; U ¼ eu

kTe
; (9)

where n0 ¼ G0D= 1þ bð Þcs is a characteristic density of the

charged particles. (Note that this normalization differs from

the one used in Ref. 1 in that it employs normalization fac-

tors involving only control parameters.) The governing equa-

tions assume the form

NiV ¼ nþ 1

nb � n
� �

H n� 1ð Þ; (10)

V2 � 1

V

dV

dn

¼ e
Ni
� d

dn
1

nb

d

dn
nb dU

dn

� �" #
þ dU

dn
1

nb

d

dn
nb dU

dn

� �( )

� 1þ b
n

V2 þ 1ð ÞH 1� nð Þ þ b
n
; (11)

dNe

dn
� Ne

dU
dn
¼ 0; (12)

e

nb

d

dn
nb dU

dn

� �
¼ Ne � Ni; (13)

where kD ¼ e0kTe=e2n0

� �1=2
and e ¼ kD=Dð Þ2.

Section III is concerned with plane geometry, b¼ 0. The

asymptotic solution for cylindrical geometry, b¼ 1, is out-

lined in Sec. IV.

III. ASYMPTOTIC SOLUTION: PLANE GEOMETRY

A. Asymptotic structure of the solution

Asymptotic zones that need to be considered may be

conveniently illustrated by invoking results of numerical
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calculations. The calculations have been performed in the

same way as in Ref. 1 and an example is depicted by solid

lines in Fig. 1. (Here S¼ L/D.) One can clearly see four regions

with apparently different physics: the illuminated plasma,

0 � n < 1; the un-illuminated plasma, 1 < n < 2; a thin inter-

mediate (double) layer positioned in the vicinity of the point

n ¼ 1 and separating the two plasmas; and a thin space-charge

sheath positioned at the wall, i.e., at n close to 2.

In the course of application of the method of matched as-

ymptotic expansions, the same four regions appear as asymp-

totic zones described by different asymptotic expansions. The

illuminated and un-illuminated plasmas are described by

straightforward expansions, i.e., the first term of each of these

expansions is of the order unity and governed by equations

which are obtained from Eqs. (10)–(13) by setting e ¼ 0. The

latter is, of course, consistent with the plasmas in both the illu-

minated and un-illuminated regions being quasi-neutral.

The double layer is described by the same asymptotic

expansion as the one which describes the transition layer sepa-

rating active plasma and a collisionless sheath.17 The first

term of the expansions of each of the quantities V, Ni, Ne, and

U is constant. Therefore, the double layer appears only in the

second approximation and may be ignored in the first one.

The near-wall space-charge sheath is to the first approxi-

mation the well-known Bohm space-charge sheath. Its as-

ymptotic description in the present problem is similar to the

description given in Ref. 4 and is skipped for brevity.

B. The first approximation

The region of illuminated plasma, 0 � n < 1, is

described by the straightforward expansion

V n; eð Þ ¼ V1 nð Þ þ a1V2 nð Þ þ…; (14)

Ni n; eð Þ ¼ n
V1 nð Þ 1� a1

V2 nð Þ
V1 nð Þ

� �
þ…; (15)

Ne n; eð Þ ¼ Ne1 nð Þ þ a1Ne2 nð Þ þ…; (16)

U n; eð Þ ¼ U1 nð Þ þ a1U2 nð Þ þ…; (17)

where a1 ¼ a1 eð Þ is a small parameter which is to be found

in the course of analysis as a part of solution.

Substituting expansion (14)–(17) into Eqs. (11)–(13),

expanding and retaining the leading terms, one obtains

equations

V2
1 � 1

V1

dV1

dn
¼ � 1

n
V2

1 þ 1
� �

; (18)

dNe1

dn
� Ne1

dU1

dn
¼ 0; (19)

Ne1 �
n

V1

¼ 0: (20)

A solution subject to boundary condition U1 0ð Þ ¼ 0 reads

V1 ¼
C1n

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C1nð Þ2

q ; Ne1 ¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C1nð Þ2

q
C1

;

U1 ¼ ln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C1nð Þ2

q
2

; (21)

where C1 is an integration constant, 0 < C1 � 1. Note that

V1 1ð Þ (i.e., the value of the function V1 nð Þ for n ¼ 1)

increases with increasing C1 and its maximum value is

attained at C1¼ 1 and equals 1.

The region of un-illuminated plasma, 1 < n < S ¼ L=D,

is described by the straightforward expansion

V n; eð Þ ¼ V3 nð Þ þ a2V4 nð Þ þ…; (22)

Ni n; eð Þ ¼ 1

V3 nð Þ 1� a2

V4 nð Þ
V3 nð Þ

� �
þ…; (23)

Ne n; eð Þ ¼ Ne3 nð Þ þ a2Ne4 nð Þ þ…; (24)

U n; eð Þ ¼ U3 nð Þ þ a2U4 nð Þ þ…; (25)

where a2 ¼ a2 eð Þ is a small parameter which is to be found

as a part of solution. The leading terms of this expansion are

governed by the equations

V3 �
1

V3

� �
dV3

dn
¼ 0; (26)

dNe3

dn
� Ne3

dU3

dn
¼ 0; (27)

Ne3 �
1

V3 nð Þ ¼ 0: (28)

Expansion (22)–(25) is to be matched with a double

layer expansion in the vicinity of the point n ¼ 1 and with a

sheath expansion in the vicinity of the point n ¼ S. However,

the double layer needs to be taken into account only in the

second and higher approximations, so the first terms of the

expansions describing the illuminated and un-illuminated

plasmas should be patched directly, meaning that V1 1ð Þ ¼
V3 1ð Þ; Ne1 1ð Þ ¼ Ne3 1ð Þ; U1 1ð Þ ¼ U3 1ð Þ. Solutions to Eqs.

(26)–(28) subject to these boundary conditions are trivial:

V3 ¼ V1 1ð Þ; Ne3 ¼ Ne1 1ð Þ; U3 ¼ U1 1ð Þ.

FIG. 1. Distributions of the ion speed and electric field. Solid: numerical cal-

culations, S¼ 2, e ¼ 0:89� 10�4. Dotted: patching.
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In order that a matching with the sheath expansion be

possible, V3 must satisfy the Bohm criterion, i.e., it should be

V3 � 1. Since V1 1ð Þ � 1 as discussed above, it follows that

V1 1ð Þ ¼ V3 ¼ 1 and C1¼ 1. It follows also that Ne3¼ 1,

U3 ¼ �ln2.

The first-approximation solution is complete now. In

Ref. 1, the same solution was obtained by patching solutions

for the illuminated and un-illuminated plasmas obtained with

the use of the condition of quasi-neutrality and the Bohm

criterion.

This solution is depicted by the dotted lines in Fig. 1. As

expected, it provides a reasonable approximation of the ion

speed. However, in the double layer, this approximation is

not smooth, and the approximation of the electric field is not

suitable altogether.

Poor approximation of derivatives of approximate solu-

tions is a deficiency inherent to patching. In the method of

matched asymptotic expansions, this deficiency can be

removed by going to the second approximation.

C. The second approximation

It is natural to seek an asymptotic expansion describing

the double layer in the same form as that of the expansion

which describes the transition layer separating active plasma

and a collisionless sheath:17

V n; eð Þ ¼ 1þ e1=5V5 n5ð Þ þ…; (29)

Ni n; eð Þ ¼ 1� e1=5V5 n5ð Þ þ…; (30)

Ne n; eð Þ ¼ 1þ e1=5Ne5 n5ð Þ þ…; (31)

U n; eð Þ ¼ �ln2þ e1=5U5 n5ð Þ þ…; (32)

where n5 ¼ n� 1ð Þ=e2=5. The form of this expansion was

derived in Ref. 17 with the use of considerations stemming

from matching and in Ref. 18 by means of estimates of dif-

ferent terms of Eq. (5). A convenient illustration of this

expansion is provided by Fig. 1: the expansion implies that

variations of the quantities V, Ni, Ne, and U in the double

layer are of the order of e1=5 and the electric field is of the

order of e�1=5, and this is consistent with Fig. 1.

Substituting this expansion into Eqs. (11)–(13), expand-

ing and retaining the leading terms, one obtains equations

2V5

dV5

dn5

¼ � d3U5

dn3
5

� 2H �n5ð Þ; (33)

dNe5

dn5

� dU5

dn5

¼ 0; (34)

Ne5 þ V5 ¼ 0: (35)

As seen from Eq. (35), the plasma in the double layer is

quasi-neutral not only to the first approximation, but also to

the second one. A consequence is that the derivative

dV5=dn5 is continuous at n5 ¼ 0. Coming back to the discus-

sion of Sec. II, one can say that the discontinuity of deriva-

tive dvi/dx at x ¼ D occurs not in the first approximation in e

but rather in the second one. The latter is consistent with the

second term on the rhs of Eq. (2), which is responsible for

the discontinuity, being of the order of e1=5, i.e., asymptoti-

cally small, with respect to the first term.

Equations (33) and (34) may be integrated term by term

to give

V2
5 þ

d2U5

dn2
5

þ 2n5H �n5ð Þ ¼ C2
2; (36)

Ne5 � U5 ¼ C3; (37)

where C2
2 and C3 are integration constants. Note that since

every term on the lhs of these equations is continuous at

n ¼ 0, the constants C2
2 and C3 do not switch their values

between the regions n > 0 and n < 0.

The system of Eqs. (36), (37), and (35) may be reduced

to a single equation, for example, for the unknown V5

V2
5 ¼

d2V5

dn2
5

� 2n5H �n5ð Þ þ C2
2: (38)

A solution of this equation subject to relevant boundary

conditions, which follow from the van Dyke asymptotic

matching principle,5 is found in Appendix A and depicted

in Fig. 2 by the solid line for n5 � 0 and dashed-dotted

line for n5 � 0. (Here, X ¼ n5 � 0:2254.) The constant C2

is found to be equal to 0.6714. Also shown in Fig. 2 is the

function V5 Xð Þ referring to the transition layer separating

active plasma and a collisionless sheath.17 The two func-

tions coincide in the range X � �0:2254 and differ for

bigger X.

We will need for subsequent asymptotic matching the

two-term asymptotic expansion of the functions V5 n5ð Þ and

N5 n5ð Þ for n! �1, the three-term asymptotic expansion of

the function U5 n5ð Þ for n! �1, and the one-term expan-

sion of all these functions for n!1. These expansions

may be readily found:

FIG. 2. Asymptotic solution for distribution of ion speed in the vicinity of

the sonic barrier. Plane geometry. Solid þ dashed-dotted: double layer at the

edge of illuminated plasma. Solid þ dashed: transition layer separating

active plasma and a collisionless sheath. Dotted: asymptotic behavior for

large jXj.
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n5 ! �1 : V5 ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
�2n5

p
� C2

2ffiffiffiffiffiffiffiffiffiffiffi
�8n5

p þ…;

Ne5 ¼
ffiffiffiffiffiffiffiffiffiffiffi
�2n5

p
þ C2

2ffiffiffiffiffiffiffiffiffiffiffi
�8n5

p þ…; (39)

U5 ¼
ffiffiffiffiffiffiffiffiffiffiffi
�2n5

p
� C3 þ

C2
2ffiffiffiffiffiffiffiffiffiffiffi
�8n5

p þ…;

n5 !1 : V5 ! C2; Ne5 ! �C2; U5 ! �C2 � C3:

(40)

Let us now consider the asymptotic matching of expan-

sions (29)–(32) and (14)–(17) accounting for two terms in

each expansion. Making use of Eq. (39), one finds that the

matching is possible provided that a1 ¼ e2=5, C3¼ 0, and

V2 ¼ �
C2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 1� nð Þ

p þ…; Ne2 ¼
C2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 1� nð Þ

p þ…;

U2¼
C2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 1� nð Þ

p þ… (41)

for n! 1� 0. Equation (41) represents a set of boundary

conditions for differential equations governing functions V2,

Ne2, and U2, which can be obtained by substituting expan-

sion (14)–(17) into Eqs. (11)–(13), expanding, and retaining

second-order terms. However, these functions represent a

correction of the order of a1 ¼ e2=5, which is higher than the

order to which the solution is known in the double layer

ðe1=5Þ. For this reason, we leave finding these functions

beyond the scope of this work and only note that the

boundary conditions (41) are compatible with the differential

equations.

Let us now consider the asymptotic matching of expan-

sions (29)–(32) and (22)–(25) accounting for two terms in

each expansion. Taking into account Eq. (40), one finds that

the matching is possible provided that a2 ¼ e1=5 and

V4 1ð Þ ¼ C2; Ne4 1ð Þ ¼ �C2; U4 1ð Þ ¼ �C2: (42)

Substituting expansions (22)–(25) into Eqs. (11)–(13),

expanding, and retaining second-order terms, one obtains

equations

V4

dV4

dn
¼ 0; (43)

dNe4

dn
� dU4

dn
¼ 0; Ne4 þ V4 ¼ 0: (44)

Solution of Eqs. (43) and (44) subject to the boundary condi-

tions Eq. (42) is trivial: V4¼C2, Ne4¼�C2, U4 ¼ �C2.

The above results ensure a description of the illuminated

plasma region to the double layer to the un-illuminated

region with the error of the order of e2=5 (which is, presum-

ably, the order of the third terms of the expansions describ-

ing the double layer and the un-illuminated region). These

results allow one to construct a composite expansion5–10 uni-

formly valid in all these regions with the error of the order of

e2=5; see Appendix B.

Comparison of the above asymptotic solution with results

of numerical calculations is shown in Figs. 3–5. While analyz-

ing Figs. 3(b)–3(d), it should be kept in mind that U5 ¼ �V5,

FIG. 3. Distributions of normalized pa-

rameters in the double layer: the ion

speed (a), the potential (b), the electric

field (c), and the density of space

charge (d). Solid: numerical calcula-

tions for S¼ 2 and e ¼ 1:26� 10�3

(line 1) or 0.99� 10�5 (2). Dashed:

second-order term of the asymptotic

expansion describing the double layer.

Dotted: composite expansion.
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which follows from Eqs. (35) and (37). Dotted lines in Figs. 3

and 4 represent the data given by Eqs. (B1), (B2), and (B4).

Values of the ion speed in the un-illuminated region shown in

Fig. 5 have been taken at points where dV=dn attains the mini-

mum value except in the case e ¼ 0:99� 10�5, where varia-

tion of the ion speed in the un-illuminated region was below

the usual floating-point precision.

One can see the deviation between the asymptotic and

numerical results is reasonably small and decreases with

decreasing e.

IV. CYLINDRICAL GEOMETRY

One needs to consider the same four asymptotic zones

as in the case of plane geometry. A composite first-

approximation solution uniformly valid from the illuminated

plasma to the double layer to the un-illuminated plasma is

governed by Eq. (11) with e ¼ 0 and b¼ 1:

V2 � 1

V

dV

dn
¼ � 2

n
V2 þ 1ð ÞH 1� nð Þ þ 1

n
: (45)

A continuous single-valued solution of this equation may be

written in the implicit form:

n ¼

33=4V

2V2 þ 1ð Þ3=4
for V � 1

1

V
exp

V2 � 1

2
for V � 1:

8>>>><
>>>>:

(46)

One can see that V 1ð Þ ¼ 1, i.e., the sonic point is positioned

at the edge of the illuminated plasma, as in the planar case.

The difference is that the solution (46) is obtained without

invoking the Bohm criterion; note that Eq. (45) admits con-

tinuous solutions with V 1ð Þ 6¼ 1, however these solutions are

multi-valued. Another difference is that V> 1 for n > 1, i.e.,

the ion fluid continues to be accelerated in the un-

illuminated plasma.

Most formulas of Sec. III C referring to the double layer

may be readily generalized in order to become applicable to

both plane and cylindrical geometries. In particular, this

includes replacing the first term on the rhs of Eq. (32) with

� 2þ bð Þ 2þ 2bð Þ�1
ln 2þ bð Þ and writing Eq. (38) in the

form

V2
5 ¼

d2V5

dn2
5

� 2 1þ bð Þn5H �n5ð Þ þ bn5 þ C2
2: (47)

A major difference between the functions V5 n5ð Þ for plane

and cylindrical geometries is in their asymptotic behavior for

n5 !1: for b¼ 1 the latter is governed by the term bn5 on

the rhs of Eq. (47) and reads V5 �
ffiffiffiffiffi
n5

p
, which is similar to

the first relation in Eq. (39) rather than Eq. (40). Note that this

difference does not lead to significantly different behavior of

the normalized electric field and space-charge density,

dV5=dn5 and dV2
5=dn2

5: both tend to zero as n5 !1, although

algebraically rather than exponentially as in plane geometry.

Expansions (14)–(17) and (22)–(25), describing regions

of, respectively, illuminated and un-illuminated plasmas,

remain applicable in cylindrical geometry except that a2

becomes equal to e2=5.

V. CONCLUDING DISCUSSION

The four zones with different physics revealed by nu-

merical calculations and shown in Fig. 1, that is, the illumi-

nated plasma, the double layer, the un-illuminated plasma,

and the near-wall space-charge sheath appear in a natural

way in the course of application of the method of matched

asymptotic expansions. The first-order terms of asymptotic

expansions of V, Ni, and U describing the illuminated

plasma, the double layer, and the un-illuminated plasmas

represent the same quasi-neutral solution that was found in

Ref. 1 by patching solutions for the illuminated and un-

illuminated plasmas and (in plane geometry) invoking the

Bohm criterion. The second-order terms are of the order of

e2=5 in the illuminated plasma; e1=5 in the double layer; and

e1=5 in the un-illuminated plasma in plane geometry and e2=5

in cylindrical geometry. It is interesting to note that these

orders explain why the quasi-neutral solution for V, Ni, and

U in Fig. 1 of this work and Figs. 2 and 3 of Ref. 1 is more

accurate in the illuminated plasma than in the double layer

and why its accuracy in the un-illuminated plasma is

FIG. 4. Distributions of ion speed in the double layer and the un-illuminated

plasma. Solid: numerical calculations for S¼ 2 and e ¼ 1:26� 10�3 (line

1), 0.99� 10�5 (2), 0.89� 10�4 (3). Dotted: composite expansion.

FIG. 5. Ion speed in the un-illuminated plasma. Line: asymptotic solution.

Points: numerical calculations.
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comparable to that in the double layer in plane geometry and

in the illuminated plasma in cylindrical geometry.

The double layer separating the illuminated and un-

illuminated plasmas is quasi-neutral: the separation of charges

here is of the order of e2=5, i.e., asymptotically small, although

much bigger than in the illuminated and un-illuminated plas-

mas. The net integral space charge (per unit cross section) of

the double layer is asymptotically small, which can be readily

seen: in the first approximation it is proportional to

dV5=dn5

		1
�1 and equals zero by virtue of boundary conditions

(39) and (40). However, in plane geometry, the net integral

space charge of the double layer is just sufficient to shield the

ambipolar electric field existing in the illuminated region and

thus to prevent it from penetrating the un-illuminated region.

The effect of the ionization friction force [the second term on

the rhs of Eq. (2)] is as well asymptotically small in the double

layer, therefore the full energy of an ion is conserved as

reflected by the relationship V5 þ U5 ¼ 0.

The double layer has the same mathematical nature as

the intermediate transition layer separating an active plasma

and a collisionless sheath, which was introduced in Refs. 16

and 17 and revisited in, e.g., Refs. 15, 18, and 21–23. The

underlying physics is also the same and is related to the pas-

sage of the ion fluid through the sonic barrier.18 In essence,

the two layers represent the same physical object: the tran-

sonic layer, which in one case assumes the form of a double

layer separating the illuminated and un-illuminated plasmas

and in the other case the form of a (positive-charge) transi-

tion layer separating the plasma and a collisionless sheath.

In the form of transition layer separating the plasma and a

collisionless sheath, the transonic layer is difficult to identify

in results of numerical solution of a full problem. In fact,

some researchers even believe that the transition layer is

merely an artifact produced by the method of matched asymp-

totic expansions. However, the transonic layer at the edge of

illuminated plasma, having the form of a double layer, is eas-

ily identifiable; another proof that the transonic layer is distin-

guished by specific physical processes and is therefore not

less real than, e.g., the near-wall space-charge sheath.

The normalized ion speed in the un-illuminated plasma in

plane geometry given by the asymptotic analysis equals

1þ C2e1=5, where C2¼ 0.6714. Given that V1 nð Þ equals 1

when extrapolated to n ¼ 1, a natural interpretation is that the

ion fluid is accelerated up to 1 (the Bohm speed) in the illumi-

nated plasma and from 1 to 1þ C2e1=5 in the double layer. A

similar interpretation applies to potential: the potential differ-

ence across the illuminated plasma equals�ln2 and the poten-

tial difference across the double layer is�C2e1=5.

The double layers in plane and cylindrical geometries

are not qualitatively different as far as distributions of the

electric field and space-charge densities are concerned.

However, distributions of the ion speed are significantly dif-

ferent: the ion fluid in the double layer is continually acceler-

ated in cylindrical geometry. This is a consequence of the

appearance in the case b¼ 1 of an additional term ðn5Þ on

the rhs of Eq. (47), which governs distribution of ion speed

in the double layer. This difference may look somewhat sur-

prising: the double layer is asymptotically thin, i.e., locally

planar, so how can its curvature affect its structure? Note,

however, that this is not the only weak effect affecting the

double layer: the ionization and separation of charges also

play a role; cf. the first and second terms on the rhs of Eq.

(47). The reason for the latter was discussed in Ref. 18 and

applies to the curvature effect as well: the balance of forces

acting over the ion fluid is delicate in the vicinity of the sonic

point since the main effects (inertia force and the electro-

static force) cancel; therefore, the weak effects (ionization,

curvature, and separation of charges) also play a role. One

should stress in this connection that Eq. (47), describing

acceleration of the ion fluid in the double layer, appears in

the second approximation rather than in the first one.

In plane geometry, the ions enter the near-wall space-

charge sheath with a speed that equals the Bohm speed in the

first approximation in e. In other words, the Bohm criterion

is satisfied with the equality sign, which is a usual situation,

and in the first approximation the near-wall sheath is the

usual Bohm sheath. In other words, the first term of the as-

ymptotic expansion describing the sheath in the considered

problem is exactly the same as in situations involving an

active plasma and a collisionless sheath, for example, in the

problem treated in Ref. 17, or in a situation which would

have occurred in the problem considered here if the whole

plasma were illuminated. However, the second terms of the

asymptotic expansions describing the sheath in this problem

and in usual situations should be different, which is due to

the different behavior of the second-order term in the asymp-

totic zone adjacent to the sheath: in this problem, the second-

order term of expansion of V in the un-illuminated plasma is

constant (and equal to C2e1=5), while in usual situations the

second-order term of expansion of V in the transition layer

has a pole at the wall. Thus, the near-wall space-charge

sheath in the plane partially illuminated plasma is the usual

Bohm sheath to the first approximation in e but not to the

second approximation. In cylindrical geometry, the ions

enter the sheath with a speed exceeding the Bohm speed. In

other words, the Bohm criterion is “oversatisfied;” a situation

which was known to occur only in a few artificial models.11

It has been known for many decades that a (quasi-neu-

tral) presheath, in which the ion fluid is accelerated up to the

Bohm speed, must involve at least one of the following three

mechanisms: ion-atom collisions, ionization, and multidi-

mensional effects; e.g., Ref. 11. As far as ion-atom collisions

and ionization are concerned, this result is somehow counter-

intuitive: in terms of ion momentum both ion-atom collisions

and ionization represent a friction force, and why should a

friction force be needed for acceleration?

An explanation of this paradox is as follows. Of course,

the ion fluid is accelerated by the electrostatic force while a

friction force has a decelerating effect; cf. Eq. (2). On the

other hand, the electrostatic force in a collisionless plane

subsonic quasi-neutral plasma with frozen ionization would

exceed the ion inertia force and the ion momentum balance

cannot be ensured; cf. Eq. (5) with the rhs dropped. In other

words, a friction force, while not being the reason of acceler-

ation of a plane subsonic ion flow under conditions of quasi-

neutrality, is its necessary attribute. The problem of plane

partially illuminated plasma offers a remarkable illustration

of this statement: the ion flow is accelerated in the
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illuminated plasma, where a friction force due to ionization

is present; there is no friction force in the un-illuminated

plasma—and therefore no acceleration.

In cylindrical geometry, the rhs of Eq. (45) in the illumi-

nated region equals � 2
n V2 � 1

n and is negative. In the un-

illuminated plasma, the rhs of Eq. (45) equals 1=n and is pos-

itive. In other words, cylindrical geometry provides a retard-

ing effect in the subsonic region and the ion flow is

accelerated due to the presence of the ionization friction

force. The sonic point occurs where the ionization friction

force disappears. Cylindrical geometry provides an acceler-

ating effect in the supersonic region.

The possibility of experimental testing was discussed

in the first part of this work.1 In this connection, relevant is

the case where the ionization profile is not described by

the Heaviside function and decays smoothly. Asymptotic

structure of the solution will remain the same in this case

provided that the decay is fast (occurs on a length scale

much smaller than widths of both illuminated and un-

illuminated plasmas). In particular, there will be a quasi-

neutral double layer, where the sonic transition occurs. The

theory of the double layer developed in this work will

remain applicable if length scale of the decay is much

smaller than e2=5D.
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Tecnologia of Portugal through the Projects Nos. PTDC/FIS-

PLA/2708/2012 and PEst-OE/MAT/UI0219/2011.

APPENDIX A: FINDING SOLUTION FOR THE PLANE
DOUBLE LAYER

In the region n5 > 0, Eq. (38) does not involve the inde-

pendent variable (is autonomous) and admits an analytical so-

lution, which may be found as follows. Multiplying this

equation by dV5=dn5 and integrating, one finds

V3
5

3
¼ 1

2

dV5

dn5

� �2

þ C2
2V5 þ C4; (A1)

where C4 is an integration constant. Solving this equation for

dV5=dn5ð Þ�1
, choosing the sign in the square root with the

use of the assumption that dV5=dn5 > 0 and integrating, one

obtains the desired solution in an implicit form

ðV5

C5

dV5

V3
5 � 3C2

2V5 � 3C4

� �1=2
¼

ffiffiffi
2

3

r
n5; (A2)

where C5 is a new integration constant. Since the solution

should exist for all positive values of n5, the integral on the

lhs of Eq. (A2) should diverge at a certain value of V5. The

latter value should be finite, since the integral converges as

V5 !1, and should represents the double root of the cubic

polynomial in the parentheses in the denominator. Such a

root exists provided that C4 ¼ �2C3
2=3 and equals C2. Then,

the integral may be evaluated analytically and the solution

may be transformed to an explicit form

V5 ¼ 3C2tanh2

ffiffiffiffiffiffi
C2

2

r
n5 þ arctanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C5 þ 2C2

3C2

r !
� 2C2:

(A3)

The solution involves two integration constants, C2 and C5,

which have the meaning C2 ¼ V5 1ð Þ and C5 ¼ V5 0ð Þ. It

should be the case that C2 > 0; �2C2 < C5 < C2.

Let us now consider Eq. (38) in the region n5 � 0. The

boundary condition at n5 ¼ 0 is expressed by Eq. (A1) with

C4 ¼ �2C3
2=3; we recall that not only V5 n5ð Þ but also

dV5 n5ð Þ=dn5 are continuous at n5 ¼ 0 as discussed in Sec.

III C. Another boundary condition is obtained by matching

two terms of the expansion (29) with the first term of the

expansion (14) and reads

n5 ! �1 : V5 ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
�2n5

p
þ…: (A4)

Note that the problems (38), (A1), and (A4) coincide with

the problem describing the intermediate transition layer sep-

arating active plasma and a collisionless sheath17 except for

a different boundary condition at n5 ¼ 0. Another substantial

difference is in the way in which Eq. (38) was derived: in

Ref. 17, it was derived by means of invoking the next (third)

term of the asymptotic expansion (29)–(32), while in this

work it was derived in a straightforward way from Eq. (11);

see discussion in Ref. 18.

Constant C2 may be eliminated from Eq. (38) by means

of substitution n5 ¼ X þ C2
2=2:

d2V5

dX2
¼ V2

5 þ 2X: (A5)

Note that this equation coincides with the first Painlev�e equa-

tion (e.g., Refs. 24 and 25) to the accuracy of transformation

X ¼ 31=5 ~X; V5 ¼ 2� 33=5Y.

Asymptotic behavior for X! �1 of solutions of

Eq. (A5) satisfying the matching condition (A4) may be

found to be

V5 ¼ � �2Xð Þ1=2 � 1

8X2
þ…

þ C6

�Xð Þ1=8
exp i

211=4

5
�Xð Þ5=4

� �
1þ…ð Þ

þ C7

�Xð Þ1=8
exp �i

211=4

5
�Xð Þ5=4

� �
1þ…ð Þ; (A6)

where C6 and C7 are arbitrary constants. The last two terms

on the rhs of this expression are oscillatory and have to be

eliminated in order that the asymptotic matching be possible

beyond the first order; i.e., one should set C6¼C7¼ 0. Thus,

the proper boundary condition for Eq. (A5) is given by Eq.

(A6) with C6¼C7¼ 0 and this boundary condition specifies

a unique solution of Eq. (A5). Note that this conclusion coin-

cides with the corresponding conclusion in Ref. 17, although

Eq. (A6) is not exactly the same.
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A convenient way of numerically finding the function

V5 for n5 � 0 is as follows: Eq. (A5) is integrated with the

initial condition V5 ¼ � �2Xð Þ1=2 � 1=8X2 from a large neg-

ative X in the direction of increasing X until the condition

(A1) written in the form

V3
5

3
¼ 1

2

dV5

dX

� �2

� 2XV5 �
2

3
�2Xð Þ3=2

(A7)

has been met. The value X¼X0 at which the latter happens

corresponds to n5 ¼ 0, so one can find the constants C2 ¼ffiffiffiffiffiffiffiffiffiffiffi
�2X0

p
and C5 ¼ V5 X0ð Þ.

This calculation results in the function V5 Xð Þ shown in

Fig. 1 by the solid line with X0¼�0.2254, C2¼ 0.6714,

C5¼�0.9262. Also shown in Fig. 1 is the dependence

V5 Xð Þ in the range X � X0, described by Eq. (A3); the

dashed-dotted line. The dashed line represents data obtained

when the numerical calculations described in the previous

paragraph are not stopped when Eq. (A7) has been satisfied

but rather continue until a pole has been encountered; a pro-

cedure identical to the one employed in Ref. 17. These data

refer to the transition layer separating active plasma and a

collisionless sheath. The dotted lines represent asymptotic

behavior described by the first two terms on the rhs of

Eq. (A6) and by expressions V5¼ 0.6714 and V5

¼ 6 X � X1ð Þ�2
, where X1 is the position of the pole eval-

uated as 31=5 times the value 2.384 determined numerically

in Ref. 17.

APPENDIX B: COMPOSITE ASYMPTOTIC EXPANSION

The composite expansion of the ion velocity uniformly

valid in the illuminated plasma region to the double layer to

the un-illuminated region is obtained by adding the expan-

sion (29) and the first term of the expansion (14) and sub-

tracting the common part

V n; eð Þ ¼ n

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p þ 1þ e1=5V5 n5ð Þ

 �

� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� nð Þ

ph i
; (B1)

where the first and third terms on the rhs should be discarded

for n > 1. In the illuminated plasma, the second and third

terms on the rhs of Eq. (B1) virtually cancel and the first

term is dominating as it should; in the double layer, the first

and third terms virtually cancel or are discarded and the sec-

ond term is dominating as it should; in the un-illuminated

plasma, the first and third terms are discarded and

V ¼ 1þ C2e1=5, again as it should be. Error of Eq. (B1) is of

the order of e2=5 from the illuminated plasma to the double

layer to the un-illuminated plasma.

The composite expansion of potential of the same accu-

racy is obtained in a similar way and reads

U n; eð Þ ¼ ln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
2

þ �ln2� e1=5V5 n5ð Þ

 �

� �ln2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� nð Þ

ph i
: (B2)

The first-approximation composite expansion of the

electric field is obtained by differentiating Eq. (B2) and

reads

� dU
dn
¼ nffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n2
p

þ 1� n2
þ e�1=5 dV5 n5ð Þ

dn5

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� nð Þ

p :

(B3)

Relative error of this formula in the double layer is of the

order of e1=5.

A deficiency of Eq. (B3) is a discontinuity at n ¼ 1,

which stems from the limit for n! 1� 0 of the sum of the

first and third terms on the rhs being non-zero (it equals �1).

This discontinuity is of the order e1=5 relative to the main

term and disappears in the next approximation. Imagine, for

example, that the second term of the expansion of the electric

field in the double layer [i.e., the term associated with the

third term of the expansion (32)] is � 1
2
þ 1

2
tanh

ffiffiffiffi
C2

2

q
n5

� 

.

Then, the composite expansion of the electric field would be

� dU
dn
¼ nffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n2
p

þ 1� n2

þ e�1=5 dV5 n5ð Þ
dn5

� 1

2
þ 1

2
tanh

ffiffiffiffiffiffi
C2

2

r
n5

 !" #

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� nð Þ

p � 1

" #
: (B4)

Relative error of this formula in the double layer would be of

the order of e2=5 and the rhs of Eq. (B4) is continuous.

In reality, Eq. (B4) is of course no more accurate than

Eq. (B3): while the second term of the expansion of the elec-

tric field in the double layer is absent from Eq. (B3), in Eq.

(B4) it is taken into account in a form which can be only

qualitatively correct at best. However, Eq. (B4) gives a con-

tinuous distribution of the electric field and is therefore pref-

erable for illustrative purposes.
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