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SUMMARY

The purpose of this thesis is the study of the Lie algebras of affine vector
fields and curvature collineations of space-time, the aim being, in the first case,
to obtain upper bounds on the dimension of the Lie algebra of affine vector fields
(under the assumption that the space-time is non-flat) as well as to obtain a
characterization of such vector fields in terms of other types of symmetries. In
the case of curvature collineations the aim was that of characterizing space-times
which may admit an infinite-dimensional Lie algebra of curvature collineations as
well as to find local characterizations of such vector fields.

Chapters 1 and 2 consist of introductory material, in Differential Geometry
(Ch.1) and General Relativity (Ch.2).

In Chapter 3 we study homothetic vector fields which admit fixed points. The
general results of Alekseevsky (¢} and Hall (®} are presented, some being deduced
by different methods. Some further details and results are also given.

Chapter 4 is concerned with space-times that can admit proper affine vector
fields. Using the holonomy classification obtained by Hall (¢) it is shown that there
are essentially two classes to consider. These classes are analysed in detail and
upper bounds on the dimension of the Lie algebra of affine vector fields of such
space-times are obtained. In both cases lécal characterizations of affine vector
fields are obtained.

Chapter 5 is concerned with space-times which may admit proper curvature
collineations. Using the results of Halford and McIntosh (4}, Hall and McIntosh
(¢) and Hall (f) we were able to divide our study into several classes The last two of
these classes are formed by those space-times which admit a (1 or 2-dimensional)
non-null distribution spanned by vector fields which contract the Riemann tensor
to zero. A complete analysis of each class is made and some general results
concerning the infinite-dimensionality problem are proved. The chapter ends with

some comments in the cases when the distribution mentioned above is null.
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INTRODUCTION

One of the most common ways of solving Einstein’s equations consists of
assuming that the metric one is looking for admits a certain group of symmetries.
Such an assurnption consists in general of a statement that the space-time admits
a (local) group of isometries of a given dimension whose orbits are submanifolds
of a certain type or, equivalently, a Lie algebra of Killing vector fields of a given
dimension and spanning a distribution of a given type. If such is the case, one can
then (at least in theory) reduce Einstein’s equations to an easier set of equations.
Because of such an important fact certain tvpes of symmetries have been the
object of extensive study in the past. Such studies concerned mostly Killing,
homothetic and conformal vector fields (see for instance [57}).

There are however other types of symmetries one can consider in the same
setting, and these are affine vector fields and curvature collineations. The first are
the natural type of symmetry a linear connection can admit and it is well known
that the set of such vector fields always forms a finite-dimensional Lie algebra
which contains the Lie algebra of homothetic vector fields [35]. The second type
(i.e. curvature collineations) is a natural generalization of the concept of affine
vector field in the sense that they are vector fields which leave the Riemann tensor
invariant, a property satisfied by affine vector fields, and has been introduced
relatively recently in General Relativity by Katzin et al [52]. These types of vector
fields seemed, however, less susceptible to study than conformal or homothetic
vector fields.

In recent years, however, due mainly to the results obtained by McIntosh and
Halford [61], Hall and McIntosh [45], Halt and Kay [44] in the study of the problem
of “determination of the metric from the curvature” a more detailed study of such
types of symmetries has become possible.

These results allowed Hall {35} to show that whenever the Riemann tensor of
a given space-time - considered at each point as an endomorphism of the space
of bivectors at that point - has rank > 4, every curvature collineation (and, a
posteriort, every affine vector field) is a homothetic vector field.

There are, nevertheless, cases when the rank of the Riemann tensor is smaller
Lhan 4 and, in such case, it is possible for the space-time in question to admit
cirvature collineations which are not homothetic vector fields and the study of

aich cases seems interesting in its own right. Furthermore, the results mentioned
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above provide us with a great deal of information about the tensor field £ y g, where

X is a curvature collineation and ¢ is the metric of the space-time in question.

In the case of affine vector fields, the tensor £ x g defined above is covariantly
constant (see [43]). Let us define then an affine vector field as being proper affine
if it is not a homothetic vector field. In such case, the tensor field £xg is not
a constant multiple of the metric. As remarked by Hall [40], it follows that the
space-time (M, ¢) if non-flat is reducible, that is its holonomy group is non-trivial.
The classification af space-time according to its holonomy group has been achieved
recently by Hall [40], and it provides us with a starting point to the study of proper
affine vector fields.

The aim of this thesis is the study of the case when a given space-time (M, g)
may admit proper affine vector fields or proper curvature collineations (that is,

which are not afline vector fields).

Chapters 1 and 2 consist of introductory material in Differential Geometry
(Ch.1) and General Relativity (Ch.2). In Chapter 1 we set up the basic results
in Differential Geometry required in the sequel, from the concepts of manifold
and tensor field, to those of linear connection, holonomy group and symmetry. In
Chapter 2, after defining the basic concept of space-time we consider the several
classification schemes we shall use, e.g. the Segre classification of the Ricci tensor,
the Petrov classification of the Weyl tensor and the holonomy classification. The

relationship between this classification schemes is also presented.

In Chapter 3 we study homothetic vector fields which admit fixed points. In
a certain sense one could perhaps say that this is the only case when homoth-
ctic vector fields are of interest, since, in the neighbourhood of a point where a
homothetic vector field does not vanish, one can always conformally rescale the
metric so as to make that homothetic vector field a Killing vector field. In this
Chapter the general results of Alekseevsky [3] and Hall [38] are presented, some

being deduced by different methods. Further details and results are also given.

Chapter 4 is concerned with space-times that admit proper affine vector fields.
Using the holonomy classification obtained by Hall [40] it is shown that there are
easenbinlly two classes to consider. These classes are analysed in detail and upper
bisunds on the dimension of the Lie algebra of affine vector fields of such space-
thinee are obtained. In both cases local characterizations of affine vector fields are

alitained. These show that apart from some natural proper affine vector fields
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which are easily found, the problem of finding others reduces to the problem of
finding homothetic vector fields either in the same manifold or in some lower
dimensional manifold. Under some global assumptions {geodesic completeness
and simply-connectedness) some of these results are in fact global. The chapter
ends with a generalization to affine vector fields of a theorem of Nomizu on the
extension of Killing vector fields (a different proof of that same result has recently

been published by Hall [32}).

Chapter 5 is concerned with space-times which may admit proper curvature
collineations. Here, one of the main objectives of our work was that of characteriz-
ing all space-times which admit an infinite-dimensional Lie algebra of such vector
fields, as well as that of finding local characterizations of such vector fields. Using
the results of Halford and McIntosh [61], Hall and McIntosh [45] and Hal} [35]
mentioned above, we were able to divide our study into several classes which
were then studied separately. For the first of theses classes (2+2-decomposable
space-times) we were able to prove that in fact the Lie algebra of curvature
collineations is always finite dimensional and that the problem of finding curvature
coilineations in such space-times reduces to that of finding curvature collineations
in 2-dimensional Lorentzian or Riemannian manifolds. The second class analysed
consisted of space-times which admit a (unique up to multiples) non-null vector
field « which contracts the Riemann tensor to zero. In the case when there ex-
ists a curvature collineation parallel to such a vector field we were able to prove
that the local Lie algebra of curvature collineations (that is the Lie algebra of
curvature collineations of a suitably small open subset with the induced metric)
is always infinite dimensional. A local characterization of such space-times and of
their curvature collineations was obtained. Under some global assumptions, the
infinite-dimensionality result is in fact global. In the general case we were forced
Lo make the further assumption that the distribution spanned at each point by the
evaluation at that point of all curvature collineations has constant dimension. Un-
der this assumption we were able to prove that the local Lie algebra of curvature
collineations is finite dimensional unless a (local) curvature collineation parallel

bo u exists, The last class analysed consisted of all those space-times wich admit

a Godimiensional non-null distribution spanned by vector fields which contract the
Hizimani tensor to zero. For this class results similar to those of the preceding

elags were obtaiped. The chapter ends with some comments in the cases when the
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vector fleld u or the 2-dimensional distribution mentioned above are null. These
classes have already been the object of some investigations (see. [27), [77], [78])
which lead to the conclusion that clear cut results as those obtained in the other

classes are perhaps not to be expected.
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1. PSEUDO-RIEMANNIAN MANIFOLDS.

1.1.Conventions and some basic definitions.

In this section are gathered some of the basic definitions with which we shall
be concerned in the sequel. Throughout this work we shall use Einstein’s sum-
mation convention, that is, the convention that if in a mathematical expression
(e.g. z'y;) an index appears repeated, once in lower and once in upper position,
then it is implied that the index in question is to be summed over its range (e.g..
if the range of ¢ in the above expression is 1,...,n then the expression means
zly; + ... + 2y, ).

Let E be a real vector space of finite dimension n, (e;) a basis of E; we denote
by E* the dual of £ and by {¢') the basis of £* dual to (e;), that is, the unique
basis of E* such that e*(e;) = &}, were §*; is the Kronecker delta. Given two finite
dimensional real vector spaces F, F' and a linear map v : £ — F', we denote by
‘y its transpose, that is, the linear map from F* to E* given for a € F* by fu
(a) = cou.

For all integers r, s > 0 we define T7(E) as the vector space of all multilinear

maps o:(E*)"x(E)* — R. If (¢;) is a basis of E, the elements of T7(FE),
£;,®..0¢; QN ®..Qes,

1 <4y, 715 -Js S 0, which are characterized as the unique elements of T7(E)

such that:
e, ®..0¢; QeI ®..Qel (b1, . efr e en,) = 65‘;1...6{1';5, (1.1.1)

for all 1 < ky, . kyymy, .ymy < m, form a basis of T7(£). Often we shall denote
the elements of the above basis by e;, ; /17« If & € T7(E), defining

- H i , .
,=aleh, et e, E5),

TP
Qg

we ave

— atiedr . L. . J1nd
o= attt et (1.1.2)

Lt now h be a symmetric bilinear form on £. There exist then unique integers

iy ) with p+¢ < n and a basis (¢;) of E such that h{e;,e;) = —-1forl1 <i<yq,
fleg, e,) = 1 or g+1 < ¢ < g+pall the remaining h(e;, ¢;) being zero, 1 < 4,7 < n.
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We call (p, ¢) the signature of h. A basis of E such as the basis (e;) above is called
an orthonormal basis of F with respect to A, If h is nondegenerate we have
p -+ q = n, in which case we denote its signature by (p,n — p). In such case, if
p = 2(n—p), one can find a basis (f;); of E such that h(f;, fix(n_p)) = A S5, f;) =1
for 1 <7< 2(n—p)and 2(n —p)+ 1 < j < n, all the remaining A(fi, fi) being
0 {take an orthonormal basis {e;); and define f; = ¢; for 2(n ~ p}) +1 <1 < n,
Fi=(ei+ €in(nep) )/ V2, firinopy = (6 = ip(npy}/V2 for 1 <i < (n—p) . Such
a basis will be called a null basis of £ (with respect to h) or, in the particular
case when n = 4 and p = 3, a null tetrad.

Let ¢ be a symmetric and nondegenerate bilinear form over a real vector
space F of finite dimension n. Given a subspace V of £ we denote by V- its
orthogonal, that is, the subspace of those y € E such that g(z,y) = 0 for all
z € V. V1 is of dimension n — k whenever V is of dimension k [13]. A subspace
V of E will be called null if the subspace V N VL is not trivial; otherwise it will
be said to be non null, in which case £ is the direct sum of V and V4,

Let g be a symmetric and nondegenerate bilinear form over a real vector space
E of finite dimension n. For 2 € E the map y — g(z,y) is a linear form over
E; thus, we define a linear map G : E — FE* by z — (y — g¢(z,y)); this map
is an isomorphism since g is nondegenerate. Given a basis (¢;) of F, the matrix
of G with respect to this basis is also the matrix of g, that is G(e¢;) = g;;¢/;
thus, if ¢ = zle; € E, we have G(z) = g;jziel. We set z; = g;;27 and we say
that G acts by lowering indices. As (G is an isomorphism we can define G-1,
which is a map from E* to E. If one denotes by (g*/), ; its matrix with respect
to the basis (ef),{e;), then we have g;;07% = §F, and if a = ajel € E*, then we
have G~1(a) = a;97%e;; we set ol = gi*ay and we say that G—1 acts by raising
indices. This process of lowering and raising indices is extended to the spaces
1'r(I7) in the obvious way.

An automorphism u of £ is said to be orthogonal with respect to ¢ if and
only if for all 2,y € E one has g(u{z),u(y)) = ¢g(z,y). The set of all such maps
15 denoted by O(E, g); it is a subgroup of the linear group GL(F) and it is called
ihe orthogonal group of g. One can show that, defining, for f € GL(E), f* by

/% = (7-1o! folG (called the adjoint of f with respect to ¢) then f € O(E,g) if
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and only if f* = f~1 [15]. In particular, one sees that det(u) = #+1 for all u in
O(E,g).

A pseudo-euclidean space is a finite dimensional real vector space equiped
with a nondegenerate symmetric bilinear form. Given two pseudo-euclidean spaces
(E,g),(F,h) we say that they are linearly equivalent if there exists an isomor-
phism u @ E — F such that h(u(z),uly)) = g(z,y) for all z,y € E; linear
equivalence is an equivalence relation in the set of pseudo-euclidean spaces. Two
pseudo-euclidean spaces lie in the same equivalence class for this relation if and
only if their bilinear forms have the same signature. We call Minkowski space
any representative of the class of signature (3, 1), that is, any 4-dimensional real
vector space equiped with a nondegenerate and symmetric bilinear form of signa-
ture (3,1). If (E,9),(F,R) are linearly equivalent the groups O(E,g) and O(F, k)
are isomorphic {15]; this justifies the notation O({p,q) for both groups, (p,q) be-
ing the signature of ¢ and h. The group O(3,1), i.e. the orthogonal group of
Minkowski space, i1s called the Lorentz group and sometimes denoted by L.

Let G be a group, whose zero element shall be denoted ¢ and whose compo-
sition law we denote multiplicatively. Let X be a set. A group action on the
right of G on X is a map ® : XxG — X such that the following properties are
satisfied for all ¢,b & G and all z € X:

®(z,e) = z; (1.1.3)

@(@(w?a),b) = &(z, ab). (1.1.4)

Let X be a set, G be a group and ¢ be an action of G on X on the right; for
all 2 € X we denote by O, the set of elements y of X such that y = ®(z,a) for
some a in & and call it the orbit (or G-orbit) of z; the set of all @ € G such
that ®(z,a) = z is called the isotropy set of z and shall be denoted by I; I, is
a subgroup of & (in general not normal); I, and 7, are conjugate subgroups of G
whenever y lies in the orbit of . The action @ is said to be transitive if for any
pair x,y of elements of X there exists @ in G such that ®(z,a) = y. P is said to
be effective (resp. free) if ®(z,a) = x for all (resp. some) 2 € X)) implies a = e.
The relation R defined on X by "zRy if and only if there exists a in G such that
(i, a) = y" is obviously an equivalence relation on X whose equivalence classes

are exaclly the orbits of the elements of X under the action ©.

Finally, if H is a subgroup of G then the restriction & of ® to X xH is an
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action of H on X on the right; if, for z € X, we denote by O}, its orbit and by I/
its isotropy under this action, we have 0! CO, and I' CI,.

Given a set X and an action on the right & of a group G on X the problem

of classification of the elements of X under the action ¢ consists in finding a
description of the orbits of ® or, equivalently, in finding necessary and sufficient
conditions for two elements of X to lie in the same orbit (for ). This is usually
done by finding invariants of @, that is, maps f: X ~— VY (where Y is some set)
which are constant on each orbit of &.

A fundamental example, playing an important role in the sequel is the Jor-
dan equivalence problem which we now describe [60]. Let & be a real vec-
tor space of finite dimension n and let £(E) be its algebra of endomorphisms.
The group GL(F) acts on the right in L{F) by ¥ : L(E)xGL(E) — L(E),

(fiu) — ¥(f,u) = v=lo fou. The Jordan equivalence problem is the classi-

fication problem underlying this group action. The minimal and characteristic

polynomials, as well as the determinant and trace functions are invariants of this
action [60].

Let f € L(F), and assume that all its eigenvalues Ag, Ag, .., A, with respective
multiplicities (y, .., ¢, are real. Define, for £k > 1, A € R, J(k; A;) as being the kxk

matrix:

A 1 0 . 0
0 A 10 0
0 0 A 1
0 Y

It can be proved [60] that there exist integers s13,512,., 3181 -, Sr1s - 824,
and a basis of E such that, with respect to this basis, the matrix of f takes the

{form:

J(Sn,/\l) 0 e e 0
0 J(Slg;)\l) o . . . 0
0 . N I

Thus, in this case, f is completely characterized when its eigenvalues, their

inulliplicities and the integers s;; are given, and it can be shown that two elements
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v,u of L(E) lie in the same orbit under ¥ if and only if their respective sets
Ay B;, sik are equal (up to their respective orders)[60].
The symbol:
{11818, --Sr1-878. } (1.1.5)

contains most of the above information (except for the number of different eigen-

values and their actual values). The symboi:

(€811 9818, )s ooy (Sr15 s 8780} (1.1.6)

differs from the above one in the sense that it tells us the number of different
eigenvalues (i.e. the number of pairs () ) and their multiplicities {s;y + ... + si5, =
(i). The first symbol is called the Segre type {20] of the endomorphism in
question; the second will be called a Segre type degeneracy.

As an example take the Segre type {2,1,1} and its degeneracy {(2,1),(1)} for
an endomorphism f of R4; this means that f has two distinct real eigenvalues.
A1, Ag, the first with multiplicity 3, and that there exists a basis of R4 with respect

to which the matrix of f is:

A 1000
0 A 0 0
0 0 A\ O
0 0 0 X

NOTE.1.1.1.1f, instead of real vector spaces, we take complex vector spaces then,
due to the fact that C is algebraically closed, the above classification is valid for
all endomorphisms. In the real case the above classification is not complete as f
can have complex eigenvalues; however, it happens that for our needs it will only
be necessary to consider the case when f has at most a conjugate pair of complex

cigenvalues; we make the convention that we denote by

{311,..Slﬁl,...,Srl,..,SrﬁP,Z,E}, (117)

the Segre type of these linear maps. We keep a notation similar to (1.1.6) for the
degeneracies of this Segre type.
Another important example is the following; let E be a finite dimensional real

vector space, g be a symmetric bilinear form over E; let Sg be the set of subspaces
ol 12, The group O(F,g) acts on the right in Sg by ¥ : SpxO(E,g) — Sg,

[15]:
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THEOREM 1.1.1.(Witt).Let F, H be elements of Sg. Then F,H belong to
the same orbit under ¥ if and only Iif they are of the same dimension and the

restrictions of g to F and H have the same signature.

In the case of a Minkowski space, {E, g), the above theorem leads to the well
known classification of subspaces as null, timelike or spacelike according to
whether the signature of the restriction of g is degenerate, nondegenerate and
non-positive or positive definite (respectively). Given a vector v € E we say that
v is spacelike if g{v,v) > 0, that it is timelike if g(v,v) < 0 and that it is null
if it is nonzero but g(v,v) = 0. The following is then another characterization of

the above classes {28]:

THEOREM 1.1.2.Let (F, g) be a Minkowski space. If F is a proper subspace

of E of dimension two or more, then:

(a).F is timelike if and only If it contains more than one null subspace of dimension
1;

(b).F is null if and only if it contains a unique one-dimensional null subspace;

(c).F is spacelike if and only if it does not contain null subspaces;

(d).F is timelike if and only if it contains a timelike one-dimensional subspace;

(e).If F is timelike (resp. spacelike}, (resp. null),F+ is spacelike (resp. timelike),
{resp. null).

In the case when F is null, it contains at most a null 1-dimensional subspace
(cf. (b)); every element of this null subspace is orthogonal to all elements of F.

With this classification of subspaces of Minkowski space we can then proceed
to a classification of the elements of the Lorentz group themselves. In fact, as
follows from the solution to the Jordan equivalence problem, given any endomor-
phism u of (E, g} there exists at least one 2-dimensional subspace F, of F stable
by u, that is, such that u(F,) C F,. Now let v € O(3,1). Then, for v € F,* and

z € F, one has

g{u(v), z) = g(u(v),u(v(2))) = g(v,u™1(2)) = 0

and this shows that F'L is also stable by u. One can therefore classify the elements

of ()(3,1) according to the nature of F,. Here, we shall concentrate our attention

on only one type of orthogonal transformation.
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Given a null vector | € E we say that u € O(3,1) is a null rotation about !
if [ is an eigenvector of v and, furthermore det(u) = 1. If (I, k, z,y) is a null tetrad
(I, k being the null vectors) it can be proved [28] that there exist real numbers
A, a,,7,6, such that A >0, o’ + 32 =1 and

u(l) = Al

u(k) = ~A(v? + &) + A~k + vz — 28y 118)
u(z) = —AV2(ay + B6) + az — By

wWy) = AV2(ad — 7)1 + Bz + ay.

1.2.Manifolds; differentiable maps.

In all that follows the topological spaces considered are assumed to be Haus-
dorft with a countable basis of open sets.

Given a topological space M, a chart (or coordinate chart)of M is a pair
(U, ¢) where U is an open subset of M (called the domain of the chart}, and ¢
is a homeomorphism of U onto an open subset of R* (the integer n is called the
dimension of the chart). Given two charts (U, ¢) and (V,%) of M we say that
they are C*-compatible if and only if either U NV is empty or the maps ¢o -1
and ¥ o ¢! are C*-differentiable in their domains of definition.

A Ck-atlas of M is a family A of charts of M whose domains cover M and
such that any two charts of A are C*-compatible. Two C*-atlases of M are C*-
compatible if their union is also a C*-atlas of M. A Ck-atlas A of M is said to
be complete if and only if any atlas A’ of M which is C*-compatible with A is
contained in 4. Every atlas A of M is contained in a unique complete atlas; we
call this atlas the completion of A and we denote it by A.

A C*-manifold is a topological space M (satisfying the topological conditions
above) equiped with a complete C*-atlas.

If M is connected (for manifolds this condition is equivalent to path connect-
edness {50]) one can prove that all the charts in a complete atlas of M have the
same dimension; the integer in question is then called the dimension of M.

(Given any integer n, consider R” together with its usual topology; then A =

{(R7,id)} is a C*-atlas of R® for all values of k, so R™ together with the completion
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atlas A is a C*-manifold for all values of k. In the sequel we shall always consider
R™ as equiped with the C'®°- manifold structure obtained in this way.

Another example of a C*¥-manifold is obtained in the following way; let M
be a C*-manifold and let 4 be its atlas, [/ be an open subset of M. For every
chart of M, (V,¢) say, the pair (V NU,¢yny) defines a chart of U, The set of
all charts thus obtained, using all elements of A, defines an atlas of U. When
equiped with the manifold structure defined by the completion of this atlas, we
say that U/ is an open submanifold of M. An open subset of a manifold will
always be considered as equiped with this manifold structure.

Given two C*-manifolds M and N with respective (complete) atlasses .A and 5
we define naturally over the topological space M x N (with the product topoiogy)
a structure of C*-manifold by taking as charts of M x N the products of the charts
of M and N (i.e. of the form (U x V, ($,v)), where (U, ¢) € A and (V,¢) € B) and
taking then the completed atlas of the atlas thus obtained. With this manifold
structure we say that M x N is the product of the (manifolds) M and N.

In all that follows we shall consider only manifoids of differentiability class
Co; thus in what follows the word differentiable will mean C*- differentiable

whilst the word manifold will always mean C*-manifold.

Given two manifolds M and N with respective (complete) atlasses A and B
and a map f : M — N, we say that f is differentiable at p € M if and only if
for any chart (U, ¢) of M such that p € U and every chart (V,4) of N such that
f(U) c V, the map

o fiyod=l: gU)— (V)

is differentiable at ¢(p}. f is said to be differentiable if and only if it is differentiable
at all points of /. A diffeomorphism of a manifold M onto a manifold N is
a differentiable map f from M to N which is one-to-one and onto and such that
its inverse is also differentiable . A diffeomorphism of M onto itself is called a
transformation of M. The set of differentiable maps from a manifold M to a
manifold N will be denoted by C'®(M, N), except when N = R, in which case we
denote it by F(M) . F{M) is a commutative unitary ring and a vector space over

the reals. A differentiable map v: I — M, where I is an open interval of the real

line and M 1s a manifold, is called a curve on M.
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NOTE.1.2.1. It follows from the topological conditions imposed at the beginning

of this section that every manifold admits a differentiable partition of unity [7].

Let then M be a manifold and let p € M. A tangent vector at pis a R-linear
map v, : F(M) — R such that for all f,k € F(M):

vp(f-h) = hlp)vy(f) + f(p)vp(R). (1.2.1)

The notion of tangent vector is local in character, in the sense that, given f,h €
F(M) such that f and h coincide in some open subset [/ of M, and given p € U,
we have v,(f) = v, (%) for every tangent vector v, to M at p.

Given a coordinate chart (U, ¢) of M and p € U for every f € F(M) the
map fo¢!is a differentiable map from ¢(U/) to R; denoting by {1, ...,2") the
coordinates in R®, we can therefore compute

d
2041 (6(p)

This allows us to define for 1 <7 < n a tangent vector at p, which we denote by
i1, bY:

lp»

By = 5 04~ )(8(P)) (122)

for all f e F(M) [50].

The set of all tangent vectors to M at p is denoted by T,(M) and is called the
tangent space to M at p. T,(M) is a real vector space and for any given chart
(Uy¢) of M at p (i.e. such that p € M) the set (8yy,,...,0,,) defined above is a
basis of T,(M) ; we call this basis of T,(M) the natural basis associated with the
chart (U, ¢); (in particular we see that 7,,(M) is of the same dimension as M).

Let now M, N be manifolds and let ¢ : M — N be a differentiable map. Given
f € F(N), the map fo¢ is an element of F(M); consequently, given any point
p € M and any v, € T,(M), we can compute v,(f o 8).

Consider then the map :

¢.p(vp) : F(N) =R,
defined for every f € F(N) by:

¢.p(vp)(f) - vp(foﬁé)‘
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Then ¢ _,(v,) is a tangent vector to NV at ¢(p) [50]. This allows us to define a map

by Tp(M) — Té(p)(N),

which is linear. The map thus defined is called the derivative of ¢ at p. Given
a chart (U,¢) of M at p and a chart (V,p) of NV at ¢(p) it is to prove that with
respect to the natural basis of T,(M) and Ty(,)(N) associated with the above
charts the matrix of ¢ , is the matrix of the derivative of the map podorp—! at
¥(p} in the canonical basis of R* and R™ [7]. The chain rule holds for differentiable
maps on manifolds [7].

With these definitions and constructions, classical notions such as that of
rank of a map,and classical results of differential calculus, such as the implicit

function, inverse function and constant rank theorems, hold on manifolds.
We end this section with some definitions [16].

Given manifolds M, N a differentiable map ¢ : M — N and a point pon M, we
say that ¢ is an immersion (resp. submersion) (resp. local diffeomorphism)
at p if and only if ¢_, is one-to-one (resp. onto) (resp. onto and one-to-one). ¢ is
sald to be an immersion (resp. submersion) if and only if it is an immersion
(resp. submersion) at every point of M.

Given manifolds M, N with N C M, we say that NV is a submanifold of M
if and only if the natural injection i : N — M is an immersion.

We say that N is a regular submanifold of M if, furthermore, the manifold
topology of N coincides with the topology induced on N by the topology of M.

1.3.Vector fields; distributions.

Let M be a n-dimensional manifold; a vector field X on M is a map:
X:F(M)— F(M),
which is R-linear and such that, for all f,h € F(M):

X(f.h) = hX(f) + f.X(R). (1.3.1)

The set of vector fields on M is naturally a real vector space and a module over

the ring F(M) and is denoted by Dy{M).
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The behaviour of a vector field is local in character, that is, if f,h € F(M)
coincide in the neighbourhood of a point p of M then X(f)(p) = X(h){p) [50}.

If X € Dy{M) and U is an open subset of M, X defines naturally a vector
field on U, called the restriction of X to U and denoted by Xy, in the following
way: given any point p on U and f € F(U), we can find an open neighbourhood
VolpinlU and f e F(M) such that the restriction of f to V is equal to the
restriction of f to V (this is a consequence of the theorem of partitions of unity,
(cf. NOTE.1.2.1)); we define then Xy(f)(p) = X (F)(p).

Given a vector field X and a point p on M we can associate with X the

element of T,(M ). denoted by X, given by:

Xp(f) = (X(N))(p)-

This shows that, given a coordinate chart (U, %) of M and a vector field X on M

there exist unique functions X1,.., X" from U to R such that for all p € U and
all f e F(M):
X,(f) = X¥(0)og, . (13.2)

The functions X* are in fact elements of F(U) as follows from the definition of

vector field. The expression {1.3.1) is called the local expression of X in the
chart (U, 4).

Each 8; itself. is a vector field in the coordinate domain U.

NOTE.1.38.1. Expression (1.3.1) above gives, when X = g;:

X(f)=0:f;

In order to lighten the notation we shall, in general, write f; instead of &;f.

Given vector fields X, Y on M we can define a new vector field, denoted by
[X,Y] and called the Lie bracket of X and Y, by:

XY = X(Y() - Y(X(F), (1.3.3)

for all f € F(M). Clearly the map [, ] is bilinear and antisymmetric; it satisfies
the Jacobi identity:

[X,[Y,Z”+[Z,[X,Y]]"}-[Y,[Z,X]}xo, (1'3'4)
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for all vector fields X,Y,Z on M. D(M}) is, therefore, a Lie-algebra.

If (U,¢) is a coordinate chart of M, and X,Y are vector fields on U, using
the local expressions of X and Y given by (1.3.1), we get for [X,Y] the local
expression {cf. NOTE.1.3.1.):

(X,Y] = (X'Y7; - YiX7 )3, (1.3.5)

It follows from the definition of tangent vector that, given a manifold M, a point
pin M and v € T,(M), there exists a curve v : I — M such that 0 € [, 4(0) = p
and, 1 denoting the natural basis of Ty(I) in the chart (7,id):

Y01 = v

(in general we write v ,.1 = %‘%Is)‘
Let then X € Dy(M), p € M. The Cauchy problem for X with initial

condition (0, p) consists in finding an open interval I of R, with 0 € I, and a curve

~ I — M such that:

¥(0) = p,
and
dvy
'EE"“ = Aq(t)

for all ¢ in F; The curve + is then called an integral curve of X through p. Using
charts around p, this problem reduces to the classical Cauchy problem for ordinary
differential equations; the smoothness of the functions involved guarantees, then,
that it always has a solution [50].

Given a point p, € M and X € D;(M), it follows from well known results of
the classical theory of ordinary differential equations [7] that there exists an open
neighbourhood U of p, in M and an open interval I(p,) of R, with 0 € I(p,), such
that, for all p € U, the Cauchy problem with initial condition(0, p) has a solution
with domain I(p,). The solution thus obtained for the Cauchy problem is denoted
by t — ¢;(p), so that #y(p) = p. The maps ¢, thus defined are maps from U to M
for all t € I(p,). It can be shown that each ¢; is differentiable and that, for every
s,t € I(p,) such that s+t € I(p,) and every p € U such that ¢,(p), ¢,(p) € U:

$10 d5(p) = b0 ¢y (p) = Bspi(p). (1.3.6)

It follows immediatly from this relation, the fact that ¢y = idy and the inverse

function theorem that each ¢; is a local diffeomorphism at each point of U. The
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set {¢;:t € I(p,)} is called the local one-parameter group of local transfo-

mations of M associated with X at p,.

A vector field is said to be complete if and only if I(p) = R for all peEM
In such case, {¢; : t € R} is a true one-parameter group and it can be proved (7]

that each ¢, is actually a transformation of M.

Let M, N be manifolds and ® : M — N be a differentiable map. Given
X € Dy(M) and X' € D;(N), we say that X, X' are ®-related [7] if and only if
for every f e F(N):
X(fo®) = (X'(f))od.
It can be proved (7] that if X,Y € Dy(M) and X', Y" € D;(N) are such that X, X
and ¥, Y’ are ®-related, then [X,Y] and [X',Y"] are ®-related. If, in particular.
® is a diffeomorphism, then the vector field @ X defined on N by:

(.X),=2 _ X

1) T e (g)?

is P-related to X. We call it the direct image of X under .
Given a chart (U, ¢) of M, the vector fields ;, ..., 8, on I/ are such that:
[0;,0;] =0,
for all 1 €4,7 < n. Conversely, we have [7):

THEOREM 1.3.1. Let M be an n-dimensional manifold, U be an open subset of
M and X3, ..., X, be a family of vector fields on M with the following properties:
(a). There exists a point p in U such that Xitps ooy Xpip span Ty(M);

(b). There exists a neighbourhood V of p such that for all 1 < 1,7 € n:

[Xi, Xy = 0.
Then there exists a chart (W, ¢) of M around p such that Xiw = 0;, for1 <{ < n.

Another result that we shall use frequently in the sequel is the following {7):

THEOREM 1.3.2.1et X € D;(M) and p € M; if X, # 0 there exisis a chart
(U, ¢) around p such that : X = 9, in U.

Let now M be a n-dimensional manifold, U be an open subset of M and assume

the existence of submanifolds Ny, ..., N; of U such that U = N; x .... x N;. We call
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the family L = (Ny,..., V) a decomposition of U (or a local decomposition
of M). Given such a decomposition L, we define, for 1 < k <, 7% : U — N as
being the natural projection, and for each p € U, ix(p) : Ny — U as being the
natural injection ¢ — (x'(p), .., 7¥=1(p), ¢, ¥**+1(p), .., ' (p}). Each n* (resp. i) is
a submersion (resp. immersion) and, for every p € U, we have :

T,(M)=T

",(p)(NI)ea . ®T

=t(p)

(V)
Given X € Dy(N;) we can define a vector field i(X) on U by:

ik(X)!p = (ik(P)).wk(p}XW“{p)’
forall pe U.

On the other hand, given a vector field X on M, we can define, for each

1 £k <1, anew vector field on M, denoted by #*{X), and given by:
Trk(X)lp = (Wk).poa

for all p € U. Obviously, for every p € U, 7#(X), is an element of the subspace
Tﬂk{p)(Nk) of T,,(AM) but, in general, 7¥(X) cannot be considered as a vector field
on the manifold Ny.

We say that a vector fleld X on U is L-projectable if and only if for 1 < k < {

there exists X} € Di{(Ny) such that for every p € U:

Xp Eli(Xl) @n--@i;(Xl)%

[*1(p) l(p)’

forall pe U.

The following is a characterization of L-projectable vector fields:

THEOREM 1.3.3. X € Dy(U) is L-projectable if and only if for 1 < k,j <1,
k# j, and every Y € Dy(N;):

[+ (X),15(Y)] = 0,
Sketch of proof. Let us analyse the case when [ = 2. In this case, we can

choose in U coordinates of the form (z1,...,z%,y1,...,y7~9), where ¢ = dim N,

and ¢ —n = dim Ny, such that (21,...,#7) are coordinates in Ny and (y1,...,y"=19)




CHAPTER 1 15

are coordinates in Ny. If X (resp. X,) is a vector field on Ny (resp. NV,), there
exist then functions f' € F(Ny) and h/ € F(N,) such that

.
Xl - Z fl'—',':
1<icg
0
o= 2 Moy
1<<(n 1)

These will also be the expressions of the vector fields 1;(X}) and #;(X,), that
is, if p = (al,..,a9,b!,..,67=9) is a point in U and we set p! = (al,..,a?) and
p? = (#,..,679), then:
. i1 d
z1()(1)19: Z fia s'-vaq)'-a_“_'f;
: @
1<i<yg
and a similar expression for 15(X,).
If X € Dy(U}, there exist functions m’,n? in F(U/) such that:
. ]
X= 2 mgat 2 v

1<i<yg 1€j<(n—q)

and one has:

and

The theorem is then just a statement of the fact that if X is projectable then
the functions m* (resp. n? ) do not depend on the variables yJ (resp. z'). The

theorem follows for any value of [ by induction B

A distribution on a manifold M is a map A that associates with each p € M
a subspace A(p) of T,,(M). We shall always assume that the dimension of A{p)
is constant; if this dimension is k, we say that A is a k-dimensional distribution.
(iiven a k-dimensional distribution A on M and a vector field X defined on some
open subset U of M, we say that X belongs to A, and we write X € A, if and
only if for all p € U, X, € A(p). A is said to be differentiable if for every point

p € M we can find an open neighbourhood U of p in M and k vector fields on
U, Xy, ey X, such that, for every ¢ € U, A(q) is spanned by Xi|gr s Xklg- An
integral manifold of A through a point p of M is a submanifold S, of M such
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that p € 5, and such that for every point ¢ € S, the tangent space to S, at g is
exactly A{q). A distribution is said to be integrable if and only if for every point
p € M there exists an integral manifold of A through p. The classical theorem of

Frobenius characterizes integrable distributions {7]:

THEOREM 1.3.4.A differentiable distribution A on a manifold M Is integrable
if and only if for every pair of vector fields X, Y belonging to A, [X, Y] also belongs
to A.

Given an integrable distribution A on M and given m € M, we say that a
submanifold S of M is a maximal integral submanifold of A through m if §
is an integral submanifold of A through m and if given any other submanifold §’
of M with the same properties, then S' C S.

Given an integrable distribution A on M and any point m € A there exists a
unique maximal integral submanifold of A through m [7]. In general the maximal
integral submanifolds of an integrable distribution are not regular submanifolds of
M - the classical example being the Denjoy curves of the torus T2 [4]. However,
given any point m € M, one can always find an open neighbourhood U of m in M
such that the maximal integral submarifold of the restriction of A to U through

m is a regular submanifold of M [7].
In this setting, the following result will also be usefull {7

THEOREM 1.3.5.Let A be a k-dimensional integrable distribution on a man-
ifold M of dimension n; let U be an open subset of M and X|,..., X} be vector
fields on U such that X; € A for g £ i < kand [X;,X;] =0 for1 <i,j <k
Then, for every p € U there exists a coordinate chart (V, ¢) of M around p such
that X; =8; inV, for1 <i< k.

1.4.Tensor fields; differential forms; the Lie derivative.

Let M be a n-dimensional manifold. A differential form of degree one on

M (we shall say, for short, 1-form) is a F(M)-linear map:
w: Dy(M) — F(M).

As for tangent vectors and vector fields, the notion of 1-form is local in character,

in the sense that if two vector fields X,Y coincide in some open subset U of M
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then, for every p € U, w(X)(p) = w(Y)(p) [50]. This allows us to define, as for
vector fields, the restriction of a 1-form to an open subset U of M.

Given a 1-form w on M and p € M, we can define a linear map:

: T,

ot (M) — R,

w

as follows; if v € T,(M), there exists a vector field X on M such that X, = v;
define

wp(v) = w(X)(p);
(It can be proved that the above definition does not depend on the vector field
X, only on its value at p). This shows that at any given point p of M a I-form

determines a unique element of the space T*,(M) dual to T,(Af).
Given a chart {U, ¢) of M (with ¢(p) = (z!,...,2™)), the maps:

dat : D(U) — F(U),

defined for X = X'4;, by:

dz'(X) = X¥,
are 1-forms over U, for every 1-form w on U there exist unique wy, ....,w, € F(U)
such that:

wyy = wdz'. (1.4.1)

This expression is called the local expression of w in the chart (U, ¢).

A particular example of 1-form is the absolute differential of an element of
F(M); given f € F(M), this 1-form is denoted by df and is defined as being the
unique l-form w such that for every X € D{(M):

w(X) = X(f). (1.4.2)
In the domain of a chart (U, ¢), it is given by:
df = fdz'. (1.4.3)

As follows from the definition, the set of 1-forms, denoted D(M), is the F(M)-
module dual to D;{M).

Let now (r,s) be integers; a tensor field of type (r,s) is an element of the

tensor product of » copies of Dy (M) and s copies of DY M), that is, a multilinear

map on the product of r copies of D1(M) with s copies of D;(M) with values in




CHAPTER 1 18

F(M). This is, again, a notion local in character, and so, very much in the same
way as for vector fields and 1-forms, we can define the restriction of a tensor field
of type (r,s) to an open subset of M [50].

In particular, if (U, ¢) is a chart of M (with ¢(p) = (2}, ...,2")), for every
choice of ay,...,ay, by, ..., b, in {1,...,n} we define a tensor field of type (r,5) on
U,

Eop 0t =08, ®..98, @dh ®..@dab,

by requiring it to be the unique F{M)-linear map over the product of r copies

of Dy(U) with s copies of D;(U) such that, for any choice ¢y, ..., ¢, dy,...,d, in

{1,..,n}
bi1..b, - _ r s
Ea;...ar ! (dwcl,...,dl?c ?acin ...,(')ds) = 5alc’...6arc 5b1d1...5b dy»

where the §; are Kronecker deltas.

If T is tensor field of type (r,s) on M, one can then prove [50] that there exist
unique functions 7@ -ary, € F(U) such that the restriction of T to U is given
by:

T|U = Tal“'arbl...b,Eal...a,bl"'bs' (1_4'4)

This expression is called the local expression of T in the chart (U, ¢).

The set of tensor fields of type (r,s) over M is denoted by 77{M); it is a
module over the ring (M) and a real vector space; obviously, with this definition,
vector fields are just tensor fields of type (1,0), and 1-forms are tensor fields of
type (0,1). We define as tensor fields of type (0,0) the elements of F{M). We

can then construct the graded algebra:

T(M)=€P, ., 7 (M),

which is called the tensor algebra of M.

It is well known that the tensor product of modules over the same ring is
associative and commutative [60]; using this fact we identify for all pairs (r,s),

(7', '} of integers the tensor product 77 (M) ® T3 (M) with T((sﬁf;)(ﬂf)

A metric over a manifold M is a tensor field g of type (0,2) on M which is
symmetric (i.e. g(X,Y) = g(Y, X) for all X,Y € D;(M)) and such that for every

point m & M, the tensor g, on T;,(M) is nondegenerate and its signature does

not depend on m.




CHAPTBR 1 19

A pseudo-riemannian manifold is 2 manifold M equiped with a metric g;

we denote it by (M, g). We say that (M,g) is a riemannian manifold if Om

is positive definite (m € M); we say that (M,g) is a lorentzian manifold if Im
(m € M) has signature (n ~ 1,1) (n being the dimension of M).

It is well known that, under the topological conditions imposed at the begin-

ning of this chapter, for every manifold M there exists a metric g on M such that
(M, g) is a riemannian manifold [49]; again under those topological conditions, it
is well known that a necessary and sufficient condition for a structure of lorentzian
manifold to exist on M is that it admits a globally defined 1-dimensional differ-
entiable distribution [49].

It {M,g) is a pseudo-riemannian manifold, for every m & M the tensor g can
be regarded as a “"canonical” isomorphism from Tn(M} onto T (M) (cf. §1.1).
The operations of raising and lowering of indices described in 81.1 as well as the
classifications of subspaces of 7,,(M) described in that section can therefore be

carried to each tangent space of M. Given any tensor field T on a chart of M we

can at every point m € U perform the above operations (if they have any sense);

the result is of course a new tensor field on U: notice that if 7 is of type (r,38)
then the tensor one obtains from T by raising (resp. lowering) an index is of type
(r+1,5~1) (resp. (r—1,s+1)).

Given a tensor field T of type (r,s), with r,s > 1, it admits in any coordinate

domain the local expression given in (ld4dy; for 1 <i<rand1<j <s, we
define then the contraction of indices 7, j, which we denote by C; as the map
that associates with T the tensor field Cj(T) of type (r — 1,5 — 1) given in the

same coordinates by:

C;(T)al"‘a""l byoobes o Ta1..a.‘_1ka;‘..ar_1 byby_y Kby byo (1 45)

NOTE.1.4.1.In the sequel, given a pseudo-riemannian manifold (M,g) and a
tensor field T on A, whenever no confusion arises, we shall denote by the same
symbol T" all the tensor fields one obtains from T' by raising, lowering or contract-

ing indices.

Let T € 7y (M); we define then two new tensor fields on M, denoted ST and

AT, and called, respectively, the symmetrized and antisymmetrized of T, as
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follows; let P, be the group of permutations of {1,...,r} and for o € P, let (o)
be its signature; then the tensors ST and AT are given for all Xy, ..., X, € Dh(M)
by :

1
ST(Xy, o X,) = Y T(X, iy X iy )i (1.4.6)
gEP;
and
- 1 .
AT(X 1y Xp) = = 37 dT(X s X ) (1.4.7)
cEP,

1t is obvious how to define the symmetrisation and antisymmetrisation processes
described above but operating only on some of the variables.

As an example take r = 2 and choose a coordinate chart (U, ¢} of M so that :
T o= Tijd:ci ® dat.
The components of the tensors ST and AT in the above chart are then given by:
1 al
(8T)ij = 5(Tiy + Ty

and
1

(AT)i; = 5(Tij — Ty)-
When using coordinate notation we will denote the components of the sym-
metrised and antisymmetrised tensor fields of a given tensor field T of type (0,7)
by:

(ST)ay.ar = T{a;...a,); (1.4.8)

and

(AT)al...a,- = T[m...a,]' (1'4'9)

The above mentioned "partial” symmetrisation or antisymmetrization processes

give then tensor fields :

T,

R (I T a.-2+;...a;(kwl)]a;(k_l)+; el M 410G ?

and
T

@1 [Biy B [Bin 100 Bi iy b1 i ]ai 410000

where the symmetrisation and antisymmetrisation have been performed only over

the indices a;,..a;,0;,..04, .05, .04, .

A tensor field T of of type (0,r) is said to be symmetric f ST =T
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An element T of 77 (M) is called a p-form (or differential form of degree
p) if it is alternate, that is, if AT =T

The set of p-forms over M is denoted by DP(M); it is a module over F (M}
and a real vector space. We define in the usual way the exterior product wAv,
of two forms w,v [35]. If wis a s-form and v a p-form, w A v is a (s + p)-form and
one has the relation:

vAw = (~-1P5wAv. {1.4.10)

In a coordinate domain (U, ¢), the p-forms :
dz® A .. Adz®, (1.4.11)

where 1 < a; < ap < .. < g, < p define a local basis for DP(M), in the sense
that any p-form on M, when restricted to U, is a linear combination of the above

p-forms with coefficients in F(U).

NOTE.1.4.2. We consider the elements of F{M) as 0-forms on M; for f € F{(M)
and a p-form w, we define: |

fAw= fa.

Given a p-form w, we can define a (p + 1)-form on M, denoted dw and called
the exterior differential of w, as follows [50]; For all Xy, ..., X, € D (M), dw

is given by:
1 ) )
dw (Xla p+1) (p+ 1) Z '_H}t (Xl,...,/\g,...,Xp_{_i))
1<igip
1 i i . .
+(p+ 1) Z(—l) Jw([Xf"Xj}:‘XI)“-in:"'3Xja-"1Xp+1)a (1412)

1<]

where the symbol " indicates that the vector field under it has been removed from

the expression. One has then [50}:

THEOREM 1.4.1.The operator d thus defined is the unique R-linear operator
over p-forms with the following properties:

(a). If U is an open subset of M, and if d|y denotes the operator of exterior

differentiation on U, then for every p-form w in M : diy(wyy) = (dw)jy;
(b). For every f € F(M), df is the absolute differential of f ;
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(c). dod = 0;
(d). If w is an r-form and v is an s-form : d{w Av) = (dw) Av + (=1)"w A (dv).

A p-form w on M is sald to be closed if dw = 0; it is said to be exact if
there exists a (p — 1)-form v on M such that dv = w. Obviously, as follows from

(¢), every exact form is closed. Conversely we have the [53]:

THEOREM 1.4.2.(Poincaré lemma). Let U be the open unit ball of R®; then

every closed form on U Is exact.

Let (M,g) be a pseudo-riemannian manifold . A vector field X on M is
said to be hypersurface orthogonal if the 1-form g(X,.) is parallel to a closed

1-form.

Let now M, N be manifolds and & : M — N be a differentiable map. Let w
be a p-form on N.

Take Xy, ..., X, € D (M); for any givenp € M, z; = &, X}y, is an element of
To(py(N). We can therefore compute:

W (py (215 s Zp)-
We define the pullback of w by ® , and we denote it by ®*w , as being the p-form
on M given by:

(@*w)g(X11gs -» Xplg) = wa(g) (2 g X1]gs s B g Xplg)-

If ® is a diffeornorphism, we can define the direct image of & p-form on M by

taking its pullback with ®-1,

NOTE.1.4.3. It follows immediately from the above definitions that if w is a
p-form on N and ® : M — N is differentiable , then :

d(D*w) = $*(dw). (1.4.13)

A consequence of this and the Poincaré lemma is that, if M is a manifold dif-
feomorphic to the unit ball of R* (for some n) then every closed form on M is

exact.

Obviously, if T is any tensor field of type (0,s) on M, we can in the same way
define its pullback by any differentiable map ® : N — M, where N is some other

manifold.
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Let then (M, g),(M',¢') be pseudo-riemannian manifolds and let @ : M — N
be a differentiable map. We say that ® is an isometry of M onto N if it 1s
a diffeomorphism of M onto N and, furthermore : & ¢' = ¢g. If there exists an
isometry from (M, g) onto (M', ¢') we say that these pseudo-riemannian manifolds

are isometric.

Let now w be a 1-form on M, X be a vector field on M and let p be a point
in M. Each ¢, t € I(p), (cf. §1.3), is then a local diffeornorphism at p, hence we
can compute the direct image of w under each one of the ¢,. We define then the

Lie derivative of w along X as being the 1-form, denoted £ xw, given at p by:
L1
(EXw)p = "‘“}1__{% "{[((¢1).w)p "" w;p]‘ (1‘4‘14)

Since the maps @, are local diffeomorphisms, defining for a vector field ¥ (resp.
a function f on M) the Lie derivative along X as being LxY = [X,Y] (resp.
Lxf = X(f)), this definition can be extended to any tensor field of type (r,s).
One has then [50):

THEOREM 1.4.3.The Lie derivative has the following properties:

(a). Lx is R-linear;

(b). For all tensor fields T,5: Lx(SQT)=(LxS)@T+S®(LxT)

(c). For every tensor field T, LxT is of the same type as T’;

(d). Ly commutes with the contraction operators;

(e). Ifwisap-formon N and® : M — M is differentiable: L x ®*(w) = &*(L yw);
(f). For all vector fields X,Y on M: Lixy) = Lxoly — LyoLly

If (U,9) is a coordinate chart of M, one easily finds using (b), (¢} and (d)
that, if X = X9, is a vector field on U, then :

EXd:Ej = Xj','d&?i, (1415)

from where it follows that if w = wjda:j isa l-formon U :

Lxw = (Xiwk‘i + w,'X’I,k)dmk. (1.4.16)

Let now T be a tensor field of type {r,s) on a manifold M; we say that T

is conformally invariant under a vector field X if and only if there exists a
function ¢ € F(M) such that:

LxT = ¢T. (1.4.17)
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We say that T is homothetically invariant (resp. invariant) under X if it is
conformally invariant under X and the function ¢ is a real constant (resp. the
zero function).

It follows immediately from T.1.4.3.(f) that:

THEOREM 1.4.4.For every tensor field T on M, the set of vector fields on
M under which T is conformally invariant (resp. homothetically invariant, resp.

invariant) is a Lie-subalgebra of D;(M).

1.5.Lie Groups; Lie groups acting on a manifold; fibre bundles.

A Lie group (7 is a group (whose composition law we denote multiplicatively
and whose unity we denote by €) which is simuitaneously a manifold and such
that the map from the product manifold G x G to G, given by (a,d) — a.b~1 | is
differentiable.

Given a Lie group G’ and a € G, themap L, : G — G {resp. B, : G — ()
given by L, (b) = ab (resp. R,(b) = ba) for all b € G is a transformation of G. We
call it the left translation (resp.right translation) associated with a.

A vector field X on a Lie group G is said to be left (resp. right ) invariant
if and only if for every a € G

(L).X = X, (1.5.1)

(resp.(R;), X = X.) (1.5.2)

It is well known [7] that a left invariant vector field of a Lie group G is a complete
vector field of G and that it is entirely determined by its value at the unity element
of 7. Conversely, every vector tangent to G at e defines in a unique way a left
invariant vector field on G [7]. The same results also hold for right invariant vector
fields. Furthermore, as follows immediately from the remarks made previously
concerning ®-related vector fields {cf. p.12), the set of left invariant vector fields
of a Lie group G is a Lie algebra, which we denote by g. The above comments
show that this Lie algebra is finite dimensional and of the same dimension as G.
The same holds for the set of right invariant vector fields, and in fact one can

show that these two Lie algebras are naturally isomorphic {7]. The Lie algebra of

left invariant vector fields is called the Lie algebra of G.
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Given Lie groups G, H, a homomorphism of &G into K is a group homomor-
phism that is differentiable for the underlying manifold structures. We define the
concept of iIsomorphism of Lie groups in the obvious way. A Lie subgroup H
of a Lie group G is a Lie group which is also a submanifold of G and such that
the canonical injection is a Lie group homomorphism. Obviously, in such case h

is a Lie subalgebra of g. Conversely, we have [17}:

THEOREM 1.5.1.Let G be a Lie group and let a be a Lie subalgebra of g.

Then there exists a unique connected Lie subgroup H of G such that : h = a.

If two Lie groups (-, H are isomorphic it is clear (again by the properties of
®-related vector fields) that their Lie algebras are also isomorphic. (A homo-
morphism of Lie algebras is just a linear map which preserves the bracket). An

obvious consequence of this is the following [17]:

THEOREM 1.5.2.Given Lie groups G1,G3 let G = Gy x G, Then G s, for
the product structure, a Lie group and its Lie algebra is isomorphic to the Lie

algebra g; x g,.

The converse of this result is in general false (see [17] for some examples).
However, it holds locally in the following sense; given Lie groups G and H define a
local homomorphismof G into H as being a map f from an open neighbourhood
U of the unity of G to an open neighbourhood V of the unity of H, which is
differentiable and such that, whenever @, € U are such that a.b € U, then
fla.by = fa).f(b). We say then that f is a local isomorphism if, furthermore,
f is a homemorphism of I/ onto V, in which case one can prove that A~1 is also

a local homomorphism {16]. We have then [17]:

THEOREM 1.5.3.1f the Lie algebras of two given Lie groups are isomorphic, the
Lie groups are locally isomorphic. If, furthermore, both Lie groups are connected

and simply connected then they are isornorphic.
It can also be shown that [18]:

THEOREM 1.5.4.Given a real Lie-algebra h of finite dimension, there exists a
Lie group G such that g = h.

An action on the right of a Lie group G on a manifold M is an action $ of

G on M in the sense of §1.1 such that ® is differentiable when considered as a
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map from the product manifold M x G to M. Let then ® be an action on the
right of a Lie group & on a manifold M. For every p € M the map &,: G — M.
a — ®(p,a) is differentiable . Given then an element of T,(G), we can define a

vector field v* on M by setting, for all p € M:
vy = (Pp).ev. (1.5.5)

The vector field v* is called a fundamental vector field. The set of fundamental
vector fields is denoted {7] by R(G, M); it is a Lie algebra naturally homomorphic
to the Lie algebra g’ of right invariant vector fields of G [7] (in fact this two Lie
algebras are even isomorphic, provided that ¢ is effective, [7]). The completeness

of the right invariant vector fields of G implies then the following {7):
THEOREM 1.5.5.R(G, M) is a Lie algebra of complete vector fields on M.
The converse of this result is due to Palais [66]:

THEOREM 1.5.6.Let A be a finite dimensional Lie algebra of complete vector
fields on a manifold M. Then exists there a connected Lie group G which acts
effectively on M and such that A = R(G, M).

Related with these notions is the concept of principal fibre bundle that we
now define. Let M be a manifold, G a Lie group; a principal fibre bundle P(M, G)
over M with structure group G consists of a manifold P, together with an action

on the right of G on P:
®:PxG— P,

satisfying the following conditions:

(F1). M is the quotient space of P resulting from the equivalence relation
" p~ qif and only if ¢ € O, 7, and the natural projection » : P — M is
differentiable;

(F2). P is locally trivial in the sense that for every m € M we can find an

open neighbourhood I/ of m in M such that there exists a diffeomorphism
Y (U)— U x G,

such that ¢(u) = (7 (u), #{u)), where ¢ : 7~} (U) — G satisfies : ¢(®(u,a)) =
¢(u).a, for all ¢ € G and all v € 7~1().
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P is then called the total space, M the base space, (G the structure group
and 7 the projection. For each m € M, #~1(m) is a closed submanifold of P,
called the fibre over m; it is diffeomorphic to G. Given A € g, we denote again

by A* the fundamental vector field on P associated with A.

The fundamental example of a fibre bundle, needed in this work, is the frame

bundle of a manifold which we now define.

Given a manifold M and m € M, a linear frame of M at m is an ordered
basis of the tangent space to M at . We denote by L( M) the disjoint reunion of
all linear frames of M at all points of m. It can be shown [55] that the manifold
structure of M naturally induces a manifold structure on L(A{). Take now a
linear frame (X1,..,X,) at some point m € M, and let G = GL(n), the linear
group of R, Identifying each element of 7 to its matrix in the canonical basis of
R, consider (a?) € G; define then ®{(X, ..., X,), (a;)) as being the linear frame
(Yy,..., Y,) at m given by :

Y; = alX;.

It can be shown [33] that the map ¢ thus defined is an action of G on L{M} on
the right and that it satisfies the fibre bundle axioms (F1) and (F2). With this
fibre bundle structure we call L{M) the frame bundle of M.

If P(M, Q) is a principal fibre bundle and F is a manifold on which G acts on
the left by 1 : G x F — F, we can define an action © of G'on P X F on the right
by ©((u, (), a) = (®(xu,a),¥(a"1,()). Denoting by E the quotient space of P x G
by this action, one can prove that there exists a manifold structure on E for which
the mapping 7g : & — M, (u,{) — = (u) is differentiable [35]. £ = E(M, F,G, P)
is then called a bundle over the base M with fibre F and structure group G
associated with the principal fibre bundle P(M, G).

[f one denotes by T7(m) the vector space of tensors of type (r, s) over the space
Tn(M), where m € M and M is manifold, and by T7 (M) the disjoint reunion of
all these spaces, for all m € M, one gets examples of bundles associated with the

frame bundle of M [55].
Given any such bundle E, a section of E is a mapping ¢ : £ — M such that

T oo is the identity mapping of M. Every tensor field of type (r, s} is a section
of the bundle TT(M) [55].
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1.6.Linear connections; fundamental tensors; the Levi-Civita connec-

tion.

Let P(M,G) be a principal fibre bundle; for v € P denote by G, the subspace
of T,,(P) tangent to the fibre through u.

A connection I" on P is a differentiable distribution ¢ on P such that, writing
Qu = Qu) forue P

(Cl). Foralu e PT,(P) =G, ®Qy;

(C2). Forallue Pandall a € G & Qp(ua) = 2,00

We say then that G, (resp. @) is the vertical {resp. horizontal) subspace
of T,(P). Given a vector field X on P it follows from (C1) and the differentiability
of ) that there exist unique vector fields v.X and AX on Psuch that X = v X @ AX
and for every u € P: {vX), € G, and {(hX), € @,; we call vX {resp. hX’) the
vertical {resp. horizontal) component of X. Obviously, for every A € g, A* is
a vertical vector field (i.e. hA* = 0).

Given a connection T" on P we can define a 1-form on P, with values in g as
follows; X being a vector field on P, we define w(X) as being the unique A € g
such that A% = (vX),, for all v € P. The 1-form w thus defined is called the
connection form of I'. Obviously, w(X) = 0 if and only if X is horizontal (i.e.
vX =0).

Let v : I — A be a curve; a horizontal lift of v to Pisa curve y*: [ =~ P
such that: mo+* = 4. One can prove, [55], that if v is piecewise differentiable
(in the sense that there exists a finite sequence a; < ... < a; of points of I
such that v is differentiable at all other points of I) then for every s,¢ € I, with
s < t, and every u € m—1{y(s)) there exists a unique curve 7, : [s,?] — P which
is a horizontal lift of v and is such that 7,(s) = u. This allows us to define
a map 7y : mH(s)) — 7=1(4(£)) by 7H{u) = 7,(t). This map is called the
parallel transport from +(s) to v(¢) along 7. It can be shown that it defines
an isomorphism between the fibres at y(s) and (¢) [65]. If we define for a curve
v :la, 8] — M the curve 4 : [a,b] — M, t = v(a -+ b—t), and if we define for
curves 7,6 : [a,b] — M such that ¥(b) = §(a), the curve é.v : [a,b] — M, by
by(t) =v(2t—a)ifa <t < LaT-Hrl and 6.4(t) = 6(2t — b) if L‘%@- <t <b, then it
can be shown that, setting a =% and S =éyand c = La—;—b)‘, then [55]:
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and

8 .8
Tab o TCbOTaC'

This notion of parallel transport can be extended to any bundle associated
with P(M,G) [55]. Given one such bundle F and a section ¢ of E, let m € M
and let v € T,,(M), v be a curve on M such that y(¢) == m. We define then the

covariant derivative V,o of o at m in the direction of v by:
1
Voo = lime {7, (o (x(t+ 1) = o(2(0)}. (1.6.1)

A linear connection on a manifold M is a connection on the frame bundle
L{M) of M. From now on, all connections considered are linear connections.

Given one such connection, it follows from the above remarks that we can,
for every m € M and every v € T,,(M) and every tensor field defined on some
open neighbourhood of m in M, define the covariant derivative V, T of T at m in
the direction of v; if X is a vector field we define then the covariant derivative,

(VxT)m, of T in the direction of X at m € M as being
(VxT)n = Vx,T.

It follows then that the mapping m — (VxT),, defines a tensor field of the

same type as T. One has, furthermore [55):

THEOREM 1.6.1.Let X,Y € Dy(M). Then the covariant differentiation has
the following properties:

(a).Vx is a derivation of the tensor algebra of M (cf. §1.4);

(b).For every f € F(M): Vxf = X(f);

(¢} Vxiy =Vx+Vy;

(d).VfX = fVx, for all f € F(M).

NOTE.1.6.1. Conversely, if over a given manifold M is defined a "rule” V which
associates with each X € Dy(M) a mapping Vx : D(M) — D(M) with the above
properties, then there exists a unique linear connection I’ over M whose covariant

derivative is V [55].
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Let T' be a linear connection on a manifold M. For a tensor field K of type
(r,s) we define a new tensor VK, called the covariant derivative of K, as
follows; for every m € M, K, can be considered as a multilinear mapping from
To(M) x .. x Trp{ M) (s times) to Tx (M) x .. x T* (M) (r times); given then
X, X1,y Xs € D1{M) we define VK by:

(VE(X1s o X X)) = (Ve F ) (X1, s Xs). (1.6.2)

A tensor field K is said to be parallel (or covariantly constant) if and only

if
VK = 0. (1.6.3)
Given a linear connection [" on a manifold M we define the torsion tensor T

and the curvature (or Riemann) tensor R of T as being the tensor fields defined
for all X,Y,Z € Dy (M) by:

T(X,Y)=VyY -VyX - [X,Y]; (1.6.4)
and
R(X,Y)Z =VyVyZ ~VyVxZ — V[‘\-}Y]Z. (1.6.5)

It is obvious from the definition that for all XY, Z € D;(M):

R(Y,X)Z = -R(X,Y)Z. (1.6.6)

A linear connection is said to be torsion free if and only if its torsion tensor
is zero. From now on all linear connections considered are supposed to be torsion

free. For such connections one has [55]:

THEOREM 1.6.2.If T is a (torsion free) linear connection on a manifold M, its
curvature tensor has the following properties:

(a).(Bianchi’s 1%t identity) For all X\Y,Z € D{(M):
R(X,)Y)Z+R(Z,X)Y +R(Y,Z2)X = 0.

(b).(Bianchi’s 2n¢ identity) For all X,Y,Z € Dy(M):

(VxR)(Y, Z) + (VZR)(X,Y) + (VyR)(Z, X) = 0.
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Let now (U, 4) be a chart of M (with ¢(m) = (z1,...,2")) and set, for 1 <
i <n, X;=0;. Yorevery 1 <1,j <n Vx, X is a vector field on U, and so, there
exist unique functions I‘f]- € F(U) such that:

V. X; = TEX,. (1.6.7)

Py

The functions thus defined are called the Christoffel symbols of the con-
nection I' with respect to the chart (U, ¢).

INOTE 1.6.2. It should be noticed that these functions are not the components
of a tensor field on M, as it is readily shown from the relationship between the

Christoffel symbols relative to two charts whose domains overlap (see, for instance

[35]).

IfVis a vector field in U, V = VX, then, using the properties of the covariant
derivative (cf. T.1.6.2), one finds that, in U:

Vi,V = (VA + VITE)X,. (1.6.8)

If w = w;dz' is a 1-form on U we find :

VX‘.'LU = (w,-,j - kafJ)da:J (169}

More generally, if K = T“I'"“’ba...b,Ea]...a,b’"'b’ is a tensor field on U, one finds
that:

VX‘.I{ = {I{al'"arbl.._b,,k -+ I{‘.M'"arbl...b,r‘zi 4 s -+ IX’al"‘a'—libl"_bs z:
(1.6.10)

Oy j iy J by..b.k
- I{ 418 Jb2v--bsrkb3 T veiees T I{al a b1b Fkb_g}Ea !

s—1]1 1...0p
For every tensor field K of type (r,s) on M we define [o:-2rp ;4 as being
the expression which appears between curly brackets in (1.6.10). It is obvious
from the definition that these are precisely the components of the tensor field VK

in the above chart. With this notation convention we have therefore:

VE = K&y bk Baya, %, (16.11)
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and

Vv K = [kafal”‘a"bl‘__bs;k]Eal”_arbl'“b’. (1.6.12)

Define now T(X,‘,XJ') = Tk,'ij and R(Xk,Xl)Xj = Rijk(Xg (notice the

change in the respective positions of j, k,); one has then [55]:

THEOREM 1.6.3.The components of the torsion and curvature tensors are
given in the chart (U, ¢) by:

(a). Ty =T — T}

S i m m i
(b): Rijra =Tk = Uiy + Tl Tk — TG i

Hence, I' is torsion free if and only if the Christoffel symbols are symmetirc
in the lower indices. The following result is a consequence of the definition of the

Riemann tensor [35]:
THEOREM 1.6.4. (Ricci Identity)For every vector field Z on U

AN R AN SH AN

NOTE.1.6.3. More generally, if S is a tensor field of type (r,s), one has the
Ricci identity [58]: '

S0y byed = SP Y bode = =S b vibrsr b Rl bide

+ Sal..at—ijat+l--arb] ._.b,ijdc

NOTE.1.6.4. We shall write Z'.y; for Z';; (and we extend this convention to
all tensor fields).

As for the Bianchi identities (cf. T.1.6.2) they are in the chart (U, ¢):
Rijp+ R + Rigyy = 0; (1.6.13)

and

Rkt + Rjmig + R jimap = 0 (1.6.14)

or, using the notation convention for the antisymmetrisation process described in
§1.4:

Ripuy =0,
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and

Rij[kf;m] =0.

Relation (1.6.6) reads, of course:
R = —Rij. (1.6.15)

If T is a {torsion free) linear connection on a manifold M, we define its Ricci
tensor as the tensor of type (0,2) (still denoted R, cf.NOTE.1.4.1)ont M defined
locally by:

R;; = Ry, (1.6.16)

It is well known that [55):

THEOREM .1.6.5.Given a pseudo-riemannian manifold (M, g) there exists over

M a unique torsion free linear connection I' such that:

Vg=0.

This connection is called the Levi-Civita connection associated with g. If
(U, #) is a chart of M, the Christoffel symbols of this connection are given in U
by [55]:

1
F?j - -z-g“(g“‘j + 91— 9i50)- (1.6.17)

Using the metric to raise and lower indices (cf. §1.4) one proves then that [49]:
Rijxi = Ryiij. (1.6.18)

An immediate consequence of this relation is that for the Levi-Civita connection
the Ricci tensor is symmetric {49].
The tensor R given by:
R = Rf;, (1.6.19)

is called the curvature scalar of (M, g).

Relations (1.6.13), (1.6.15) and (1.6.18) can be used to show that for a pseudo-
riemannian manifold of dimension n the Riemann tensor has at most %—Q
algebraically independent components; of these, ﬁ%ﬂl are determined by the
Riccl tensor; it follows that if n < 3 the Ricci tensor completely determines the
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Riemann tensor {49]. For n > 3 the remaining components of the Riemann tensor

can be described by the Weyl tensor C whose components are locally given by
[49]:

2
Ciin = Ry + ——={gigRay; + 9;p Ry} +

(n—1)(n~—2)
It follows immediately from this relation that the Weyl tensor satisfies relations

(1.6.13), (1.6.15) and (1.6.18); furthermore it is trace free, in the sense that:
Chyj = 0. (1.6.21)

It is well known that [49] if ¢, § are metrics on a manifold A (of dimension > 2)
such that § = 2g for some nowhere zero Q € F(M), then the Weyl tensors of ¢
and § coincide.

A pseudo-riemannian manifold (M, g) is said to be flat if and only if its
Riemann tensor is identically zero. In such case, for every point p € M there
exists an open neighbourhood U of p in M such that (U, g|y) is isometric to an
open subset of R* {where n is the dimension of M), together with the metric
induced on it by the pseudo-euclidean metric on R® of the same signature as g
[535]. A pseudo-riemannian manifold {M,g) is said to he pseudo-euclidean if
it is isometric to some open subset of R® (n = dim M) together with the metric
induced on it by the pseudo-euclidean metric of the same signature as g. In such
case it is well known that the Riemann tensor of (M, g) is identically zerc on M.
It is a well known result [35] that if (M, g) is a pseudo-riemannian manifold wich is
flat, connected, simply connected and geodesically complete then it is isometric to
R? (n = dim M) together with its pseudo-euclidean metric of the same signature
as g.

A pseudo-riemannian manifold (M, g) is said to be conformally flat if and

only if its Weyl tensor is identically zero.

NOTE.1.6.5. It follows from T.1.6.1 that most of the formulas we have got
previously using partial differentiation can also be expressed using covariant dif-
ferentiation. In particular, we have the following local expressions, where X,Y

are vector fields, w is a 1-form and f € F(M):

[X, Y] = (XY, - YIX? )8, (1.6.22)
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Lxf=X'f; (1.6.23)
Lyxyw= (X*wj;f +w,~Xi;j)dxi; (1624)
dw = w[i;j]dxida:j. (1.6.25)

1.7.Geodesics; normal coordinates.

Let {M,g) be a pseudo-riemannian manifold , T be its Levi-Civita connection
and V be its covariant differentiation operator. A vector field X' € D(M) is called
geodesic if and only if Vy X = AX for some A € F(M). In such case it can be
proved [55] that for every point p € M there exists an open neighbourhood U of
pin M and f € F(U) such that Vyy fX = 0. In local terms, X is geodesic if and
only if :

XiX1,=2X, (1.7.1)

for some function A.

Given a curve ¥ : | — M we say that v is a geodesic of M if and only if
V.. Y.e-1 s parallel to y ;.1 for all ¢ € 1. If X is a geodesic vector field, every
integral curve of X is a geodesic. If v is a geodesic, we can find a reparametrization
of v such that:

VoY1 =0 (1.7.2)

Any parameter for which this relation holds is called an affine parameter (for
7); it can be shown [55] that if s,t are affine parameters for -y then s = at + b for
some real numbers ¢,b. The condition for vy to be a geodesic is, in local terms,
that there exists a parameter ¢ such that [55]:
2, 1 dak

ey drirty 01
This is a system of ordinary differential equations; the smoothness of the functions
involved guarantees then that given any m € M and any v € T,,(M) there exists
a geodesic v : I — M of M such that ¥(0) = m and %, .1 = v. Furthermore,
this geodesic can be chosen maximal, in the sense that if 4/ : I' — M is any
other geodesic with the same properties then /' C [ and 45, = +/. We denote
this maximal geodesic by +,, and its domain by I,. Using the properties of the

solutions of (1.7.2) it is easy to prove [55] that if ¢ € I, then for every t € I, we
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have et € I, and 7.,(t) = v,(ct). If we consider, for m € M, T,,{M) as a manifold
(by identification with R®, (dim M = n)), we have, furthermore [55]:

THEOREM 1.7.1.Let (M, g) be a pseudo-riemannian manifold , m € M. Then

there exits an open neighbourhood Ny of 0 in T,,,( M) such that for every v € N
1 €l,. Themap v+ v,(1) from Ny to M is a local diffeomorphism at 0 € T,,(M).

It follows from this result that there exists an open neighbourhood Wy of
0 € T,,(M) such that the above map restricted to Wy is a diffeomorphism of W
onto its image. The map v — +,{(1) thus defined is called the exponential of
(M, g) at m, and it is denoted exp,,.

Clearly (expn (W), exp;;l) is a chart of M; we call it 2 normal coordinate
chart of M at m. If (e, ..,¢,) is a basis of T\, (M) and we define ¢* = e'oezprl,

1 <17 < n, then it is well known [55] that for every v € T,,{A) and every t € I:

b, () = ait, (1.7.3)

where v = a'e;, 1 < 1 < n. The choice of a given basis (ey,..,e,) of T (M)
corresponds therefore to a choice of coordinates in U; any such coordinate system
is called a normal coordinate system of M with origin m. It can be shown
[55] that the Christoffel symbols Ffj of T with respect to this coordinates satisfy:
I"fj(m) = 0.

An open neighbourhood U of m € M is said to be convex if for any mg,m; €
U there exists a geodesic 7y : {a, bl — M of M such that y(a) = mgy,v(d) =m; and
v{[a, b]) € U. One has then the following [55]:

THEOREM 1.7.2.Let (21, .., 2") be a system of normali coordinates with origin
mg € M and let U(my; p) be the neighbourhood of my defined by 3, (:::")2 < p2.
Then there exists a real number a > 0 such that for all 0 < p < a:

(a).U(myg; p) is convex;

(b).Each point of U{my; p) has a normal neighbourhood containing U{mg; p).

We say that a pseudo-riemannian mantfold (M, g) is geodesically complete

if every geodesic of M can be extended for arbitrary large values-of its affine

parameter.
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1.8.Holonomy groups; reducibility; decomposability.

In all that follows (M, ¢) is a n-dimensional pseudo-riemannian manifold , T
its Levi-Civita connection.

A loop at m € M is a piecewise differentiable curve on M starting and ending
at m. For a loops 7,8 we can construct, as in §1.6 for curves, the loops 4 and
v.6. We denote by C(m) the set of loops at m; by C%(m) we denote the set of all
loops at m that are homothopic to zero.

If v is a loop at m then the parallel transport along v from m to m defines
an autormorphism of the fibre #—1(m); the properties of the parallel transport
show that the set of all this automorphisms of #=1(m) is in fact a group : the
holonomy group of I' with reference point m; we denote it by ¥(m).

If one restricts the loops to belong to C°(m) we still obtain a group which,
obviously, is a subgroup of the preceding ; this new group is denoted ¥%(m) and
is called the restricted holonomy group of I' with reference point m.

These groups can in fact be realised as subgroups of the structure group
G = GL(n) of L{M). To see this, take a point u € 7~}(m) (i.e. a frame of M at
m). Each v € C(m) determines an element ¢ € G such that , denoting by 7 the
parallel transport along v, 7(u) = ®{u,a) (where ® is the action of G on L(M)).
The set of all such a € & forms a group isomorphic to ¥(m) [55]. The same
constructions can be performed for the restricted holonomy group. The groups

above described are denoted respectively by ¥(u) and ¥%xu). One has:

THEOREM 1.8.1.%{u) and ¥%u) are both Lie subgroups of GG; furthermore,

U0(w) is connected and a normal subgroup of ¥(u) and ¥{u)/¥%(u) is countable.

If M is connected the Lie groups ¥(m) (resp. ¥°(m)) and ¥(m') (resp.
To(m')) are isomorphic for all m,m’ € M [55],

Given a point m € M we can for every open neighbourhood U of m consider
(U,9y) as a pseudo-riemannian manifold and therefore define its own holonomy
group with reference point u € m~1{m); we denote this group by ¥(U;u). The
local holonomy group U*(u) of T' with reference point v is then defined as the

intersection {|W(U;u) where U runs over all connected open neighbourhoods of
m. One has [35]:
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THEOREM 1.8.2.%*(u) is a connected Lie subgroup of G which is contained
in WO(u). Furthermore, if W*(u) has constant dimension on L(M), then ¥%(u) =
U*(u) for all v € L(M).

We now look at the Lie algebras of these groups. One has {35]:

THEOREM 1.8.3.The Lie algebra d¥{m) of ¥(m) is equal to the subspace of
Iinear endomorphisms of T,,{ M) spanned by the maps that take z € T,,(M) to

T (R{7(x), 7(y))7(2))
where z,y € T,,(M) and 7 denotes parallel transport along a loop at m.

Consider now, for all v,w € T,,(M) the tensors of type (1,1) on T,,(M)
given by R{v,w), Vi, R{v,w),..., Vy, ..V, R(v,w), where the V; arc vector fields
defined in a neighbourhood of m , & = 1,2,... and v,w run over all elements
of T,,(M). It can be proved that every one of these endomorphisms of T,,{M)
is in fact an element of the Lie algebra dU*(m) of ¥*(m). Denote by d¥/(m)
the subspace of d¥*(m) spanned by all these endomorphisms. Then [38] d¥/(mn)
is a Lie subalgebra of d¥*(m); consequently {cf. T.1.5.1) there exists a unique
connected Lie subgroup ¥/(m) of ¥*(m) whose Lie algebra is precisely d¥/(m).
This Lie group is called the infinitesimal holonomy group of T at m. One has
[58]:

THEOREM 1.8.4.If the dimension of ¥(m) is constant on M then:
Vm) = ¥*(m) = ¥'(m)
for all m e M.

Since T' is the Levi-Civita connection, parallel transport with respect to it pre-
serves orthogonality; thus given any orthonormal basis of T,,,{A) (with respect
to gm) the parallel transport of this basis along a loop at m yields another or-
thonormal basis at m. It follows that the elements of ¥(m) can be considered as
members of the orthogonal group of g,,,. Conversely, if I' is a (torsion free) linear
connection on a manifold M and ¥(m) (m € M) leaves invariant a nondegenrate
symmetric bilinear form b on T,,(M) then there exists a metric h on M of the
same signature as b such that I' is the metric connection of 4. This result is due
to Schmidt [71].
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A subgroup G of the linear group GL(n) is said to be reducible if there exists
a non-trivial subspace E of R™ such that u(E) = E for all u € G; otherwise the
group G is said to be irreducible. A {connected) pseudo-riemannian manifold
(M, g) is said to be reducible if ¥(m) is reducible.

Let (M, g) be a connected reducible pseudo-riemannian manifold , m € M
and let E,, be a non-trivial subspace of T,,,(M?} invariant by ¥(m). Let then
m! € M and ¥ be a curve on M from m to m/, T be the parallel transport along
this curve from m to m/ and denote by E,,s the subspace of T,,(A) obtained by
parallel transport of E,, along v: E, = 7(E,,). It can be proved {55] that E, .
is independent of the choice of the curve «v; it follows that m' v E_, is a well
defined distribution on M. This distribution is differentiable [53].

We introduce a new definition: a submanifold S of M is said to be totally
geodesic at m € S if given any v € T,,,(S), the geodesic v, (cf. §1.7) lies in S for
small values of its affine parameter. If S is totally geodesic at each of its points
we say that it is totally geodesic.

One has then [55]:

THEOREM 1.8.5.The distribution m + F,, is integrable; furthermore, if m €
M and S is the maximal integral submanifold of E through m, then S Is totally

geodesic.

As every element of ¥(m) is an orthogonal transformation of Tp,(M) {with
respect t0 gy, ) it follows that if E,, is invariant by ¥(m) then so is EL (cf. §1.1).
The above result can therefore be applied to the distribution m ~— Et, which is
thus integrable and whose maximal integral submanifolds are totally geodesic.

If (M, g) is riemannian one has E,, (EL = {0}, and so T,,(M) = E,, & E-.
Take then a point m € M and let U be a sufficiently small open neighbourhood of
m in M. Denoting by S, and S;- the integral submanifolds of £ and E-L through
m in U, define h and A+ as the metrics induced on these manifolds by g. It can
then be proved [58] that one can choose coordinates (2!, ..., z%,y1,...,y(*=%)) in U
(where k = dim E, n = dim M) such that (z!,...,z%) are coordinates on S,, and
(y1, ..., y(»=*}) are coordinates in SL. In these coordinates, using greek letters to
denote indices in {1,..,4} and latin letters to denote indices in {1,...,n — k}, one

has:

h = hopda® @ daP; (1.8.1)
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and

ht = hhdy® ® dyt, (1.8.2)

where the ko and the h; are elements of F(U). We have:
g=haht. (1.8.3)

A simple calculation [38] shows then that in fact the 2,5 depend only on the
variables z% whilst the A}y depend only on the variables ye.

This leads to a new definiton; a pseudo-riemannian manifold (M, g) is said
to be locally decomposable if for every point m € M there exist an open
neighbourhood U of m in M and a family (S}, #;), 1 < 1 < p, of pseudo-riemannian
manifolds such that (U, g;) is isometric to the product (5 x ... x 5, Ay & ... D k).
We say that (M, g) is decomposable if in the above definition I/ can be replaced
by M. The manifolds S; above will be called, in what {ollows, the leaves of the

decomposition. One has then, from the above observations [38]:

THEOREM 1.8.6. A reducible riemannian manifold is locally decomposable,
the leaves of any local decomposition being the integral submanifolds of the dis-
tributions on M defined by the subspaces of the tangent space which are invariant

under the holonomy group.

A fundamental result in this sense is then [35]:

THEOREM 1.8.7.(de Rham)A reducible,connected, simply connected and
geodisically complete riemannian manifold is decomposable, the leaves of the de-
composition being the maximal integral submanifolds of the distributions defined

by the subspaces invariant under the holonomy group .

For general pseudo-riemannian manifolds (i.e. whose metric is not necessarily
positive definite) the results are different, due to the fact that not all subspaces
of the tangent space are in direct sum with their orthogonals (cf. §1.1). So we
introduce another concept [80]: a reducible pseudo-riemannian manifold (M, g)
is said to be non-degenerately reducible if its holonomy group leaves invariant

a non-null subspace of the tangent space (¢f. §1.1); otherwise it will be said to be

degenerately reducible.
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If (M,g) is a non-degenerately reducible pseudo-riemannian manifold , the
arguments presented above, for riemannian manifolds, hold without modification,

and so one gets:

THEOREM 1.8.8.Every non-degenerately reducible pseudo-riemannian mani-
fold is locally decomposable, the leaves of any local decomposition being the in-
tegral submanifolds of the distributions defined by the subspaces invariant under

the holonomy group.

The theorem of de Rham can also be extended to general pseudo-riemannian
manifolds [80]:

THEOREM 1.8.9. (Wu)A non-degenerately reducible, connected, simply con-
nected and geodesically complete pseudo-riemannian manifold is decomposable,
the leaves of the decomposition being the maximal integral submanifolds of the

distributions defined by the subspaces invariant under the holonomy group.

If a pseudo-riemannian manifold is degenerately reducible these results do

not hold. Theorem 1.8.5, however, holds in all cases.

Suppose now that (M, g} is a reducible pseudo-riemannian manifold , and let

again £ denote the distribution defined above; We can then define a tensor field
h on M by:

Ao = ImiE "

At each point m of M, h,, coincides with the evaluation at m of the restriction
of g to the integral submanifold of E through m. An immediate consequence of

the fact that these submanifolds are totally geodesic is then that (see [56]) :
THEOREM 1.8.10.The tensor field h is covariantly constant, that is:

Vi =0.

NOTE.1.8.1. We shall see later, in Ch.4, that, conversely, if (M,¢) is a pseudo-

riemannian manifold and it admits a symmetric tensor field of type (2,0) which

is covariantly constant, then (M, g) is reducible [33)].
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NOTE.1.8.2. Of the above defined, the infinitesimal holonomy group, due to the
form of the spanning elements of its Lie algebra, 1s the easier to handle. This has
lead to the study of such holonomy groups in general relativity, the aim being that
of establishing a new classification of 4-dimensional Lorentzian manifolds as well
as that of establishing the relationship between such a classification and others
already known. This study was initiated by Schell{70] and Goldberg and Kerr
(24], culminating with the work of Hall and Kay [44] whose results will be the

subject of more detailed explanation in the sequel.
1.9.Symmetries.

In this section all manifolds are supposed connected

Let (M, ¢) and (M', ¢') be pseudo-riemannian manifolds of the same dimension
n,and let f: M — M’ be a diffeomorphism. Given m € M and a linear frame (cf.
§.1.5) (X1,...,X,) of M at m, the family (f,,,X1,..., f.mXy) is a frame of M’ at
f(m); thus, f defines a natural map f : L(M) — L(M'); this map is differentiable
[55]. This allows the definition of a 1-form @& on M as follows; denote by w (resp.
w') the connection form of the Levi-Civita connection of (M, g) (resp. (M',¢"));
then we set @ = f*w!. We say that f is an affine diffeornorphism of M onto
M if and only if

W= w,.

When M’ = M, we call any such map an affine transformation of M. It
is known [55] that, for the compact open topology of L(M), the set of affine
transformations of a n-dimensional pseudo-riemannian manifold (M,g) is a Lie
group whose dimension is at most n{n+1). Moreover, if the dimension of this Lie
group is n(n -+ 1) then the pseudo-riemannian manifold (A, g} is flat (cf. §.1.6).
We denote this Lie group by A(M,g).

NOTE.1.9.1. In fact the notion of affine transformation requires only the exis-
tence of a connection on the manifold M [55]. The presentation chosen here is

due to the fact that we shall not need such generality,

Let now (M, g) be a pseudo-riemannian manifold . Let X be a vector field

on M, m € M and denote by (¢y)y<. the local I-parameter group of X at m (cf.

§.1.3). Denoting by U an open neighbourhood of M sufficiently small for the ¢;
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to be defined on it, set U, = ¢,(U/). Consider then both U/ and U, as equiped with
the pseudo-riemannian structure induced by that of M. We say then that X is
an affine vector field if the maps ¢; above defined are affine diffeomorphisms of
U onto Uy , for all m € M. The set of affine vector fields of (M, g) is denoted by
A(M, g). Tt is a Lie subalgebra of D;(M) as it is readily shown by the following
[55]:

THEOREM 1.9.1 Let (M.g) be a pseudo-riemannian manifold . For X €
Dy(M) the following statements are equivalent:

(a).X is an affine vector fleld;

(b).Forall Y € Di(M) : LxoVy —VyoLlx = Vixyy

(c). f Ax = Lx — Vx, then, for al Y € D} (M): Vy 0 Ax = R(X,Y).

The following result can also be found in {55];

THEOREM 1.9.2.Let {M,g) be a pseudo-riemannian manifold of dimension
n. Then:

(a).A(M,g) is a finite dimensional Lie algebra, whose dimension is < n(n + 1).
Moreover, if dim A(M,g) = n(n + 1) then (M, g) is flat.

(b).If (M, g) is geodesically complete, every affine vector field of M is complete.

The following result can be gathered from [55] and [81]

THEOREM 1.9.3 Let (M, g) be a pseudo-riemannian manifold and X an affine
vector field of (M, g). Let also p € M and let exp, be the exponential map at p
(cf. §.1.7). Then,

(a).Jf oy is the local one-parameter group of X at p, then g,0exp, = exp,, (5)00s,(P);
(b)If fop = %(}ra;b - Xb;u,)) then fab;c = XdRabcd-

Given now a pseudo-riemannian manifold (M, g), denote by I(M,g) its set
of isometries (cf. §.1.4). Then I(M,g) is also a Lie group for the compact open
topology of L(M) [55]. We can define, in a fashion similar to that of affine
vector fields, the concept of isometric vector field: this is a vector field such that
(preserving the notation for the local 1-parameter group used above) each ¢, is an
isometry from U onto U;. These vector fields receive the name of Killing vector
fields. They form a Lie subalgebra of D;(M), which we denote by Z(M,g). We
have then [55}:
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THEOREM 1.9.4If (M,g) is a pseudo-riemannian manifold of dimension n,
then T{M, g) is a finite dimensional Lie-algebra whose dimension is at most n(n +
1)/2. Moreover, if dim T(M,g) = n(n+1)/2, then (M,g) is a pseudo-riemannian

manifold of constant curvature, that is, its Riemann tensor satisfies:
R = Kgiray;s

where K is a real constant,

It is well known that X € D,(M) is a Killing vector field if and only if
Lxg=10. (1.9.1)

This equation is known as Killing’s equation. A vector field X on M is said
to be a homothetic vector field if and only if the metric ¢ is homothetically
invariant (¢f. §.1.4) by X. The set of homothetic vector fields of (M, g) forms a
Lie subalgebra of Dy(M) (cf. T.1.4.5) and is denoted by H(A, g); we have [55]:

THEOREM 1.9.5Let (M, ¢) be a pseudo-riemannian manifold of dimension n.
Then the Lie algebra H(M, g) is finite dimensional and its dimension is bounded
by T+ n{n-+1)/2. Moreover, if dim H(M,¢) = 1+n(n+1) 2, then {M,g) is flat.

It is obvious that every Killing vector field is a homothetic vector field; there-
fore, we say that a homothetic vector field is a proper homothetic vector field
if it is not a Killing vector field.

It can be shown that every homothetic vector field is an affine vector field
[55]. Thus, we say that an affine vector field is a proper affine vector field if
it is not a homothetic vector field.

A vector field X on M is said to be a conformal vector field if the metric
g is conformally invariant under X (cf. §.1.4). The set of all such vector fields
forms a Lie subalgebra of Dy (M) (c¢f. T.1.4.5) which we denote by C(M,g). It is
well known that [55]:

THEOREM 1.9.6.Let (M, g) be a pseudo-riemannian manifold of dimension
n > 3. Then C(M,g) is a finite dimensional Lie algebra whose dimension is
bounded by (n+ 1)(n +2}/2. Moreover, if dim C(M,g) = (n+ 1)(n+2)/2, then
(M, g) is conformally flat.

NOTE.1.9.2. It is well known that this result does not hold in dimension 2. In

this case in fact, it can be proved that a vector field is conformal if and only if
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its components in an isothermal coordinate system (see [79] or §.5.2) satisfy the

Cauchy-Riemann equations.

As follows from the definition, every homothetic vector field is a conformal
vector fleld. A conformal vector field that is not a homothetic vector field is called
a proper conformal vector field. It is well known that a proper conformal

vector fleld is not an affine vector field [55].

Finally, a vector field X on M is said to be a curvature collineation if the
Riemann tensor of (M, ¢) is invariant under X. As follows from T.1.4.5, the set
of curvature collineations forms a Lie subalgebra of D (M) which we denote by
K(M,g). This Lie algebra may be infinite dimensional as it is readily shown by
the case of flat pseudo-riemannian manifolds. It is well known [81] that every
affine vector field is a curvature collineation. A curvature collineation that is not

an affine vector field is said to be a proper curvature collineation.

INOTE.1.9.3. The notion of curvature collineation was first introduced by Katzin
et al, [52].




2,SPACE-TIMES.

2.1.Space-times.

In the sequel we shall use the mathematical model of space-time and the main
postulates of general relativity as they have been proposed by Hawking and Ellis
(49].

We take as a model for space-time, that is, the collection of all events, a 4-
dimensional lorentzian manifold (M, g), the underlying topological space being, for
physical reasons, connected and Hausdorfl. The first of these conditions is natural
in the sense that we would have no knowledge of any other connected component
of space-time but our own; the second, rather more contentious, seems anyway to

be in agreement with normal experience.

NOTE.2.1.1.The existence of a lorentz metric on M together with the Hausdorff
condition makes of M a paracompact manifold [23]; this implies that M has a
countable basis of open sets; hence, the conditions imposed at the beginning of

Ch.1 to any topological space for it to be a manifold are satisfied.

As pointed out by the above authors, the differentiability class is not signif-
icant from the physical point of view, as all measurements contain errors, so we
take it to be (',

On M various fields are defined such as the electromagnetic field the neutrino
field, etc; these fields describe the matter content of space-time and so the theory
one obtains depends on the nature of the fields it incorporates. These fields will
obbey equations which can expressed as tensorial relations on M, in which all
covariant derivatives considered are taken with respect to the metric connection
of M.

Given a space-time (M,g) and a point m € M, the tangent space Tp,(M) is
isomorphic to Minkowski space {cf. §1.1); thus any v € T,,,(M)} can be classified as
null, timelike or spacelike. This notions can therefore be extended in a pointwise

fashion to any vector field on M.

We now describe the fundamental postulates of general relativity.
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Let (M, g) be a space-time, and let I/ be a convex normal neighbourhood of
M (cf. 8§1.7). Given points p,q € U, the equations governing the matter fields
maust be such that a signal can be sent in U from p to ¢ if and only if p,q can
be joined by a curve v whose tangent vector is never spacelike; this postulate is
known as the postulate of local causality. It can be expressed more precisely in
the terms of the Cauchy problem for the matter fields [49].

The governing equations for the matter fields are such that there exists a (0,2)
symmetric tensor field T on M, called the energy-momentum tensor, which
depends on the fields, their covariant derivatives and the metric and satisfies:

(E1).Given any open subset V of M, then T}y, = 0 if and only if all the matter
fields vanish in V;

(E2).T satisfies the equation 7%t = 0

The postulate of local causality makes possibie the measurement of the metric
up to a conformal factor at each point of M, the second postulate relates this
measurements at different points [49].

The above postulates do not tell us how to construct the energy-momentum
tensor for a given set of fields or whether it is unique; in practice this tensor field
is constructed by relying on our intuitive knowledge of what such a tensor should
be.

In special relativity one takes the metric g to be flat (cf. §1.6). In general
relativity one has to give some prescription for the curvature of space-times. That
is, one has to solve the problem of finding field equations relating the metric to
the description of matter. These equations (which should involve our knowledge
of the matter content of space-time only through the energy-momentum tensor)

are the Einstein equations:

1

Rgi; + Agyj = 87 T35, (2.1.1)
where A is a constant, the cosmological constant. In all that follows we shall
assume that A = 0.

Thus, the third postulate of general relativity is that this equation must hold
on M.

NOTE.2.1.2.A discussion and justification of the Einstein equations can be found
in {49].
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The predictions of these equations are in close agreement with the observations
that have been made so far [49].

In the actual universe, the energy-momentum tensor will be made up of con-
tributions of a large number of different matter fields and so it would be extremely
complicated, to describe such a tensor. Nevertheless, it is plausible to assert that
any candidate to be energy-momentum tensor of space-time has to satisfy cer-
tain conditions. These conditions, known as the energy conditions have been
proposed by Hawking and Ellis [49]:

(WEC).(Weak Energy Condition). Ateachp € M the energy-momentum
tensor satisfies:

Tijw'w? > 0; (2.1.2)
for any timelike vector w at p.

(DEC).(Dominant Energy Condition).For every timelike vector w €
T,(M):

Tiww; > 0, (2.1.3;

and T*jw; is not spacelike.
The first of these conditions can be interpreted as a statement that to anv
observer the energy density appears non-negative; the second goes further in im-

posing that the local energy flow vector is non-spacelike [49].
2.2.Algebraic classifications.

Let (E,h) be a pseudo-euclidean space, r,s integers and consider the vector
space TT(E) (cf. §1.1). Each u € O(E, &) defines naturally an endomorphism
tu”! of E*, the dual of E. On the other hand, each T € T7(E) can be thought of
as a multilinear map on the product of r copies of E* with s copies of E. Thus,

it is natural, in this sense, the consideration of the map given for w!,...,w" € E*
and vy, ...,v, € F (cf. §.1.1) by:

QT u)(wl, o w, vy, e ve) = T((Fu)=Hwh), ., Cu)y"Hw"), u={vy), .., u=1(v,)).
(2.2.1)
{1 is a group action on the right of O(E,h) in TT(E). The classification

problem it leads to (cf. §.1.1), when solved, leads to properties of the elements of

TT(E) which are invariant under the group O(E, k) of the "fundamental” tensor
h.
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Given a space-time (M,g) and a point m € M, (T,,(M), gnm) is a pseudo-
euclidean space, and so the above remarks can be applied to it.

In this section we describe the solutions to the classification problems that
arise in this way for certain spaces of tensors in general relativity.

To simplify the notation, we set £ =T,,(M) and & = g,,.

Let (¢;) be a basis of E and T be a tensor of type (0,2) over F, so that:

T=Tieéqe. (2.2.2)
We then define a map A(T) : E — E* by:
A{T)(vie;) = Tyvies (2.2.3)

(that is, A{T) acts by "lowering indices with T ”). The map A thus defined from
TY(E) to L{E, E*) is clearly linear and an isomorphism.

Comnsider then the map L(T) = G—1oA(T) (cf. §1.1 for definition of G); it
i1s an endomorphism of £ and the map L thus defined is clearly linear and an
isomorphism from T{(E) onto L(E, E).

A simple computation shows that we have, for all T € T)(E) and all u ¢
O(E, h):

LT, w)) = W(L(T),u™1), (2.2.4)

where ¥ is the action associated with the Jordan equivalence problem (cf. §1.1).
This, together with the fact that O(E,h) is a subgroup of GL(E) shows that
the classification problem posed by 2 can be solved by using the solution to the
Jordan equivalence problem. Obviously (cf. §1.1) every orbit of T9(E) under
is a subset of an orbit of T{(E) under ¥; the converse is false.

Denote by S5(E) (resp A3(E)) the vector subspace of T9(E) of the symmetric
(resp. antisymmetric) tensors. The action ) defined above, when restricted to
SY(E) or AY(E) defines an action of O(E, k) on the right on these subspaces. We
describe now the complete solutions to the respective classification problems that
have been obtained by Hall [28], [29], [30].

The Symmetric Case.

Given w € L(E), let W be the (0,2) tensor such that L(W) = w. One can
then prove that, if w has Segre type {4} or {2,2} (cf. §.1.1), then the condition
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that W is symmetric is incompatible with a metric & with lorentz signature (in
fact one can prove that the above conditions imply det(h) > 0 {29]). Similarly, one
proves that L(T} can at most have a complex pair of (conjugate) eigenvalues and
that in such case the only possible Segre type is {2,%,11}. Thus one is left with
the possible Segre types {31}, {211} and {1,111} and {z,7,11}. To study these
one considers a null tetrad (¢f. §1.1) (I,n,z,y) (where [,n are the null vectors)

and one expands T with respect to this basis as [28]:

Tij = QTII(,'HJ') + Tgfi'lj -+ T3n,-nj + 2T4l(,‘3}j) + QTSI(iyj)

F
%
B
[eh14

+ 2Ty + 2T T n ) + 282 y; + T2z + Ty,
If v is 2 null rotation about [ (cf. §1.1), then the components of Q(T,u) with
respect to the above null tetrad can be computed in terms of the components of
T’; these components can also be interpreted as the components of 7 in the null
tetrad (u(l),u(n), u(z),u(y)). Then, considering separately the cases when T has
or has not a null eigenvector, it is possible to achieve a complete classification of
the elements of SY(E) according to their Segre type and, furthermore, one can

get canonical forms for 7 [28]. These results are resumed in the:

THEOREM 2.2.1.(Hall) The possible Segre types for a symmetric (0,2) tensor
T on E are {211}, {31},{(1,1)11} and {z,%,11}. Furthermore:

(a).If L(T) has a null eigenvector I, then the possible Segre types are {211},{31}
and {(1,1)11} and their degeneracies, and for each of these types there exists a

null tetrad ({,n,z,y) such that, with respect to this null tetrad T has the form:
T = 2algnyy £ L + Bz + Yyiy; — Segre type {211};

Tij = 2adingy + 2Blgz ) + ewizj + vyy; — Segre type {31});
Tij = 2alngy + Bryz; + vyiy; — Segre type {(1,1)11};
where, in the second expression, § # 0.
(b).If L(T) has no null eigenvectors, then the possible Segre types are {1,111} and
{2,%,11}, the possible degeneracies being {1,1(11)}, {1,(111)}, and {z%,(11)}.

For each of these types there exists a null tetrad (I,n,z,y) with respect to which
T has the form:

Tij = 2alnjy + Bl + nin;) + yza; + 8yiy; — Segre type {1,111}
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Ti; = 2alingy + B(Lil; — ninj) + vz + Sy;y; — Segre type {27, (11)}.

where B # 0 and, in the first, v # a — B # 6.

This classification applies at each point in a space-time to any symmetric
tensor field of type (0,2). In particular, it applies to the energy-momentum tensor.
The energy conditions (cf. §.2.1) imply then some restrictions on the allowed Segre

types [31]:

THEOREM 2.2.2.Let (M, g) be a space-time and T be its energy-momentum

tensor. If T' satisfies the dominant energy condition then for every point p € M:
(a).T,, cannot have Segre type {31} or {z%,11};

(b).If Ty, has Segre type {211} then it satisfies the dominant energy condition
if and only if in its expression given in T.2.2.1 the optional sign is positive and
a < B(y) < -

(c).If T,,, has Segre type {1,111} then it satisfies the dominant energy condition
if and only if in its expression given in T.2.2.1 we have o < 0, 8 > 0 and (a—fB<

7(6) < (B-a).

As mentioned in §.2.1, the energy momentum tensor depends on the matter
fields of space-time. Its Segre type depends therefore on the nature of the mat-
ter fields in question; it can be shown [41] [46] that the Segre type of non-null
electromagnetic fields (i.e. electromagnetic fields whose bivector is non-null - see
the next subsection) is {(1,1)(11)};the Segre type of null electromagnetic fields
or pure radiation fields is {(2,1,1)} and that the Segre type of perfect fluids is

{1,(111)}.

NOTE.2.2.1.Churchill [9] has been the first to consider the problem of algebraic
classification of symmetric tensor fields over a pseudo-euclidean space. Subse-
quently, other classifications have been obtained by Plebanski [69] Penrose [67]
and Ludwig and Scanlon [59]. The solution presented here is due to Hall and can
be found in [28]. Hall [41] has shown that the classifications obtained by these

authors are equivalent.
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The Antisymmetric Case.

We study now the classification of 2-forms; we shall, from now on, use the
term bivector instead of 2-form.

If F e AY(E), its matrix in any given basis of E is an antisymmetric matrix
and it is a classical result of linear algebra that such matrices always have even
rank. This provides us with a preliminary classification of a non-zero bivector as
simple (resp. non-simple) if its rank is 2 (resp. 4).

In the case when F' is simple, the kernel of L(F) is invariant under L(F).
Due to the antisymmetry of F, the subspace orthogonal to the kernel of L(F)is
also invariant under L{F); we call it the blade of F. F can then be classified
according to the type of its blade (cf. T.1.1.1). Thus a simple bivector F' is said to
be spacelike, timelike or null according to wether its blade is spacelike, timelike
or null.

If F'is a simple bivector, there exists a null tetrad (I, m, z,y) and a real number
A % 0 such that if F is spacelike:

Fap = 2A20, )

if F'is timelike:

Fap = 2M[;my);
and if F is null:

Fop = 2M[zy).

Obviously, span(z,y) (resp. span(l,m)) (resp. span(n,z)) is then the blade of F,
whilst span(l,m) (resp. span{z,y)) (resp. span(l,y)) is the kernel of L(F).

In the case when F is non-simple, one can use the solution of the Jordan
classification problem to prove the existence of a 2-dimensional subspace H of £
which is invariant under L{F) [30]. H is non-null [30] and the antisymmetry of F
guarantees then that the subspace orthogonal to H is also invariant under L(F).
This shows that there exists a null tetrad ({,m,z,7) and non-zero real numbers
o, 3 such that:

£y = 2adigmy) + 2Bz, y5)

The Segre types corresponding to the above classes are [30] {z,%,(1,1)} (sim-
ple spacelike), {1,1(11)} (simple timelike), {(31)} (simple null) and {z,%,11}

(non-simple).
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Given any basis (e;) of E we define a symmetric bilinear form on 4}(E) by

requiring it to be the unique such form that satisfies:
Gle' Nl eF Aef) = 24k gl

This bilinear form is non-degenerate and its signature is (3,3). One has then the

following important result [21}:

THEOREM 2.2.3. Let (¢;) be an orthonormal basis of E and let u = ¢! A e2 A
e Aet. Then for every bivector F there exists a unique bivector F* such that for

every bivector S:

FAS=G(F*,8)u

The bivector F* is called the dual (or Hodge dual) of F and it can be shown
that (F*)* = —F.

It can be proved that it is simple (resp. non-simple) when F is simple (resp.
non-simple). Moreover, if F' is simple spacelike (resp. timelike) (resp. null) then
F* is simple timelike (resp. spacelike) (resp.null); in every case, the kernel of

- L{F*) is precisely the blade of F [31]. In particular, we see that if (I,m, z, y)is a

null tetrad and we define:
Iy = 2[[amb];
Gab = 2l'[a':‘v"b};

and
Hap = 2may;
then we have:

Fly =22,y

Q
Gy = 20,y

and

Hyy = 2m,yy,

so that (F, F*,G,G*, H, H*) is a basis of A)(E).
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~ The Petrov Classification of the Weyl Tensor.

Keeping the notation of the preceding subsections we consider now the space
of tensors of type (1,3) on E which have the symmetries of the Weyl tensor, that
is, which satisfy relations (1.6.13), (1.6.15), (1.6.18) and (1.6.21). Due to these
relatiour-ls, if C is any such tensor it has associated with it an endomorphism of

A(E), W(C) given by F — G = W(C)(F), where the bivector ( is given by:
Gap = Cap™Foy.

If we consider AY(E) together with the metric § then we can consider the problem
of classifying W{(C) as a tensor of type (1,1) on AJ(E) for the action 0 defined
on this space by §. It can be proved that this classification problem is equivalent
to the classification problem for C [75]. The classification obtained in this way is
due to Petrov {68]. An equivalent way of classifying this type of tensors has been
found by Geheniau [22]. We now explain his method following Synge [75].

Let (e;) be an orthonormal basis of £ ordered in such a way that e4 18 its

timelike element. For F € AJ(E) we define:
O(F) = (F1q — iFp3, Fyy +1Fy3, F3y — iF1q);

where the Fj; are the components of F with respect to the above basis. This
relation defines a linear map from AJ(E) to C? (considered as a real vector space):
this map is obviously a bijection.

Now we consider C?® as equiped with the bilinear form 7 given in its canonical
basis by 7((21, 22, 23), (21, 23, 24}) = 212] + 292} +2z32}. It is then possible to define.
as for real symmetric bilinear forms (cf. §1.1) the concept of orthogonal map for
7. These maps obviously form a group wich is isomorphic to the subgroup of the
O(E, k) of all those u such that det(u) = 1 and e*(u(e;)) > 0 [75). The map
O being an isomorphism one can then consider the endomorphisAm of C? defined

by:00 W(C)o©=1, Its matrix with respect to the canonical basis of C3, M(C).
is given by [75]:

Cl4l4+3‘02314 Cl4z4+i02324 01434+i02334

Caapy —iCrs)t Caglt = iCpy™ ot —iCy™
14, - 4, - 4 -

Cyy'® +iCpM" O™ +iCRHM Gt + iWeypp
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Furthermore, it can be proved that the initial classification problem is equiv-
alent to the problem of classifying M(C) for the Jordan action of C3 (the group
being restricted to be the orthogonal group of 7) [75]. The fact that C is traceless
(1.6.21) implies then that M(C) is a traceless matrix. This restricts the number
of possible Segre types for M(C) and so leads us to the classification of C by its
Petrov type; these types are:

TYPEO: C =0,

TYPE I: M(C) has Segre type {111},
TYPE D : M(C) has Segre type {(11)1};
TYPE I : M(C) has Segre type {21};
TYPE N : M(C) has Segre type {{21)};
TYPE III: M(C) has Segre type {3}.

Type I Weyl tensors are said to be algebraically general whilst the remaining

types are said to be algebraically special.
A useful set of criteria to decide the Petrov type of the Weyl tensor has been
found by Bel [6]. Define ¢4 as the signature of the permutation {abed} of {1234}

and set:
1
C;bcd = ‘éecdefcabef;

then:

THEOREM 2.2.4.(Bel’s criteria)Let C be a tensor on E with the symmetries
of the Weyl tensor. Then:

(a).C has Petrov type N if and only if there exists a (necessarily null) vectorl € E
which is unique up to multiples, such that 1¢C,;.; = 0.

(b).C has Petrov type III if and only if there exists a null vector | € E which is
unique up to multiples, such that l¢{cC,;,.; = [#1¢Cy, ;=0 and 18C .4 # 0;
(c).C has Petrov type II if and only if there exists a (necessarily null) vector
! € E which is unique up to multiples and real numbers « and 8 such that
181¢Copeq = alyly, 181°CS, |, = Blyly and o2 + 32 £ 0;

(d). C has Petrov type D if and only if there exist (necessarily null} vectors

lym € E, which are unique up to order, and real numbers o and § such that
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a? 4+ 82 £ 0 and [81C g = alyly, 18l° abed = Bloly, momCoyg = amymy and

memeCy, o = Bmymy.

Let (I,n,z,y) be a null tetrad and define m = (z + iy)/v2 and 71 = (z —
iy)/ V2. Define then the follwing complex quantities:

Cy = 2C gpeqn®nmbmé;

Cy = —Cabcdnamb(lcnd + mdmc);
Cy = 2C gy qn*mbicmt;

Cy = —Cupeal®mt(Ind + Fm),
Cy = 2C p0l*icTabmme,

Then one has the following [74]:

THEOREM 2.2.5.Let C be a tensor field of type (1,3) on a space time (M, g).
with the symmetries of the Weyl tensor and let m € M. Then there exists a null
vector | and a null tetrad (I,n,2,y) at m with the following properties (where
Cl,...,Cs are the real numbers defined by the above relations with respect to this
null tetrad):

(a).If C has Petrov type 0 at m then all the C; vanish;

(b).Jf C has Petrov type N at m then Cy = C3 = Cy = 05 = 0 and Capeal® = 0;
(¢).If C has Petrov type I at m then Cy = Cy = Cs = 0 and (pCa)edel® = 0;
(d)If C has Petrov type II or D at m then Cy = C5 = 0 and IpCajedelcl? = 0;
(e).If C has Petrov type I at m then Cs = 0 and I CojedreLpyleld = 0.

NOTE.2.2.2. In fact, the null tetrad {(l,n,z,y) can be so chosen that, besides
the relations above, one has Cy € R for type N; C, = 0 and C; € R for type I;
C1 =0 and C; € R for type 1II; C; = Cy = 0 for type D.

2.3.Holonomy classification.

In this section we describe a classification based on the infinitesimal holonomy

group.
Given a space-time (M,g) and a point m € M we shall consider the in-

finitesimal holonomy group W/(m). As mentioned in §.1.8, ¥/(m) is a connected
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subgroup of the Lorentz group; thus we shall begin by considering a classification
of the connected subgroups of the Lorentz group.

Given a Minkowski space (E,h) we consider the group O(FE, k). As men-
tioned in §.1.1, each element of O(E, k) can be classified according to the type
and dimension of the subspaces of E that it leaves invariant. This leads to the
consideration of those subgroups of O(E, k) that leave a certain subspace of E
invariant.

Another approach is possible; in fact, as follows from T.1.5.1, the connected
subgroups of O(E, h) are in 1:1 correspondence with the subalgebras of the Lie
algebra o(E, k) of O(E, k). On the other hand, as pointed out by Shaw [72], the
elements of the Lie algebra of the Lorentz group can be regarded as bivectors on
E, the Lie product being given, for 7,6 € o(E, %) by [y, ¢] = L=YL(n)o L(¢) —
L(¢)o L{n)), where L is the map that associates with each bivector the endomor-
phism of E obtained from it by raising one index with A.

Using these observations, a complete classification of the connected Lie sub-
groups of o( £, k) can be achieved. Such a classification can be found in the article
of Shaw mentioned above. Traditionally, the subalgebras of o(E, ) (15 classes in
total, of which, two (Rs and R;2 are in fact I-parameter families)) are labeled,
following Schell [70], Ry, .., Ry5, where Ry = {0} is the Lie algebra of the trivial
subgroup and Ry; is the full Lie algebra o( E, ). This classification can be found
in the first two columns of TABLE.1

NOTE.2.8.1. This table has been taken from [44].

We assume from now on that we are in an open connected subset U of a space-
time (M, g) such that in U the dimension of the infinitesimal holonomy group is
constant, so that, because of T.1.8.4, in U the restricted, local and infinitesimal
holonomy groups coincide.

As follows from the definition of the infinitesimal holonomy group, the Lie alge-
bra of this group is spanned by all elements of the form Reycqzeyd, Roy g woydee,
etc. One can therefore compute its spanning elements at any given point of I by

gathering all bivectors resulting from the computation of the above expressions.

NOTE.2.3.2. We can describe this gathering procedure as operating by steps:

in the first step one varies the vectors z,y and computes the ensuing bivectors

from R%y.42¢y?; the second step consists of the same procedure, but now taking
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R%.q4.. and contracting it with z¢y4z¢ for all possible choices of z,y and z in E.
It is obvious how to describe the nt* step. At each step one has then to answer
the question of wether all the spanning elements of d¥/{m) have already been
obtained or not. Clearly if the elements already in our possesion do not span
a Lie algebra then the procedure must continue. Conversely, Hall and Kay [44]
have found a useful criteria that tells us when to stop: if at the n'* step the
bivectors one obtains have all been obtained in previous steps then no other step
will provide us with new bivectors and the procedure can therefore be stopped:

the bivectors found form necessarily a sub-algebra.

It is clear that if $'(m) is one of the groups Ry, ..., R4 {with the exception
of Rs which cannot be the infinitesimal holonomy group of a space-time [24].
[44]), then certain restrictions are imposed on the Riemann tensor; these in turn
imply restrictions on the Ricci tensor; these restrictions can be seen as restrictions
on the Segre type of this tensor. The definition of the Weyl tensor shows then
that restrictions occur also for the Petrov type of this tensor. Thus, we have a
relationship between the algebraic classifications obtained in the previous chapter
and the classification by the infinitesimal holonomy group. This relationship was
originally studied by Schell [70] and Goldberg and Kerr [24] for the vacuum case
(their work can in fact be simplified as it was shown by Hall {36]). A complete
solution to this problem has been obtained by Hall and Kay [44] and is contained
in TABLE.1 which can be found in the article mentioned above. Collinson and
Smith [13] studied this problem in the context of electromagnetic fields.

A related question which has been analysed in recent years is the so called
question of "uniqueness of the metric from the curvature” which we now explain.
Suppose {M,g) is a space-time and that there exists on M another metric A of
the same signature as g whose (contravariant) Riemann tensor coincides with
the Riemann tensor of g. What is the relationship between these two metrics?
Since it is clear that for any given non-zero teal number A the metric Ag defines
exactly the same Riemann tensor as g, the above question can be reformulated
as "to what extent does the Riemann tensor determine the metric it comes from
(up to a constant conformal factor)?” This question has been analysed by several
authors, among them Ihrig [51], Collinson and Vaz {14], McIntosh and Halford
[61], Hall and McIntosh [45], Hall {35], Hall and Kay [44)].

We describe now the main results that have been obtained in this setting.




CHAPTER 2 59

Suppose then that & is a metric on a space-time (M,g) defining the same
Riemann tensor as g. Then, as follows from the Ricci identity (cf. NOTE.1.6.3)
and T.1.6.5, one has:

heaR®)cq = 0. (2.3.1)

‘Thus any given candidate to be a metric on M with the same Riemann tensor as
¢ must satisfy this equation.

Mclntosh and Halford [61] have found a complete solution to the problem
of determining all the possible solutions to the above equation at a point in M.
Starting from a more geometrical point of view, Hall and McIntosh [45] obtained
the same solution. The global problem was solved by Hall [35].

In this sense an important observation is that, as follows from (1.6.15) and

(1.6.18), for any given bivector F' on M the tensor field I given by:
Hop = RabchCdr

is also a bivector. Thus, the Riemann tensor can be considered at every point
of M as an endomorphism of the space of bivectors at that point. One can, in
particular, talk about the rank of the Riemann tensor (at the point in question)
as the rank of this linear map. Since the space of bivectors has dimension 6
the Riemann tensor has at most rank 6. The rank of the Riemann tensor is the
diemnsion of the subspace of the space of bivectors spanned by the elements of
the form R%, 4z¢y¢. These bivectors are said to span the curvature since the

Riemann tensor can be written then, denoting these bivectors by F, G, etc :
Roped = aF gy Fog + B(FopGeg + FraGap) + ..
The results of Hall and McIntosh are then the following [45]:

THEOREM 2.3.1.Let h be any symmetric tensor on T (M) of type (0,2) which
is a solution of (2.3.1). Then:

(a).If the rank of the Riemann tensor is > 4, there exists a real number X such
that h = Ag,,;

(b).If the rank of the Riemann tensor is 2 or 3 at m and the bivectors that span
the curvature all have a common eigenvector u, with zero eigenvalue, then there

exist real constants o, 8 such that:

hab - ag(m)ab + ﬁuuub'
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(¢).If the rank of the Riemann tensor is 2 and it is spanned by a pair of simple
bivectors of the form 2{,my) and 22y, where (I,m,z,y) is a null tetrad, then

there exist real constants « and 8 such that:

hap = 2(3‘1(aﬂ"ﬂ':) + B(zozp + Yats);

(d).If the rank of the Riemann tensor is 1 the bivectors that span it are multiples
of a bivector F' which is necessarily simple. In this case there exist real constants

«, B, v and é such that :
bat = ag(m)ap + gty + 2yuuvy + Sy,
where u, v are orthogonal to the blade of F.
Furthermore, we have the following [45]:
THEOREM 2.3.2.Consider the equation:
R%;.z2% = 0.

Then in case (d) of the above theorem there are exactly two linearly independent
solutions of this equation : v and v. In case (b) there exists exactly one indepen-
dent solution to this equation : u. In the remaining cases this equation has no

non-zero solutions.

If U is some open connected subset of M such that the rank of the Riemann
tensor is constant on it, then the above results apply at all points of U; one can
then reformulate the above theorems in terms of vector fields and differentiable

functions, as it has been shown by Hall [35].

TABLE.1, as mentioned above, lists the relation between the several classifica-
tions presented in this work. It has been taken from [44]. In this table, (I,n,z,y)
denotes a null tetrad, {z,y,2} an orthonormal triad of spacelike vectors; in the
case of Ryp, u is a timelike vector, z a spacelike vector; they are orthogonal to
each other and to z. The second row of the table contains the spanning bivectors

of the Lie subalgebra in question.

NOTE.2.3.3. It should be noticed here that whilst this table is a complete

classification at any given point m of a space-time M according to the infinitesimal
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holonomy group at that point, it only provides s with a holonomy classification of
M (and not of M at m) if M is assumed to be such that its infinitesimal holonomy
group has constant dimension, in which case it coincides with the holonomy group
(cf. T.1.8.4). A classification of space-times according to the holonomy group

without this assumption has been obtained by Hall [40].




Alg. Bivectors Curv. rank Segre Petrov
Ry [An 1 [{L,1)(11}] D
R; (A 1 {(211)] N
R £ Ay 1 [(1,1)(11)] D
Ry Inn+ p{z Ay) Impossible
R Iann, Ay 1{lan) [(1,1)(11)] D
R IAn, IAy 2 [(31% Iil
R IAn lAy 2 [(211)] IT
Ry IAn, zAy 2 [(L1){11) or f{1,111)] DorO
Rs Inz, lny 1{iAz) [(211)] N
Ry Inz, lny 2 [(211)] NorO
R, Iann, lAzlAy 1(lan) (1,1)(11)] D
Rg Ian, dng Ay 2(Aan, lAz) £(31)] I1¢
R Inn, taz, Ay 2({(An inz) [2(11)] II
Ry IAn, Az, Ay 3 [((31)] I11
R Inn lAz, Ay 3 [2(11)] TorD
Ry Inn lAazlny 3 [(1,1}(11)] ilorD
Ry InnlAz, nAz 1{lAn) [(,n)(11y] D
Rio iAn, Az, nAz 1(IAz) [(211)] N
R IAnn, Az, nAz 1(zxAz) [(1,13(21}] D
Rio IAn,tAaz. nAzx 2(iAan, IAz) [(31)] 11
Rig Ian,lAz, nAz 2{An 1AL [2(11)] I
Ryo IAn, Az, nAaz 2(An, nAL) {1,011} or [z211]) or [22(11)] I
Rio IAn Az, n Az 2(IAn, nAI) {(Ln11] or [1,1(11)) IorD
Rio Inn IAz, nA Az 2{IAn, nAZ) [211] 1I
R Inn, Az, nAz 2(uAz, uAz) (1,111} |
Ry IAn, lAz, nAz 2{uAz,uAz) [(1,13(11)] D
Rio IAnr, lAz, n Az 2{(uAsz unz) {(1,1)11] oz [1,1(11)) TorD
Rig IAn, lAz,nAz 3 [(1,11)1] 0
Rio IAn, lAz, nAaz 3 [1,111] o [(1,1)11] or [1,1{11)] 1
‘ or [2211] or [z 2(11)]
Rio IAn, IAZ, nAZ 3 (01 or L1011 or [(1,1)(11)] D
or [1,(111)] or [{1,11)1]
Rip Inn, IAz, nAZ 3 (211} or {{21)1] or {2(11)] I1
R Ian,lAz, nAz 3 [31] or [(31)] 11
Rio IAn, lAz, nAx 3 (2] N
Ry Inz, lAhy, zAy 1{zAy) {(1.1)(11)] D
Ry Inz, lAhyg, zAy 2{Az, zAy) [(31)] il
Ry Ianz, lAy, Ay 2{IAz, Ay [2(11)] florD
Ry Inz, lny, x Ay 3 {(31)] 11z
Ry Iaz, lany, sy 3 f2(11)] MorD
Ry Ine, Iny, zry 3 [(1.1)(11)] [TorD
Ry, Inz, 1Ay, > 2 [(31)] I
IAn+ p(zAy)
Rz TAY, yAz Az 1{zhAy) [(1,1)(11)] D
Ri; TAY, YAz TAZ 2(zAy ynz [1,111] I
Ry TAYy, yAz s Az 2 (zAy, yAZ) 1) b
Ris cAy, yAz, zAz 3 (1,111] or [{1,1)11} I
Ris rAYy, yAz, T Az 3 (L] er {1,110} or [(3,1231] D
Ris tAy, yAz, T Az 3 [1,(111)) O
Ry IAR, TAY, >2 {(1,1)11] or [211] or [31] or Alg.
Inz, lny a degeneracy of one of these special




3.HOMOTHETIC VECTOR FIELDS WITH FIXED POINTS

Let (M, g) be a pseudo-riemannian manifold and X be a vector field on M.
A point p € M is said to be a fixed point of X if X, = 0.

It is well known [55] that, if (M, ¢) is a remannian manifold and it admits a
proper homothetic vector field X whith a fixed point, then there exists an open
neighbourhood U of p in M such that (U,g)y) is flat. In this chapter we analyse
the case of space-time, for which the situation is quite different.

Although most of the work and results in this chapter are due to Alekseevski
[3] and Hall {38], some different approaches and techniques are discussed and more

details are given.

3.1. The geometric structure at the fixed point of a proper homothetic

vector field.

Given two pseudo-riemannian manifolds (M,g¢) and (M',g'), a proper ho-
mothetic map from M to M’ is a diffeomorphism f : M — M’ such that, for
all p € M and all v,w € T,(M)

g}(p)(f.pva f.pw) = ngp(vs w),

where ¢ is a non-zero real number which does not depend on p,v and w. The
constant ¢ is called the homothetic constant of f.

A differentiable map f : M — M’ issaid to be locally proper homothetic at
p € M if there exists an open neighbourhood U of p in M such that fip U — f(U)
is proper homothetic.

Given a locally proper homothetic map f : M — M, we say that a point
p € M is a fixed point of f if

flp)=p
We have then the following result due to Beem (3]
THEOREM 3.1.1.Let (M, g) be a space-time and let f : M — M be a differ-

entiable map, p € M be such that f(p) = p. If f is locally proper homothetic at

p and if all the eigenvalues of the linear map f,, are in absolute value < 1, there

exists an open neighbourhood U of p in M such that (U, g;y) is flat.
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If X is a proper homothetic vectorfield of (M, ¢); given any point p € M the
elements of the one parameter local group of X in some open neighbourhood of
p are locally proper homothetic maps and it is clear that a fixed point of X gives
rise to a fixed point of each of these maps. Thus, the above result can be used in
the study of the fixed points of X.

Let then X be a proper homothetic vector field of a space-time (M, g). There

exists then a real constant A such that (cf. §.1.9)
Ly =2g. (3.1.1)

We shall call A the homothetic constant of X. We introduce also, for an arbitrary

vector field Z, the tensor field f‘Z given locally by

: 1
ftfb = §(Zﬂ;b - Zb;a)a (3.1.2)

and we call it the bivector of Z. When no confusion arises the superscript Z will
be dropped.

Let p be a fixed point of the proper homothetic vector field X, so that X, = 0,
Consider then an open neighbourhood D of 0 in T,{M) (for the natural topol-
ogy), such that D is a normal coordinate domain (cf. §.1.7), and consider the
exponential map

exp, : D — U,
and, choosing a basis (e,) of T,(M), consider the normal coordinate system asso-
clated with it.

Going now back to the vector field X, we have, with the above notation,
KXo = Aab + fab- (3.1.3)
Consider then the endomorphism M of T,(M), given in the normal coordinates
above, by
"M(aalp) = (’\5641 + fba(p))ab!p' (3'1'4)
Consider the vector field Y in D defined, for every vector v € D, by
Y, = M(v). (3.1.5)
From T.1.9.3.(a) one deduces then that 3], [38]
THEOREM 3.1.2.The local one parameter group of Y at 0 is the local expres-

sion of the local one-parameter group of X at p in the normal coordinate system

above.
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Consider the metric h defined on the open neighbourhood D defined above
by ke = gap{p). Then the vector field YV defined above is a proper homothetic
vector field of the flat manifold (D, ). Combining this result with the preceding
theorem and the observation that the elements of the one-parameter local group

of Y are locally proper homothetic maps we get

THEOREM 3.1.3.Let (M,g) be a pseudo-riemannian manifold and X be a
proper homothetic vector field of (M, g). Let p € M and let o, be the elements
of the one-parameter local group of X at p. Let t € R and ¢ € M be such that
q lies in the domain of definition of ¢,. Then o, is locally proper homothetic at ¢

and its homothetic constant is e}, where ) is the homothetic constant of X.

Let now {M, ) denote Minkowski space.

As follows immediately from T.1.9.3.(b) and the fact that Minkowski space
is flat, the bivector of a homothetic vector field in Minkowski space is a constant
bivector. Thus, in Minkowski space a proper homothetic vector field X with

homothetic constant A (3 0) is given by

Xa,b = Mab + fabs (3.1.6)

that is, in matrix form

(Xap) = A+ F, (3.1.7)

where £ and F denote the matrices of n and f respectively. From the preceding
theorem and from the above relations we get therefore, identifying the points of

Minkowski space to vectors

X, = (A + F)(p) + k, (3.1.8)

for all p € M, where I denotes the identity map and F’ represents the linear map
one obtains by raising the first index in f 3. k is obviously the value of X at the
origin of the coordinate system. Let us denote by A the linear map AJ +F'. Then

we have

Lemma 38.1.5.X has a fixed point if and only if k lies in the image of N. In
particular, X has a unique fixed point if det A/ 3 0.

This is obvious.
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This results lead directly to the consideration of the bivector f of X at a fixed
point.

Let p be a fixed point of X and choose normal coordinates (z*) with origin at
p and such that the vector fields J; form a null-tetrad.

In these coordinates

£ = (3.1.9)

O D = O
OO o
O OO
= O OO

The coordinate system above can of course be chosen to be adapted to the
bivector f {in the sense that the null tetrad associated with the coordinates is
such that with respect to it, f takes one of the canonical forms described in Ch.2.
p.53).

Suppose first that the bivector fis null at the fixed point. Then the null-tetrad

above can be so chosen that f = edz? A dzt, that is,

6 0 00
0 0 0 e

=10 0 0 0]
0 —e 0 O

so that, raising indices, we get

A0 0 e
0 X 0 0

N = 0 0 A 0 {3.1.10)
0 —e 0 A

It follows that det "= At # 0, and so p is the unique fixed point of X. The same
result holds in the case when f =0 (i.e. e = 0).
If f is simple-spacelike the null tetrad can be so chosen that f = bdz® A dzt.

A simple calculation shows then that

N = (3.1.11)

o OO
o 0 v T W

PO e e
R T R )

b

It follows that det A = A2(A2 + %) # 0, and so p is the unique fixed point of X,
Finally, let us consider the simple-timelike and the non-simple cases together.

In these cases the null tetrad above can be so chosen that

[ = adz! A dz? 4 bdzd A dz?
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(with b = 0 in the simple-timelike case), so

A—a 0 0 0

_ 0 A+a 0 0O
N=| | 0N b (3.1.12)

0 0 —b A

This gives det AV = (A2 — a2?)(A% + 8%). Thus, when A # +a the origin of the
coordinates is the unique fixed point. We are left with the cases A = -tq. Let us
analyse the case A = « (the case A = —a leads to identical results). In this case A’
has zero determinant and rank 3, so all points in its kernel (spanned by the null
vector &y ) are fixed points of X. Notice that in this case, the set of fixed points
of X is a null geodesic.

Now as the origin of the coordinate system is the fixed point p we have in the

coordinates (z*) described precedingly
Xp= N(p).

This shows that the differential equation which defines the local one parameter

group of X around p is given by

dy)
i N{(1)).

As N is constant, the solutions of the above equation are given by

P(t,p) = eV (p), (3.1.13)

where ™V is the exponential matrix of A", Now, the special form of A" shows that
etV = eMet¥’ (3.1.14)

One can then use the canonical forms of the matrix F' corresponding to the
possible types of the bivector f to study the eigenvalue structure of the elements
of the local 1 parameter group of X at p.

In the null case one finds that, in the appropriate null tetrad used before, we

have 2
1 -5 0 e
oF = g é (1] g , (3.1.15)
0 —et 0 1

and this shows the eigenvalues of this matrix are all equal to 1. Thus the eigen-

values of etV are all equal to eM. For values of ¢ for which M < 0 these are in

absolute value < 1. This applies also to the case when f = 0.
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In the simple spacelike case a simple calculation yields

w_ | 0 eM 0 0
Tl 0 0 eMcosth  eMsinth | (3.1.16)
0 0 -—eMsinth ercosth

and so the eigenvalues are in this case ePF®)t and M (double}. We see that
whenever At < 0 these eigenvalues are in absclute value < 1.

In the simple-timelike and non-simple cases, using the form of A introduced

above, we find that

e(A—ajt 0 0 0
tN _ 0 C(A+a)i O O
€ = 0 0 erMcosth  erMsinth (3.1.17)
0, 0 —eAtgin th™ eM costd

This matrix has eigenvalues (A=} e(A+a)t and e(A£)t, Without loss of generality
we may assume from now on that A > 0 and a > 0.

Then, when X > a, all the eigenvalues are < 1 in absolute value (for some
value of t).

When A = a, 0 is an eigenvector with eigenvalue 1.

When 0 < A < a, there is, for all possible values of ¢, an eigenvalue which is
in absolute value > 1.

This analysis has been made for proper homothetic vector fields in Minkowski
space. In particular this study applies to the vector field ¥ of the pseudo-
riemannian manifold (D, k) defined previously in p.64.

It follows then from T.3.1.2 that these results can be applied to the general
case. The above results on the eigenvalues, combined then with T.3.1.1, give {3],
[38]

THEOREM 3.1.6.Let (M, g) be a space-time, X be a proper homothetic vector
field of (M, g). Then

(a). The set F(X) of fixed points of X is either a discrete subset of M or {part of)
a null geodesic of M. Furthermore, this last case occurs only when the bivector
of X at a fixed point is either simple-timelike or non-simple with A = %a;

{(b). If at a fixed point p of X the bivector of X is zero, simple null, simple

spacelike, or simple timelike or non-simple with A\ > a, then there exists an open

neighbourhood U of p such that (U,g)y) is flat.
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This theorem leaves to be analysed the cases when the bivector f at a fixed
point is either simple-timelike or non-simple with (assuming A > 0 and a > 0)

A € a. We shall study the cases a = A and @ > X separately in the next sections.
3.2.General comments. Segre and Petrov types.

Let the (M, g) be a space-time and X be a proper homothetic vector field of
(M, g) with a fixed point p, such that at p the bivector f of X is either simple-
timelike or non-simple.

We assume in the sequel that X has been so scaled that its homothetic con-
stant 1s A = 1.

Let U be a normal coordinate neighbourhood of pin M (cf. §.1.7). We identify
U with e:cp;l(U). We have then, by T.3.1.2

ai(q) =0, (¢),

wher o, is the local one-parameter group of X at p and J: is the local one-
parameter group of the vector field ¥ (defined in (3.1.5)) at 0.

In the sequel we do not distinguish these local one-parameter groups and so
we shall drop the superscript Y.

By choosing then an appropriate null tetrad (I,n,z,w) (so as to have the

bivector in canonical form) we have, as shown in the preceding section
ou(p) = etet (g). (3.21)

Now as we assume that f is simple-timelike or non-simple, this gives, by (3.1.17),

writing ¢ = ul + vn + ¢z + yw
oy(q) = (e(=0ty, et+a)ty et(Ca 4+ Dy), et(—De + Cy)), (3.2.2)

where we have set C = costh and D = sintb. It follows that in the above

coordinates (u,v,z,y) the vector field X has the following canonical form
Xz = (1~ a)udy + (14 a)vd, + (¢ + by)d, + (y — bx)d,. (3.2.3)

Now, as each oy is a proper homothetic map (with homothetic constant et, cf.
T.3.1.3) we have for ¢ € U and v,p € T, (M)

gﬂr(q)(dt-qya at.q#) = eZtgq(U“u,). (3.2.4)
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This reads in matrix form
HeT)Gloy(g))e” = Glg), (3.2.5)

where G(g) is the matrix of g,.
Now (3.2.5) gives, using (3.1.17)

e~y 100, = g11,

912001 = g1z, (3.2.6)
203000, = gao,

Cygz00, — Dgyq00, = e*gys,

(3.2.7)
Dgi300y + Cgyy00, = e¥gyy, -

Cgo300, ~ Dgagoo, = e go3,
(3.2.8)
Dgazo0y — Cgag00; = €7 gay,

and
C2gaz00, ~ 2C Dgg00, + D2g4400, = gss,
DCgsz00y + (C? — D?)g3400; — CDggq00; = gaq,. (3.2.9)

D2gsg00, + 2C Dgygo00, + C2gay00; = guy

On the other hand, we have

ajlq(gaboat) = akim(q)gab-a_jiq(o't)k-
Since
X k
djtglon)t = ()7,
we get

8514 (gay007) = (e )jkak|m(q)gab- (3.2.10)

Consider now the Ricci tensor. One has Ly Ricei = 0 (cf. §.1.9) and this

reads
X‘:Rab;c + X R+ XR,. = 0. (3.2.11)

Thus, at the fixed point p of X we have, using (3.1.3)

2R + FeaRoy + [ORee = 0. (3‘2'12)
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Let then (I,n,z,y) be a principal null tetrad of the bivector f, so that we have
fap = 2al[anbz + 2bx [y (3.2.13)

Expanding the Ricci tensor with respect to this null tetrad (see Ch.2, (2.5.5)) we
have
Ry = 2RUnyy + R D + RPngny + 2RY 2y + 2R5
(3.2.14)
+ 2R%n (25 4 2R sy + 2R3 oy + ROz02y + RV, ;.
Replacing in (3.2.13) we get, after performing some contractions, the following
result due to Hall [38]

THEOREM 3.2.1.Let (M, g) be a space-time and X be a proper homothetic
vector fleld of (M, yg), with homothetic constant A > 0. Let f be the bivector of
X at a fixed point p of X and (I,n,z,y) be a null tetrad such that

Jap = 2aljgny) + 2bz,yy.

Then

(a).If a = X the Ricci tensor of (M,qg) at p Is either zero or its Segre type is
{{211)} with zero eigenvalue. In this last case the Ricci tensor at p is given by
Ry = Al ly; |

(b).If a > X but a # 2X or if b+ 0 the Ricci tensor vanishes at p;

(c)If @ = 2X and b = 0 at p the Ricci tensor is either zero or its Segre type is
{(31)} with zero eigenvalue. In this last case by performing a rotation in the

(z,y)-plane the null tetrad can be so chosen that Ry, = 2Alj,zy at p.

We give, as an example a proof of {c).
Assume that A = 1.
Starting from (3.2.12), (3.2.13) and {3.2.14), we get, contracting with /¢

2Ry +2(1 + @) R3ny + ((2+ @)R® ~ bRM)zy + (bRE + (2 + @) RNy, = 0,

and so we have B! = R3 = R® = R7 = (. Using this fact and contracting then
(3.2.12) with n® we get

2(1 —a)R2y + ((2 ~ )R = bR%)ay + (DR + (2 — a)R%)y, = 0.

As a = 2 in this case we have therefore R? = (.
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Contracting then (3.2.12) with 2* we get R® = R% = 0. Finally, contracting
with y* we get R10 = 0. This shows that

Ry = 2R g2y + 2R% (),

and proves {c¢).

A similar type of argument can be used to study the Petrov type of the Weyl
tensor at the fixed point. In this case however, such a process is very long. Hall
[38] studied instead the eigenvalues of the Weyl and the Ricci tensors and proved
that they all must vanish at the fixed point. Thus (c¢f. §.2.2) the possible Petrov

types are either 0, N or III. More precisely, we have the following result due to
Hall [38]

THEOREM 3.2.2.With the notations of the preceding theorem
(a).If a = A and b= 0 then the Petrov type at p is either 0 or N;
(b).If a = X and b# 0 then the Petrov type at p is 0;

(c)Ifa> X butas#2)orif b0, the Petrov type at p is 0;
(d).If a = 2) and b = 0,then the Petrov type at p is either III or 0.

NOTE.3.2.1. A proof of (a) and (b) of the above theorem, which differs slightly
from that of Hall [38], will be given in the next section. A proof of (c), different
from that of Hall [38], will be given in §.3.4. As for (d), the proof can be gathered
from [38].

Let us introduce a definition. Let p be a fixed point of the homothetic vector
field X, and let ¢ € M. We say that ¢ converges to p if the maximal integral
curve of X through ¢ gets arbitrarily close to p. A subset S of M will be said to
converge to p if all its points converge to p. Finally a subset .S of M will said to
be X-convergent if every point ¢ of S converges to some fixed point of X

It has been proved by Hall [38] that if a point ¢ converges to a fixed point p
of X then the eigenvalues of both the Ricci and Weyl tensors at ¢ are zero.

In the case when a = A(= 1), take a point ¢ = (u,v,z,¥) in the normal

coordinate neighbourhood U of a fixed point p. Then we have, from (3.2.2)
o4(1ty,2,9) = (1, 20, e{(Cx + Dy), e!(~ Dz + C)).

Assuming U to be convex (cf. §.1.7), we see that for every ¢ < 0 the point oy(q)

lies in U. Taking then limits as ¢ — —oo we get

Hmy oo 0y(u,v,2,y) = (v, 0,0,0),

|
|
|
|
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which, as follows from (3.2.3) is a fixed point of X. U is, therefore, a X-convergent

set.

In the case when a > A(=1), (3.2.2) gives, setting p = A ~ a <0,
o't(u,v,a:,y) = (eptu’ 6(1+a)tvs Bt(OI + Dy),et(—Da: + Cy))’

and so we see that in this case the X-convergent sets are the hypersurface 5§ =
{¢gelU:u=0}and theline L={qgelU:v=1c=y=0}

Thus in the first case the eigenvalues of both the Ricci and Weyl tensors are
identically zero in U. In the second case this holds in the line L and in the

hypersurface S.

NOTE.3.2.2. It should be noticed, however, that both the Segre and the Petrov
types may change in the X-convergent sets {but not along the integral curves of
a homothetic vector field [38]). This happens, for instance, in the first example
at the end of this chapter; in this example the fixed point is isolated and both
the Ricct and Weyl tensors at the fixed point are zero. However, along the line
L'={¢gelU:u=v=y=0,2>0} CS the Ricci tensor is of Segre type {{211)}
and the Weyl tensor is of Petrov type N.

3.3.The case ¢ = 1 (null geodesic of fixed points).

In this case, using the same notation as in the preceding sections, we have
a,(q) = eN(q), and it is clear that (cf. (3.2.2)) for every ¢ in U eN(q) lies in U
for all values of ¢ < 0.

Take then the limit as ¢ — —oo of the third relation in (3.2.6) and of relations
(3.2.9). We get

922 = 923 = g4 = 0,
Consider now the second relation in (3.2.6) and the relations in (3.2.8) and (3.2.9).
They are of the form
e A% gu00, = god,
where the A% stand for C, D, 1 and p = +1,0. From (3.2.2) we get
Pt A gy (u, v, H(C + Dy), e!(~Da + C)) = gealts,0,2,3).

A derivation with respect to v gives

9
6(p+u)tAabgab,2oo't = Ged,2s
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with p+2 > 0. Taking limits as ¢ — —oco we see that g, 2 = 0, except in the case
when (a,b) = (1,1).

For (3.2.9) we have p = 0, so a derivation with respect to z or y shows, taking
limits as ¢ = —oo, that ¢33 = ¢g3a.c = gaa = 0, whenever ¢ = 3,4. It follows that
933,934 and gyg depend only on the variable u. The same in fact applies also to
g12- For {3.2.7) we have to perform two derivations to obtain a similar result, that
is, we have g13.4 = g14,.4 = 0, whenever ¢,d = 3,4. For g;y we get g11 o490 = 0,

whenever ¢,d, e = 3,4, and also g;; 27 = 0. Combining these results we get

THEOREM 3.3.1.In the case ¢ = 1 the matrix of g with respect to the normal
coordinate system defined by the principal null tetrad of the bivector f is of the

form
av+ 3 v yr+dy+w pux+py+4
_ v 0 0 0
g= ye+dy+n O € T
ur+py+6 0 T o

where a,v,6,m,u,p,0, 0,7 and ¢ are differentiable functions of u and 8 depends

an u,z,y and is given by
Bu,z,y) = A(u)a® + Blu)oy + Cluly?,
where A, B,C are differentiable functions of u.
This leads then to the following result [38]

THEOREM 3.3.2.Let {M, g) be a space-time. Assume (M,g) admits a proper
homothetic vector field X which admits a null geodesic v of fixed points. Then,
given p € v there exists an open neighbourhood U of p in M such that (U gv)
admits a null covariantly constant vector field I. Furthermore, (U, gy7) is (part of)

a generalized plane wave space-time {19] [56].

NOTE.3.3.1. A much shorter and elegant proof of this fact can be found in [38]
which contains further details about this case. It is well known [19] that these
generalized pp-wave space-times if non-vacuum are of Segre type {(211)} with

zero eigenvalue and that their Petrov type is either 0 or N. This confirms (a) of
T.3.2.1.

In the case when f is non-simple one can in fact prove that in T.3.3.1 we have
T=0=0,p=~6 p=1,0=¢ 7 =0and that d(u,z,y) = B(u)(z? + y?). Thus
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in this case the metric reduces to

av+ Bz +y2) v oz by —bz+yy
_ v 0 0 0
g vz -+ by 0 € 0 ’
—bz + vy 0 0 3

This shows then that [38]

THEOREM 3.3.3.In the non-simple case, the vector field given in the normal
coordinates defined by the principal null tetrad of f at a fixed point, by

Y =y, - 20,,
is a Killing vector field. Moreover, (M, g) is conformally flat.

NOTE 3.3.2. That (M,g) is conformally flat in this case can be proved by
direct calculation of the Weyl tensor or by using the results in [19]. This theorem
confirms (b) of T.3.2.2.

3.4.The cases when a > 1 (isolated fixed point case).

In this case, as noticed in §.3.1, for all t, o ; always has an eigenvalue in
absolute value > 1. Because of this fact there exist points in U which when
transformed by the o; eventually get out of U as t grows in absolute value (as
shown in §.3.2). Thus,in this case, we cannot take limits as £ — oo as we have
done in the preceding case. This fact makes the study of this case much harder to
handle that the preceding one. The results of Hall {38] mentioned in §.3.2, concern
both the Segre and Petrov types at the fixed point and in some given submanifolds
of M (the hypersurface S and the line L) through the isolated fixed point, as we
have seen. Unfortunately, these results do not tell us very much about the global

structure of the space-times that admit such homothetic vector fields.

In the sequel we give a proof of T.3.2.1.(¢c) and of T.3.2.2.(¢} which differs
from that given by Hall in [38], being closer to Alekseevski’s method [3].

We will end the section with two examples intended to show that there exist

families of physically significant space-times (in the sense that they satisfy the

energy conditions introduced in Ch.2) which admit such vector fields.
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In the normal coordinates (u,v,z,y) the proper homothetic vector field X

takes the form
X={1=ayud, + (1 +awd, +(z+ b)), + (v — b:.c)ay. (3.4.1)

Thus, after some simple computations, the equation Lxg = ¢ (recall that we
assume X scaled so as to have A = 1) reduces to the following system of partial
differential equations where a comma denotes partial differentiation

X110 = 2ag11;

X°g1a. =0, (3.4.2)

X090 = —2aga0;

X130 = agyz + bg14,

(3.4.3)
XCq14,c = —bgy3 + agyy;
NGz o = —agq3 + bgay,
(3.4.4)
XCg14,c = —bgaz ~ agaq;
and,
X€g33 0 = 2bgaq,
X¢g34.c = —bgss + bgya, (3.4.5)

XG44,c = ~2bgay. _
Using these equations it is easy to prove that if & #£ 0 then the first and second
derivatives of the g,; with respect to all variables vanish at the fixed point of X.
As an example take the second of these systems. Differentiating the first

relation with respect to the third variable we get

XCq13,c3 + X 39130 = ag13,6 + bg14,c-
Since X13 = X23 = 0 and X33 = 1 and X*, = —b, this relation gives, at the
fixed point
(a—1)g13,3 + bg13 .4 + bg1a,3 = 0.
Similar computations with the remaining equation lead to the following linear
system where all functions have been evaluated at the fixed point
(@ — Dgi33 + bgysa + bg143 =0,
—~bg13,3 + (@ —1)g134 + bg14,4 = G,
—~bg13 3+ (¢ — 1)g1a3 + bg144 = 0,

~bg134 — bgra3 + (¢ — 1)g144 = 0.
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Since the matrix of this system has non-zero determinant we deduce that, at the
fixed point we have

913,3 = 9134 = 9143 = 14,4 = 0.

A similar process can be applied to the remaining equations, thus giving

Lemma 3.4.1 Let (M,g) be a space-time and X a proper homothetic vector
field of M which admits an isolated fixed point p. If at p the bivector of X is

non-simple the Riemann tensor vanishes at p.

Let us assume from now on that & = 0. In such case, the above equations can

all be written under the form
Xcgab,c = Vafdabh, (3.4.6)

where v = 2 if (a,0) = {1,1), v = 1 if (¢,b) = (1,3) or (1,4), v = 0 if {a,b) =
(1,2),(3,3),(3,4) or (4,4), v = =1 if (a,0) = (2,3) or (2,4) and v = -2 if
(a,0) = (2,2). Setting now (u,v,z,y) = (21,22, 2%, 21) and defining k; = (1 — a),
kz = (1 +a), k3 = k4 = 1 and using the expression for the vector field X, this

equation can be written
Z kit gabi = vagep. (3.4.7)
i

Taking derivatives with respect to z7 this gives

Y kiwigan i+ kigas; = vagay ;- (3.4.8)

Thus, at the fixed point we have
(va—k;j)ga; = 0. (3.4.9)

Going back to (3.4.8) and taking derivatives now with respect to the variable z!

we get

Z kit gapiji + Figabij + kiab 51 = vaga j1- (3.4.10)

1)

Thus, at the fixed point we have
(va — ki —k;)gep,51 = 0. (3.4.11)

By induction we see that, at the fixed point, for all m > 1 and all choices of

11y by 10 {1,2,3,4} we have

(va— > ki )Mabisigin =0 (3.4.12)

1<p<m
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Let us set

O i =va— Z ki, - (3.4.13)

1<p<m
From (3.4.12) we see that whenever ©; ; # 0 wehave g5, ;=0 at the fixed
point. So let us study the numbers ©; ; . To do this let us denote by r; the
number of terms ¢; = 1 in the list #y,...,%,,, by ry the number of terms ¢; =2 and

by r3 the number of terms ¢; = 3,4 in the same list. Then we have
O, =va—r{l—a)—~ryl +a) —ry,

that is
Oiy.in = (v + 71 —mo)a ~(ry + 7y + 13). (3.4.14)

dm

Notice that ry 4+ ry 473 is exactly the order of the corresponding derivative. From

this expression we see that v 4 7y — ry = 0 is not compatible with ©; _;

I

=10, as
we must have r{ + 79 + 73 > 0.
Thus, we may assume that v +r; — rp # 0, in which case, ©;, ; =0 if and

only if we have
_ ™ '+' L] + T3

= . (3.4.15)
V41 —-ry

This immediately shows that (as v and the r; are integers) if a is irrational then

all the ©;, ;  are non-zero and so all derivatives vanish at the fixed point. Thus,

we have by analytic continuation

THEOREM 8.4.2.1f ¢ is irrational, b = 0 and (M, g¢) is analytic then (M, g) is
flat.

Now let us look for conditions on a for which ©; ; =0 when m =1,2. Such
will be the values of @ for wich the Riemann tensor of the space-time in question
may not vanish at the fixed point.

In the case when we take m == 1 only one of the r; is non-zero. If it is r{, we

have r; = 1 and so, from (3.4.16)

and since v = —2,-1,0,1 or 2 we see that this is incompatible with the condition
that ¢ > 1. Similar considerations in the remaining cases show that for m = 1 all

the ©,, ;  are non-zero.
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In the case when m = 2 we have also several cases to consider. When ry = 2

(so that ro = r3 = 0), we have
2

v+ 2’
and taking then v = —1 we see that a = 2 gives ©1; = 0 for (a,b) = (2,3),(2,4).

Similar considerations in the remaining cases show that some of the second
order derivatives of the g,, may not vanish at the fixed point only when a = 2X(=
2). This proves T.3.2.2.(c).

The following examples illustrate some of the above results. As it will be
proved, the Segre type of the Ricci tensor for these space-times is {(211)} with
zero eigenvalue (first example) or {(1,1),(11)} (second example) where it does not
vanish. The first of these space-times may represent either null-electromagnetic
fields or pure radiation fields (see Ch.2, p.51).

EXAMPLES.IL.-Segre type of the Ricci tensor: {(211)} with zero eigen-

value.

Let M be an open connected subset of R* and let (u,v,z,y) be (global) coor-
dinates in M, with 0 € M in these coordinates. Let ¢ : A/ — R be a differentiable
function on M such that 1+ C never vanishes. depending only on the variables

u,z. We define a metric g of Lorentz signature on A{ by

01 0 0
{10 0o 0
9510 0 1+0)2 0

00 0 1

A simple computation shows that the only component of the Ricei tensor of this

metric that is not identically zero is

-_1
— 271,
RH_(C+U@0,

This together with the above form for g shows that the Ricci tensor of this metric
has Segre type {(211)} with zero eigenvalue at all points where the Ricci tensor
does not vanish.

Let now a be a real number with a > 1. Consider the vector field X on M

given in the above coordinates by

Kuwzy) = (1 = a)udy + (1 + a)vd, + 20, + yO,.
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Computing Lyg = 2k we get, in the above coordinates

h =

(=l
oMo o
— O oD

0
1
0
0

where

F=(C+1[(1 - a)ud,C +28,C +(C +1)].

Thus, X is a proper homothetic vector field of M if we have
(1-a)ud,C+238,C =0.

We see that for every integer value of a, choosing p integer and such that p > 2
and ¢ = (@ — 1)p then
Clu,z) = FuPzle-1)p,

15 a solution of this equation defined and differentiable at 0. As a particular
example take a = 4, p = 2 so that ¢ = 6. Then, taking C' = —u2z%, we have
2z8
Bu = sy
This shows that, choosing M small enough, the energy conditions of Ch.2 are
satisfied.
In this particular case the only components of the Riemann tensor which are
not identically zero are given by
Rig13 = 20%(1 - v?2®);
Réj3 = A ;
(1 — u2z®)
and so we see that the Riemann tensor vanishes at the fixed point.
In the general case the only components of the Riemann tensor that may not
be identically zero are

R2y3 = —(1 4 0)82C;

1
3 - 2
113 = (1 +C)3uC

Thus we see that these space-times can only be vacuum if they are locally flat.

The only components of the Weyl tensor that may not be zero are given by

i
Cu = “‘2“(1 + C)92C;

1
Y
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Let then [ = (I1,12,3,1*). The equation Cypal? = 0, evaluated for (a,b,c) =
(3,1,3), gives C313111 = 0, hence [ is a solution of the preceding equation only if
I* = 0. I furthermore we ask that [ be null, we have then I3 = /4 = (. This shows

that the only null solutions to the equation
Cabcdld =0

are of the form ! = {20,. By Bel’s criteria (cf. T.2.2.4.(a)) (M, g) is of Petrov type
N at every point where the Weyl tensor does not vanish.
One can in fact prove that d, is a covariantly constant null vector field, so

that in fact (M, g) is a pp-wave space-time.
EXAMPLES.II- Segre type of the Ricci tensor: {(1,1)(11)}.

We take again M to be a connected open neighbourhood of 0 € R and we
choose coordinates {u,v,z,y) centered at 0.

The metric given in these coordinates by

0 T4uiv?2 0 0
| T4 ute? vud 0 0
9= 0 0 10|
0 0 0 1
is of Petrov type D and its Ricci tensor is given by
Ro.— Quu3
12 — (1 T U4U2)2 3
Q%8

and so has Segre type {(1,1)(11)} at all points where it is non-zero. The only
component of the Riemann tensor that is not identically zero is

vl
(14 v2ud)’
Notice that (M, g) is decomposable in the sense of §.1.8, with two covariantly
constant spacelike vector fields, d; and d,. It follows that (cf. TABLE., at the

R1212 ==

end of Ch.2) it’s holonomy group is of type Ry and consequentely it’s Petrov type
is D.
One proves easily that the vector field

X = —2ud, + 4vd, + 20, + yI,,

is a proper homothetic vector field of this space-time.




4. AFFINE VECTOR FIELDS

In Ch.l we defined an affine vector field of a pseudo-riemannian manifold
(M, g). The set of such vector fields, denoted A(M,g), is a finite-dimensional
Lie algebra whose dimension is < n{n + 1), n being the dimension of M. Al}
homothetic vector fields are affine vector fields and we say that an affine vector
field is proper affine if it is not homothetic.

As we shall see, in general the Lie algebra A(M,g) coincides with the Lie
algebra H(M,g) of homothetic vector fields. In such cases the study of affine
vector fields reduces to the study of homothetic vector fields for which a large
literature already exists (see, for instance [25], [26], [38], [39], [64]).

In this chapter we analyse the cases when (M,g¢) may admit proper affine
vector fields. In all such cases a local characterization of affine vector fields is
obtained, as well as an upper bound on the dimension of the Lie algebra A(M, g).
The last section will be concerned with an extension result (of which a different
proof has been given by Hall [32]} generalizing a theorem of Nomizu [65].

We recall that in all that follows the manifolds (M, ¢) considered are assumed
connected. Furthermore, it is assumed that the Riemann tensor does not vanish

on non-empty open subsets of M.
4.1.Generalities. The space h(M,g).

Let (M, g) be a pseudo-riemannian manifold, X a vector field on M. As in

the preceding chapter we define, by their local expressions, the following tensors

1
h:b = E(Xa;b + Xb;a): (411)
and
X 1
fap = §(Xa;b — Xba)s (4.1.2)

the superscript X being dropped when no confusion is possible. One has then the

following well known result {40], [81], [55]

THEOREM 4.1.1. Let (M,g) be a pseudo-riemannian manifold. If X is an
affine vector field of M, then the tensor fields f* and k™ satisfy

X

hab;c =Y

X I
fab;c = ‘X dRﬂ.de'
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This theorem leads to the consideration of the set h(M, g) of covariantly con-
stant symmetric tensor fields of type (0,2) of the pseudo-riemannian manifold
(M,g). h(M,g) is obviously a real vector space and, since g € h(M, g), its dimen-
sion is at least 1. If its dimension is 1, then it is spanned by ¢ and so all affine
vector flelds of M are homothetic. Thus, we see that (M, g) can admit proper
affine vector fields only if dimh(M,g) > 2.

It is known [40], [43] that if (M, g) is a space-time such that dimh(M, ¢) > 2,
then (M, g} is reducible. Thus, we are lead to the consideration of the holonomy
group of (M, g).

Let us recall {cf. §.1.8) that (M, g) is said to be non degenerately reducible if
a non-trivial, non-null, subspace of T,(M} is invariant under holonomy. In such
cases, as stated in §.1.8, (M, g) is locally decomposable and we have the following
possibilities {40}, [44], [33] where we use the labelling of the holonomy algebra
introduced in Ch.2

I. The holonomy algebra is of type Rg, Rjg or Rys.

In these cases (M, g) admits a (unique up to constant multiples) nowhere zero,
global, covariantly constant non-null vector field u. u is spacelike in the R and
Ry cases and timelike in the R;; case.

The vector space h(M,g) is in this case 2-dimensional and spanned by the
tensor fields g and wu,uy.

In these cases, denote by A the distribution spanned by u and by A+ the
distribution defined at each point p of M by the orthogonal complement of A(p).
Then A and Al are both integrable distributions. Given a point p in M we can
find then an open neighbourhood U of p such that if I (resp. J) denotes the
maximal integral submanifold of Ay (resp. AlJ(-j), then (U, g)y) is isometric to
(I x J,i @), where ¢ (resp. j) is the restriction of g to I (resp. J).

Space-times in this class are called “1+3”-(locally) decomposable.

It should be noticed that in these cases the manifold (J, ;) is not non degen-
erately reducible. However in the case when the holonomy algebra is Rg, J (and
so M as well) admits a recurrent null vector field, and so it is reducible. This

null vector, however, does not contract the Riemann tensor to zero and so [44] it

cannot be scaled to a covariantly constant vector field.
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It should also be noticed that when the holonomy algebra is Rj, (M, g) admits
a spacelike covariantly constant vector field, and so can be considered as non-
degenerately reducible. In this case, however, (M,g) also admits a covariantly
constant null vector field. Because of this, we exclude it from the above class, and

we shall treat it separately in §.4.3.
II. The holonomy algebra is of type R;.

In this case (A, g) does not admit covariantly constant vector fields. However,
the holonomy determines a pair of mutually orthogonal 2-dimensional distribu-
tions A and AL, one timelike, the other spacelike.

In this case h(M,g) is two dimensional and spanned by the tensor fields one
gets by restricting ¢ to A and AL,

Given a point p in M we can find then an open neighbourhood U of p such
that if I (resp. J) denotes the maximal integral submanifold of Ay (resp. A]“b),
then (U, g|yy) is isometric to (I x J,7 @ ), where i (resp. j)} is the restriction of g
to I (resp. J).

In this case U can be chosen sufficiently small for a null tetrad (I,n,z,y) to
exist on U with the property that A(p) and AL(p) are the blades of the bivectors
2x1,yp) and 2lyny) at p € U, respectively. These bivectors are then covariantly
constant and the tensor fields ¢ and j described above span h(M,g) (in U) and
are given by

tap = 2gny),
Jab = TaTp + Ya¥p-

Space-times in this class are called “2+2"-(locally) decomposable.
III. The holonomy algebra is of type R, or R;.

In these cases (M,g) admits a (unique up to constant linear combinations)
pair u,v of nowhere zero, global covariantly constant vector fields such that the
distribution span(u,v) is non-null. span(u,v) is spacelike in the R, case and
timelike in the R, case.

In this case, the vector space h{M,g) is 4-dimensional and spanned by the
tensor fields gqp, ugup, 21,0y and v,vy.

In these cases, denote by A the distribution span(u,v) and by AL the distri-

bution defined at each point p of M by the orthogonal complement of A(p). Then
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A and A4 are both integrable distributions. Given a point p in M we can find
then an open neighbourhood U of p such that if I {resp. J) denotes the maximal
integral submanifold of Ay (resp. AIJ[-]), then (U, gjiy) is isometric to (I x J,1® ),
where ¢ (resp. 7) is the restriction of g to I (resp. J).

Space-times in this class are called “14+1+2”-(locally) decomposable.

As for the Petrov and Segre types they can be read from TABLE.I at the end
of Ch.2 (notice however that in this table the holonomy group considered is the

infinitesimal holonomy group and not the holonomy group).

When (M, g) is not non-degenerately reducible, the space h(M,g) can have

dimension 2 or more only in the following case
IV. The holonomy algebra is Ry or Ry;.

In this case, if one assumes, furthermore, that A is simply-connected, then
(M, g) admits a (unique up to constant multiples) nowhere zero, global covariantly
constant null vector field 1.

h{M, g) is, in this case, a 2-dimensional vector space, being spanned by ¢ and
L1

Finally, we consider the case
V. The holonomy algebra has type Rj.

In this case, as mentioned above, if one requires furthermore that M be simply-
connected, then (M, g) admits a (unique up to constant linear combinations) pair
u,v of nowhere zero global covariantly constant vector fields which span a 2-
dimensional null distribution.

In this case h(M,g) is 4-dimensional and spanned by g,, u,up, 2ug,vp) and
Vg Up.

Again the possible Petrov and Segre types for these twos cases can be read
from TABLE.I given in Ch.2 (cf. remark above).

NOTE.4.1.1. These results are due to Hall [40]. A more detailed solution can be

found in Hall’s paper [33], where the problem is treated more in the way needed

here.




CHAPTER 4 85

NOTE.4.1.2. Consider the map ¢ : A(M,g) — h(M,g), given for X € A(M,g)
by

o(X)=h".

o is a linear map and so K = o(A(M,g)) is a vector subspace of h(M,g). Let

r = dim A(M,g) and m = dim K and as;ume that g & K. Let then hq,.., h,
be a basis of K, so that there exist Xy, ..., X,, € A(M,g) such that o(X;) = h;.
The X; are obviously proper affine vector fields. Complete (X, ..., X,,) into a
basis (Xy,.., Xy Yinats o Y} of A(M,g). Then for each Y;, as o(Y;) € K, there
exist real constants CJ‘:, 1 £ 1 < m such that o(Y}) = C;h,-. Thus ¥j ~ C;X,- is
a Killing vector field. Setting then X; =Y, — CiXi, the family (X;,..,X,,) is a

basis of A(M,g) whose first m elements are proper affine vector fields and whose

last 7 — m elements are Killing vector fields.

In the case when g € K we can choose the k; in such away that h; = ¢. In this
case the basis (Xy,..., X,;,) above is such that X; is a proper homothetic vector

field, Xy, ..., Xy, are proper affine and X1, ..., X, are Killing vector fields.

The number m (or m — 1) represents thus the maximum number of indepen-
dent proper affine vector fields (M, g) can admit (in the sense that every other
proper affine vector field will then be a combination of those already described
and homothetic or Killing vector fields). (These considerations where suggested

to me by my supervisor Dr. Graham Hall).

NOTE.4.1.3. The remaining types for the holonomy algebra of (M,g) are
Ry, Ryy, Ry and Rys (Rs is impossible, see Ch.2}. In the first three cases there
exists a recurrent null vector field but no covariantly constant vector fields [33].
Thus, in theses cases (M, g) is still reducible but dimh(M,¢) = 1 and so no proper

affine vector fields are admitted. Ryg is the irreducible case.

"The above results provide us with a preliminary classification of those space-
times that may admit proper affine vector fields. In the next sections we shall

analyse the classes described above. The types described in I, IT and III will be

analysed in the next section, types IV and V in the following one.
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4.2.The types I, II and III.

Let then (M, ¢) be a space time of one of the types described in I, I or IIL
Given p € M we can then find an open neighbourhood U of p in M and manifolds
(1,4) and (J, j) such that (U, gy} is isometric to (I x J,i@ 7). We identify (U, gjy)
and (I x J,1@ j) and, using the notions introduced in §.1.3, we do not distinguish
a vector field on I (or J) from its extension to U.

A neighbourhood such as U above will be called a decomposable neigh-
bourhood of p and the manifolds I,J the factors of the decomposition. We
make the convention that for “14-3”-decomposable space-times ([,7) stands for
the 1-dimensional factor; for “242"-decomposable space-times (7, 1) stands for the
timelike factor in the decomposition and, in the case of “14+1+2"-decomposable
space-times, (/,7) stands for the flat 2-dimensional manifold - the integral sub-

manifold of span(u,v) through some point of U - of the decomposition.

In all that follows U/ denotes a contractible decomposable neighbourhood of

some point in M.
With these notations the following lemma is evident

Lemma 4.2.1. Let V (resp. W) be a vector fleld on I {resp. J )and denote also
by V, W their extensions to U (in the sense of §.1.3). Then, for every vector field
S (resp. T') everywhere orthogonal to I (resp. J)

T'W,,, = S8V, = 0.

We also have

Lemma 4.2.2 Let X be an affine vector field of (M, g) and let f be its bivector.
Then for all vector fields V on I and W on J

faVOW? =0,

Proof. We analyse each case separately.

The “24-2”-.decomposable case.

In this case by restricting U if necessary we can assume the existence in U of

a null tetrad (I, 7, z,y) of vector fields such that {,n are vector fields on I and z,y
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are vector fields on J. A simple computation shows then that there exist 1-forms

pon I and pon J such that (see [44])

la;b = pblaa
ggp = —pp7
‘ v (4.2.1)
Lab = Hplas
Yab = —HpTq-

As was proved by Hall and Kay [44], in this case there exist functions 2! and 22
on U such that, setting
Fop = 200y,

the Riemann tensor of (M, g} takes the form
Ropeg = QLF Fog + QP F5FY (4.2.2)
Using this expression we have then
JabieVEW? =0, (4.2.3)

since V¢ contracts the second term of the Riemann tensor to zero and Wb contracts
the first term to zero. Defining then { = f,{%2% and = f,;{%y?, and using (4.2.3)
and (4.2.2) it is easy to prove that

C;c - CPC —NHe = 0,
T];c = NP + Cﬂc = 0.
Setting then ¢ = (? + 7%, the above relations give

¢¢’;c - ¢2pc = 0.

If at some point of U ¢ does not vanish then in some open neighbourhood of that
point ¢ satisfies ¢., — dp. = 0. It follows then that in that neighbourhood the
vector field ¢n is covariantly constant, thus contradicting the fact that (M,g) is
“2+42"-decomposable. The same method can be applied to fynez® and fneyb,

proving that these quantities also vanish.
The “14142"-decomposable case.

In this case we can use the same method as above, since it can be considered
as a particular case of the above class (with either p = Q1 =0 or g = 2 = 0).

One obtains the same result.
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In particular it follows from {4.2.3) that, in both these cases there exist func-
tions Ax, B* on U such that

fao=A"Fy+ B FY,. (4.2.4)

The “14-3"-.decomposable case.
In this case, as v is covariantly constant, we have by T.4.1.1
(fapv®)ie = fupiev® = X0 Rgpeq = 0,
since as we have v, = 0, we have, by the Ricci identity
Rgpoqv? = 0.

As v is the unique (up to constant multiples) covariantly constant vector field on
U we deduce that fvb = 0, so that f is simple and its blade is orthogonal to v.

This gives immediately the result of the lemma M.
This result leads to the following theorem [43]

THEOREM 4.2.3 Let (M, g) be a space-time whose holonomy algebra belogs
to one of the types in I, II or III and let X be an affine vector field of (M, g).
Given any point p in M and a decomposable neighbourhood U of p in M

(a). The vector field X is projectable over the decomposition (1,4), (J, 7} of (U, qu )
(b).If'Y (resp. Z) is the projection of X over I (resp. J) then Y (resp. Z) is an
affine vector field of (1,1) (resp. (J,3)).

Proof. The vector fields ¥ and Z are given locally by, respectively
Ve = 4o, Xb, (4.2.5)

and

7% = 5o, X*, (4.2.6)

Let us consider first “143” and “2+2”-decomposable space-times. In this cases

t,7 span h(M,g) and so there exist real constants «, # such that
X . .
hab = Qigp + ﬂ]ab- (427)

This gives then,

}/t:'l;b - z‘ac)((;;ba
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since ¢ 1s covariantly constant. Hence, we have
Ya;b = aiab + iacfcb' (428)

Let then W be a vector field on J and denote also by W its extension to U (in
the sense of §.1.3.).
We have then
(W,Y], = WY — YWy,

thus, using the above expression (4.2.8) for Y,.;, we have
[I/V'}Y]a = iaCbeLVb - YbI'Va;b = 0,

since on the right hand side of the first equality, the second term vanishes by
L.4.2.1 and the second term vanishes by L.4.2.2.

The same method can be applied to prove that if V' is a vector field on I then
[V, Z] = 0.

This proves (a), as follows from T.1.3.3.

Notice then that, by (4.2.8), Y is a homothetic vector field of (7,4). Similarly
Z is a homothetic vector field of (J,7), and this establishes (b) for 143" and
“2+2"-decomposable space-times.

In the case of “1+41+42"-decomposable space-times, whilst for Z one still gets
Za;b = ﬁjab + jacfcb:

the same does not happen for Y (recall that in this case we have made the con-
vention that (/,¢) is the flat factor in the decomposition).
However, in this case, as follows from the observations in case 111, there exist

real constants «,~,8 and 8 such that
by = Biab + atqtis + 27u(gvy) + 8040y,
A simple computation shows then that
Yo = onguy + 2vugavey + 6vavp + 16 fop

The proof is then virtuaily the same as in the preceding cases M

It follows from the above theorem that [43]
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COROLLARY 4.2.4. If the type of the holonomy algebra of (M,g) is Ry .
then the vector field Y is a homothetic vector field of (I,:). In all cases, Z is a

homothetic vector field of (J,7).
Another consequence of T.4.2.3 is that [43]

THEOREM 4.2.5.Keeping the notations of T.4.2.3, the Lie algebras A(U, qv)
and A(Il,1) x H(J,j) are isomorphic.

Proof. By T.4.2.3., the mapping © : X — (Y, Z) is well defined. It clearly is

one-fo-one, onto and linear. Now, for all X3, X, € A(U,g1) we have
(X1, Xo] = V1, Yol + (24, 23],
since, as both X, X, are projectable
.2 =21, 1) =0
This proves that © is a Lie algebra endomorphism M
It follows that [43]

COROLLARY 4.2.6.Keeping the notation of the above theorems

(a).If the holonomy algebra of (M, g) is Rg, Ry or Ry3 then 2 < dim A(U, gu) <8
(b).If the holonomy algebra of (M, g} is Ry then 0 < dim AU, gqr) £ 6;

(b).If the holonomy algebra of (M, g) is Ry or Ry then 6 < dim AU gir) < 9.

Proof. (a). In this case (J,7) is 3-dimensional and non-flat, so dim H(J,;) < 6,
as follows from T.1.9.5.
Let us consider then affine vector fields of (U, gp) which are parallel to the
vector field u.
Given one-such vector field X, there exists a function A on ¥/ such that X =
Au. This gives then
Xap = Apttg,

since u is covariantly constant. It follows then from the fact that
X
by = cggp + Bugug,

for some real constants o, 8, that we must have

/\;b = Clp,
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for some real constant ¢. Since U is contractible and u is covariantly constant,
there exists a differentiable function ¢ on U such that ¢,; == uy. The above result
shows that = c¢ + d, where ¢,d are real constants. Thus, dimA(7,7) = 2 and
this proves (a).

(b). In this case, as mentioned in C.4.2.4, if X is an affine vector field of
(M, g) then Y is a homothetic vector field of (7,7). Thus, in this case since we
have dimH([,7), dim H(J,7) < 3 (since both these manifolds are non-flat, see
T.1.9.5), it follows that

dim A(U, g17) £ 6.

In this case the lower bound is obviously 0, as both (7,¢) and (J, ;) may not admit

homothetic vector fields.

(c). As for cases (b), we have in this case dim H(J,;) < 3, since (J,7) is non-
flat. Since in this case (7,1) is a 2-dimensional flat manifold, we have dim A(I,4) =
6, as follows from T.1.6.2 M

In general, these results hold only locally, as (M, g) may not be (globally)
decomposable. If such is the case, the isomorphism of the local Lie algebras given
by T.4.2.5 does not lead to a similar isomorphism for the global Lie algebra.
However, given a decomposable open subset U/ of M, the restriction map, X —
X|y, defines a one-to-one homomorphism of the Lie algebra A(M, g) into the Lie
algebra A(U, gjy7) (see §.4.5), and so C.4.2.6 still provides us with upper bounds
on the dimension of A(M,g).

Let now (M, g) be a connected, simply connected and geodesically complete
space-time. In such case all affine vector fields of (M, g) are complete vector fields
(T.1.9.2.(b)) and A(M,g) is then the Lie algebra of the Lie group A(M,g) of

affine transformations of M, as follows from Palais’ theorem T.1.5.6.

If furthermore (M, g) is assumed non-degenerately reducible then it follows
from Wu’s theorem T.1.8.9 that (M,g) is decomposable. Combining these obser-

vations with the previous local results we get the following theorem [43], where we

have denoted by A(n) the n(n+1)-dimensional Lie group of affine transformations
of R®
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THEOREM 4.2.7.Let {M, g) be a non-degenerately reducible, connected, sim-
ply connected and geodesically complete space-time. Then

(a).If the holonomy algebra of (M,g) is of type R, Ry or Rys, then the Lie
group A(M,gq) is isomorphic to the Lie group A(1) x H{J,j) in the case when
u is spacelike, and isomorphic to the group A(1) x I(J,j) in the case when u is
timelike. In particular its dimension is at most 6;

(b).If the holonomy algebra of (M, g) is of type Ry, then the Lie group A(M,g)
1s isomorphic to the Lie group H(/,1) x I(J, 7). In particular its dimension is at
most 6;

(¢).If the holonomy algebra of (M,g) is of type Ry or Ry, then the Lie group
A(M, g) is isomorphic to the Lie group A(2) x H(J, 7) in the case when span(u,v)
is spacelike, and isomorphic to the group A(2}xI{J, j) in the case when spanf{u, v)

is timelike. In particular its dimension is at most 9.

The appearance of the isometry group of (J,7) in some parts of the above
theorem is due to the following fact. Since (M,g) is complete and (J,7) is totally
geodesic {cf. T.1.8.5}, it follows that (J,7) is also geodesically complete. Now
when in case (a) u (or span{u,v) in case (c)) is timelike, (J,7) is a riemannian
manifold. It is well known that complete riemannian manifolds can admit proper
homothetic vector fields only if they are flat [55]. As {J,;) is assumed non-flat.
we see that in these cases we can replace the homothety group by the isometry

group in the formulation of the theorem.

4.3.The types IV and V,

As follows from §.4.1, in these cases (M,g) admits a globally defined null
covariantly constant vector field I, If, furthermore, (M, ¢) is of type IV then [ is
the unique (up to constant multiples) covariantly constant vector field on M. If
(M, g) is of type V then, besides I, (M, g) admits a spacelike covariantly constant

vector field v.

In these cases as the spaces spanned by u or span(u,v) are null, no well
defined projection operator exists to play the réle of 4, j in the previous section.

As a consequence, for these types, splitting theorems as T.4.2.3 and T.4.2.7 are

not to be expected.,
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We analyse the two possible cases described above, separately.
Type IV.
In such case, if X € A(M,g), then there exist real constants «, 3 such that
X
ha(, = agqp + Blalp.

Let then p, € M and let U be a contractible neighbourhood of p in M. As I
is covariantly constant it follows from the Poincaré Lemma that there exists a

differentiable function A on U such that in U/

Furthermore, A is unique if we ask that A(p,) = 0.
Consider then the vector field on U given by L = SAl. Then we have

La;b = Bl{zlb:

and so X — L is a homothetic vector field of (U,g1v)-
Thus, we have [43]

THEOREM 4.3.1.Assume the holonomy algebra of (M, ¢) is of type Ry or Ry,
and let X be an affine vector field of (M, g). Then, given any point p, in M and
any contractible neighbourhood U of p, there exists essentially one proper affine
vector field L on U, in the sense that there exists a real constant f such that
X — BL is a homothetic vector field of (U, giy). In particular, the Lie algebra
A(U, gv) is at most of dimension 9.

Proof. The first part has been proved above. Consider then the map = :
AU, gy) = H(U,g9v) given by n(X) = X — BL. = is obviously linear and
onto, since for every homothetic vector field Y on U, Y + L is a proper affine

vector field. Since the kernel of 7 is spanned by L and = is onto , we see that
dim A(U, gy} = 1 + dim H(U, g¢).

Now, from T.1.9.5, dim’H(U,gw) < 11, the equality being reached only if
(U, gjv) is flat. This case has been excluded from our considerations. The case

dimH(U, gjy) = 10 is impossible for it implies the existence of a 9 or 10 dimen-

sional group of isometries; the first case is excluded by Fubini’s theorem [57]; the
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second case implies (by T.1.9.4) that (U, gy} is a manifold of constant curvature,

so that we have
Ruped = Kgafcgap-

Contracting this relation with {4 we get, using the Ricci identity (T.1.6.4), since

[ is covariantly constant
]<(gaclb - lagbc) =0,

and contracting now with /¢ we get K., = 0, thus proving that (U, gy} is flat.
If dim H(U, giiy) = 9, then, again by Fubini’s theorem, H(U, iy ) must contain
at least a proper homothetic vector field, and so, in this case dim Z(U, qu) = 8.
It is well known [57] that this is impossible.
Thus dim H(U, gjy) < 8 and this proves the theorem M

NOTE.4.3.1. In fact the dimension 9 can be attained, because plane waves with
an 8-dimensional Lie algebra of homothetic vector fields are known (and have a

covariantly constant null vector field. See, for instance [48]).
Type V.

In this case the vector fields u, v can be chosen to be such that v = {is null and
v is spacelike with v®v, = 1.. Take then again a point p, in M and a contractible
neighbourhood U of p, in M, so that there exist differentiable functions A, v on
U such that
A =1,

1

Vig = Ug.

Let then X be an affine vector field of (M,g). Then there exist real constants
«, 3,4, 6 such that

hap = agap + Blyly + 27‘1(117)5) + dvgvp.
Consider then the vector field defined on I/ by
V= (BA+ vl + {(yA + dv)v.

We have then

V;z;b = (ﬁlb + 7vb)la + (’ﬂb + 6vb)vaa
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so that X — V is a homothetic vector field of (M, g).

Thus, in a similar fashion to the previous case we have [43]

THEOREM 4.3.2.Assume the holonomy algebra of (M,g) is of type Ry and
let X be an affine vector field of (M,g). Then, given any point p, in M and
any contractible neighbourhood U of p, there exist essentially.three proper affine
vector fields Ly, Ly, Ly on U, in the sense that there exist real numbers a, e, ¢ such
that X —aly —elL, —cLj is a homothetic vector field of (U, gfu). In particular,
the Lie algebra A(U,g|y) is at most of dimension 10.

Proof. As in the previous theorem, the map = : A(U,g;y) — H(U, gy )given by
7(X) = X —V is an onto Lie algebra homomorphism, whose kernel is spanned by

the vector fields V. Since the space spanned by these vector fields has dimension
3 (cf. C.4.1.6.(b)), it follows that

dim Al ) = 3+ dim H(U, g17).

The proof of the preceding theorem shows that dim H(U, gv) £ 8. Assume that
dimH(U, gy} = 8. In such case, it is well known [57] that (U, g;y) is conformally
flat. On the other hand, in this case, the Riemann tensor has rank 1 with null
spanning bivector, thus corresponding to the second line in TABLE.1 of Ch.2, so
that its Petrov type must be N!

It follows that dim H(U, gjy) £ 7 and this proves the theorem M

NOTE.4.3.2. In [43], erroneously, it was affirmed that the maximum dimension
of the local Lie algebra of affine vector fields was 9. The error was due to the fact
that it was overlooked that in this last class the Lie algebra of homothetic vector
fields can be 7-dimensional, as was pointed out to the authors by J. Steele, of the
University of Aberdeen. Steele [73] (see also [48]), in fact, has found all space-
times which fall in this class. The family in question is given in local coordinates
(u,v,2,y) by
g = dz?® + dy? + 2dudv + 2A(u)(x + cy)?du?,

where c is a real number and the function A is either constant or of the form d/u?2,
where d € R. The author would like to thank J.Steele for comunicating him these

facts.
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4.4.Local and global affine vector fields.

Let (M, g) be a pseudo-riemannian manifold, I/ an open subset of M. Under
what conditions on M can we ensure that an affine vector field on {/ is in fact the
restriction to U of an affine vector field of (M, g)?

In this section we give an answer to this question, which generalizes to affine
vector fields a result of Nomizu [65]. The proof of the result in question that we
give here is different from that of Hall [32], to whom this result is due.

As always, we assume the manifolds under consideration are connected.

Let then (M, g) be a pseudo-riemannian manifold and, for p € M, let h(p)
denote the subspace of the space of (0,2)-symmetric tensors at p spanned by the
evaluation at p of all elements of h{Af,g). Denote also by A2%(p) the space of

bivectors at p and consider

a(p) = T,(M) @ h(p) & A%(p).

If m = dimh(M,g), then dima{p) = 1%“—*—'—1-)- + m, where n is the dimension of M.

Given an open subset U of M consider, for every p € U, the map o(U,p) :
A(U,g91y) — a{p), given by o(U,p)(X) = (Xp,h::, ;) o(U,p) is a linear map.
We have then (see [32])

Lemma 4.4.1.The map o(M, p) is one-to-one for all p € M.

Proof. Let ¢ € M and let v : [0,1] — M be a curve from p to ¢. Without
any loss of generality we may assume that + is differentiable and that v([0,1]) is
contained in the domain U of a coordinate chart of M. Denoting by (z!, ..., z?)
these coordinates we have then in U, as X is an affine vector field

Xij = hij + fi5,

hijik = 0,

fizk = X" Ryjkm.
Using then the local expressions for these covariant derivatives in terms of the

Christoffel symbols, we get, setting

. dyt
yio 20
dt
B = VEI™y,

Cmiy = VER™;,
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the following differential system,

dX1 . .
= Vihi + VI fi + B* Xy,
dh;;
dt] = Bmihmj + ijhima (S)
df;;
'zéi = B™ fmi + B fim — C™ 4 X .

Since all functions on the right hand side of this system are differentiable we see
that, as the system is linear, it has, for a given set of initial conditions, a unique

solution which is defined for all values of ¢ € [0,1]. This proves the lemma M

Thus, if U is any open connected subset of M every affine vector field on U

is uniquely determined in U by the value of o(I/,p)(X), p being any point in U.

Let p € M. Given vector fields X,Y defined in some open neighbourhood
of p we say that X and Y have the same germ at p if there exists an open
neighbourhood U of p in M such that X and Y coincide in U. Obviously, the
relation, “X and Y have the same germ at p”, is an equivalence relation in the
set of vector fields which are defined at p.

Consider then the set

AU = | AU, g0),

where U runs over all connected open neighbourhoods of pin M. Then the above
relation is an equivalence relation in A(U). The quotient of A(U/) by this relation
is denoted by a*(p). We have then [32] [65]

Lemma 4.4.2.Given any p € M, a*(p) is a real vector space. Moreover, there

exists an open connected neighbourhood U of p in M such that the map,
VAU, gi7) — a*(p),
given by W(X) = “germ of X at p”, is vector space isomorphism.

Proof. The first assertion is obvious. To prove the second, consider a sequence of
open conneceted neighbourhoods (U, ) of p such that U, ; € U, and NU,, = {p}.
Then, if X € A(Up,, gv,,), the restriction of X to U,,,; is an affine vector field on

Upnt1. This restiction map is clearly linear and, by the preceding lemma, it is one-

to-one. Consequentely, the sequence dim A(Ups9v,,) is an increasing sequence.




CHAPTER 4 g8

Since it is bounded by n(n + 1), where n = dim M, we deduce the existence of
a 1, such that for m > m,, the algebras A(Up,,gy,,) coincide. Consider then
a*(p) and consider the map ¥, : A(Up,, g|p7..) — a*(p) which associates to every
element of A(Upn, g)v,,) its germ at p. These maps are all linear and, for m > m,,
they are onto. To see this take an element v of a*(p), so that there exists an open
neighbourhood V of p in M and an affine vector field X on V whose germ at p
is v. The conditions on the sequence (U,,) garantee the existence of an integer &
such that, for m > &k, U, C V, so that v is the germ at p of some affine vector
field on U,,, for m > k.
It follows that, for m > m, the maps ¥,, are isomorphisms.

This proves the lemma W

Given a point p in M we say (following Nomizu, [65]) that an open neighbour-
hood U of p in M is special if the map ¥ : A(U,g;y) — a*(p) is a vector space
isomorphism. Clearly if U is a special neighbourhood of p and W is a neighbour-
hood of p such that W ¢ U, then W is also a special neighbourhood of p. The
preceding lemma states that every point of M has a special neighbourhood.

We have then

Lemma 4.4.3. Let p € M and let U be a special neighbourhood of p. Then for
every point ¢ € U the map

Vet AU, gr) — 2*(q),

given by ¥ (X) = “germ of X at ¢”, is one-to-one and linear. In particular
dima*(p) < dima*(g).

Proof. This follows immediately from the definition of special neighbourhood M

A point p of M is said to be a*-special if it admits a special neighbourhood
U such that ¢ — dima*(q) is constant in U. The set of a*-special points of M is
obviously open in M. We have then

Lemma 4.4.4.The function p — dima*(p) is constant in M if and only if all

points of M are a*-special.

Proof. It is obvious that if p — dima*(p) is constant then every point of M is a*-

special. Conversely, suppose every point of M is a*-special. Let then p, € M and
let V' be the subset of M of all those points p such that dima*(p) = dima*(p,).
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Let ¢ € V. Since ¢ Is a*-special, there exists an open neighbourhood W of ¢
in M such that dima* is constant in W. Thus, W C V and so V is open in M.
Let now ¢ belong to the closure of V. Again because ¢ is a*-special we can find
an open neighbourhood W of ¢ such that dima* is constant in W. As WNV is
non-empty, we deduce that ¢ € V and so V is closed. As V is non-empty and M
is connected we deduce that V=M &

If pis a*-special and U is a special neighbourhood of p where dim a* is constant,
then for every point ¢ in U and every v € a*(g) there exists a unique Y € A(U,g)1y)
such that the germ of ¥ at g is exactly v. This follows from the fact that by L.4.4.3,
the map ¥, is one-to-one and dima* is constant in U/.

Let now p be a*-special and let v : [0,1] — M be a curve on M from p to some
point ¢. For t € [0.1] let X, be an element of a*(y(¢)), U, the open neighbourhood
of v(t) where X, is defined (by L.4.4.2). Let X, € a*(+(0)). A prolongation of
X, along v from p to ¢ is a family (X)) as the one above, such that the family

(th hXt:th)‘-\

for t € {0,1], satisfies the differential system (S) of L.4.4.1 for the initial conditions
(Xo B, £7°).

It 1s clear that if a prolongation exists then it is unique. Moreover

Lemma 4.4.5.A prolongation exists along every piecewise diflerentiable curve

consisting of a*-special points.

Proof. Whithou;, any loss of generality we may assume that « is differentiable,
and it is clear that a prolongation of X, along ¥([0,1]) N U, exists. Let then I
denote the subset of {0,1] of all those ¢ such that a prolongation exists along ~
from p to v(¢). The above argument shows that [ is open in {0, 1] and non-empty.
Let t, be its supremum and assume that ¢, < 1. Since ¢, belongs to the closure
of I, given any open neighbourhood W of 4{¢,) in M there exists € > 0 such that
for jt —¢,| <€, y(t) e W,

As y(t,) is special, choose the neighbourhood W to be a special neighbourhood
of ¥(t,) such that dima* is constant in W.

Let then ¢; be such that 1, — e < t; < 1,. Since t; € I, there exists X, €

a*(y(t;)) which is a prolongation of X,. Since v(t;) € W it follows from L.4.4.4
that there exists X; € A(W, gyv) such that W, (X)) = X,.
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As Xj is an affine vector field of W it is clear that the family (X, hrxl,fexl)
satisfies the differential system (8§).

Thus, it remains to be proved that for every ¢ such that ¢, — ¢ < ¢t <, + ¢ we
bave X150 = Xuja(r)

But, to see that this holds, notice that both families satisfy (S) and that at
t; they coincide (cf. L.4.4.1). It follows that X defines a prolongation of X, to
[t,, %, + €[, and this contradicts the definition of ¢,, unless if t, = 1 W

This leads to the following [32]

THEOREM 4.4.6.Let (M,g) be a connected and simply connected pseudo-
riemannian manifold and assume all points of M are a*-special. Then for all
p € M and all v € a*(p) there exists a unique X € A(M,g) such that X is a

prolongation of v.

Proof. If such a prolongation exists it is unique as follows from L.4.4.1.

To prove the existence, let ¢ be a point in M and let vy : [0,1] — M be a curve
in M from p to ¢. As all points in M are a*-special, it follows from the preceding
lemma that a prolongation along v from p to ¢ exists. If this prolongation gives a
value at ¢ for X which does not depend on the curve v chosen then the theorem

is proved. .

Let then ¢ bea point in M and let v, 7 : [0,1] — M be curves on M fromp to q.
Without any loss of generality, we may assume that both curves are differentiable.

As M is simply connected, there exists a differentiable [16] homothopy
$:10,1]x[0,1] = M
such that, for all s € [0,1], t — ¢(s,?) is piecewise differentiable, ¢(0,¢) = v(#)

and ¢(1,%) = r(¢).

Let us set K = {0,1] x [0,1] and K’ = ¢(K), so that K’ is a compact subset
of M. For each fixed s € [0,1] let us denote by L, the line {s} x {0,1] of K
and by 7, the curve t — ¢(s,t}, so that v, is a differentiable curve from p to q.
For every (s,t) € K let Uy, 4y be a special neighbourhood of ¢(s,t) in M and let

V(s,t) = ¢~1 (U(s,i))'

As each V[, ;) is open and contains the point (s,¢), we can find a real number

e(s,t) > 0 such that the square with center at (s,t), sides parallel to the sides of
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K and width 2¢(s.t) is contained in V{, 4. Let us denote this square by (}(, sy and
let us consider the family af all such squares for a fixed value s, of s. As they
cover L, and L, is compact, we can find a finite family y,..,t, in [0,1] such that
the squares Q(,, +,) also cover L, . Take then €(s,) to be the smallest of the real
numbers €(s,,%;). Consider then the band B, with sides parallel to L,, and of
width €(s,). This band is contained in the union of the squares Q,, ;) and so it
is also contained in the union of the V, ,, 0 < ¢ < 1. Now consider the bands
B, 0 < s < 1. These bands cover K. Since K is compact, we can find a finite

family By = By,, ..., By = B,, of these bands which still cover K.

Obviously, the bands B; can be chosen of shorter width if necessary, to guar-
antee that, ordering the s; in such a way that s; < ... < s,, then the band B,
interesects only the bands By, , and B for2 <i:<n-1and L, C B;.

L1 C Bn

8(i+1)

Now we choose z, = 0, z; to be such that the line L., lies in the intersection
of By and By, 29 such that the line L,, lies in the intersection of By and Bj, and
we continue the process, until we have chosen z,_;, which lies in the intersection

of B,..; with B,. We set then z, = 1.

Consider now the curves ,,. These are differentiable curves from p to ¢ and
so to prove the theorem we just have to prove that prolongation along v, and
Yeey for 0 <4< n—1 yields the same result at g. So consider the lines L,, and

L

On the other hand the band B,_ is contained in the union of squares @y, :,)-

zigrr 0 4 < n—~1. These lines are both entirely contained in some band By,

Denote by a; (resp. 4;}, 1 < j < m, the points of intersection of the line L,

{resp. L with all the squares Q)(,, ;,), and let us assume that the a;, b; are

2(.‘+1))
ordered by a; < ... < @p, b < ... < by,. Suppose then that the prolongations v;

and v,y of v along v,, and 7,,,, do not coincide at g.

Then the prolongation of v along the curve v,, from ¢{ap) to ¢(a,,) does not
coincide with the prolongation along the curve which is the image by ¢ of the

segments joining ag to by, &y to b, and by, to an,.

In fact if they coincided, then, because a,, lies in a special neighbourhood of

g, the prolongations would coincide at ¢!
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Obviously, using the same process, we prove that the prolongation is then

not uniquely defined at all points ap..1,@m_9,...,a;. Since a; lies in a special

neighbourhood of p this is a contradiction and the theorem is proved B




5.CURVATURE COLLINEATIONS.

In this chapter we study the Lie algebra of curvature collineations of a pseudo-
riemannian manifold . As it has been pointed out in Ch.1, this Lie algebra may be
infinite dimensional; one of our aims is precisely the characterization of pseudo-
riemannian manifolds for which this happens.

As in the preceding chapters, all manifolds considered here are assumed corn-

nected.

5.1.Generalities.

Let (M,g) be a pseudo-riemannian manifold of dimension n; we recall that

(see §.1.9) a vector field X on A is said to be a curvature collineation if it satisfies:
Lx Riemann = 0, (5.1.1)

Locally, this equation translates into:

}(*TﬁRkj,ti;m FXTRE i+ X RE o XURE L — X R™ G = 0. (5.1.2)

As it has been shown in Ch.1, the set of curvature collineations of (M, g) is a
Lie algebra over the reals; we denote this Lie algebra by K(M,g). It is also well
known that every affine vector field (cf. Ch.1) is a curvature collineation , so that
A(M, g) is a subalgebra of K(M, g). A curvature collineation is said to be proper
if 1t is not an afline vector field.

Given any vector field X on M we set, as in previous chapters:

1
h:’: = ‘_.?"(Xa;b + Xb;a); (513)
and
x 1
fab = ~(Xa;b - Xb;a); (514)

2

the symbol X in the above expressions being dropped when no confusion arises.

One has then the following [52]:
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THEOREM 5.1.1.Let (M,g) be a pseudo-riemannian manifold and X be a
vector field on M. Then:

(a)If X € K(M,g) then hy,Ripyq = 0;

(b).X € K(M,g) if and only if

(him;j + hmj;l' . hij;m);h - (hhm;j + hmj;k - hhj;m);i = 0.

From now on we assume that (M, g) is a space-time in the sense of Ch.2.

The equation in (a) of the above theorem has been mentioned in Ch.2, where
its solutions where displayed, as well as the relationship between the rank of the
Riemann tensor and the nature of the solutions. In particular it was stated in
Ch.2 that whenever the rank of the Riemann tensor is > 4 the only solutions to
that equation are multiples of the metric g. If X is a curvature collineation , and
if

Lxg=2h",

has rank 4 at every point of A then we can consider ™ as a new metric on M
with the same Riemann tensor as g. In such circumstances Hall [35] has proved

that &A™ is a constant multiple of g. Thus we have the following result due to Hall

[35]

THEOREM 5.1.2.If the Riemann tensor of a space-time (M,g) has rank > 4
in an open dense subset of M, every curvature collineation of M is a homothetic

vector field, that is K(M,g) = H(M, g).

On the other hand it is obvious that if a given space-time has no proper
curvature collineations then one has K(M,g) = A(M,g) and so the question of
finite dimensionality of K(M,g) is of no interest (see [42]). Thus, we consider
from now on space-times which can admit proper curvature collineations.

These space-times are those for which the equation in (a) of T.5.1.1. has
solutions which are not constant multiples of the metric. We use then the results
of Hall and McIntosh [45], mentioned in Ch.2, to split our analysis into the separate
study of the classes described in T.2.3.1.

We shall take here the following order in the analysis of these classes:

In §.5.2 we shall study the case of 2+2-decomposable space-times; they cor-
respond to (c} of T.2.3.1; space-times in this class will be called "class (1) space-

times”,
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In §.5.3 we shall study the class that includes the 1+3-decomposable space-
times; it corresponds to (b) of T.2.3.1. For reasons of convenience we shall call
these space-times "class (II)(a) space-times”. In contrast with the case for affine
vector fields, the existence of a proper curvature collineation in a space-time in
this class does not imply that the vector field u, whose existence is guaranteed by
T.2.3.1.(b), is covariantly constant.

The case when this vector field is null will be analysed in §.5.5; space-times
in this class will be called "class (II){b) space-times”.

Finally, in §.5.4 we will study "class (III} space-times”, that is, space-times
corresponding to (d} of T.2.3.1. Here we will follow a scheme similar to that of
class (II).

Let (M, g) be an n-dimensional pseudo-riemannian manifold and let p &€ M.

For every open connected neighbourhood W of p in M we define:
}CP(LV) = {v € Tp(M) :dX e K:(I/V,giw) : X'p = U}.
An element of K,(W) is the evaluations at p of a curvature collineation defined

in W.
Obviously, £,(W) is a vector subspace of T,(M). We define then:

K:p = U K:p(W)a
154 :

where W runs over all connected open neighbourhoods of p in M. K, is a vector
subspace of T,(M). To see this, let v,w € K,; then, by definition, there exist
connected open neighbourhoods V,W of p in M such that v € K, (V) and w €
Kp(W). Let then U be the connected component of pin VN W. Asv € K,(V),
there exists X € K(V, gjv) such that v = X,,; similatly, there exists ¥ € KW, g1w)
such that Y, = w. As Xy and Yy both belong to K(U, gji7), one sees that for all
reals a,b av + bw € K, (U) C K,

Notice now that if VW are connected open neighbourhoods of p with V ¢
W then for every X € K(W,gpy), X|v belongs to K(V,gpy); this shows that
dimKC,(W) < dimK,(V). Consider then the map W — dimK,(W), where W
runs over all connected open neighbourhoods of pin M. This is a map which takes
its values in N and is bounded (by the dimension of M). Consequently, there
exists an open connected neighbourhood U of p such that, for every connected

open neighbourhood W of p:

dimK,(U) > dim K, (W).




CHAPTER 5 106

Since Kp(U) C K,, one has dim K,(U) < dimK,. Assume this is a strict inequal-
ity; then we can find v € K, such that v ¢ K,(U). Now, there exists an open
connected neighbourhood W of p such that v = X, for some curvature collineation
X in W. Let V be the connected component of p in W NU. Then v € K,(V)
and K, (U) € Ky(V). It follows that K,(U) is strictly contained in K,(V) and so
we have dim K, (V) > dim K,(U), and this contradicts the definition of U/. Thus,
given every point p in M there exists an open connected neighbourhood U of p
in M such that £, = K,{U). An open connected neighbourhood U of p with the
property that K = K, (U) is called a regular neighbourhood of p.

An open subset U of M will be called regular if it is a regular neighbourhood
of each of its points. Finaly, define the map R : M — N by p — R(p) = dim o
K is upper semicontinuous, that is, for every k € N the set {p € M : R(p) > k}

is open in M.

We say that R is locally constant if for every point p € M there exists a
neighbourhood W of p such that R is constant in W. (M, g) will be said to be
K-regular if R is locally constant. In such case, as M is assumed connected, R

is constant.

Consider now a space -time (M, g) such that there exists an open subset U/
of M with the property that (U, g)y) is flat. In such case, as the Riemann tensor
of (U,gjy) is identically zero every vector field on U is a curvatur collineation,
that is, we have K(U,gy) = Dy(U). Let then K be any compact subset of U
and let f € F(M) be such that fix =1 and fiianwy = 0 (the existence of such
a function is guaranteed by the theorem of partitions of unity). Given then any
vector field X on U we can define a vector field X’ on M by setting X|’(M\U) = (
and Xl’U = fX. X'is then a curvature collineation of (M,g). Thus, we see
that whenever M contains flat regions with non-empty interior, its Lie algebra of
curvature collineations is infinite dimensional [42]. For this reason we shall assume

from now on that the space-times under consideration do not contain such regions

or, equivalently, that their Riemann tensors do not vanish on open sets.
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5.2.Space-times of class (I) (The 2+2 case).

In this section we mean by class (1) space-time a space-time (M, g) such that
for every point p € M there exists an open neighbourhood W of p € M such
that (W, ggw) is strictly 2+2-decomposable (see Ch.4). As mentioned in Ch.4,
Ha,ll and Kay proved that if (M,g) is a space-time in this class, then for every
point m € M there exists an open neighbourhood W of m in M and a pair of
2-dimensional pseudo-riemannian manifolds, (S,4) and (7, ), the first of which is
riemannian, such that (W, gy ) is isometric to the product manifold (T x S, @)
Our assumptions above imply then that neither (7, ;) nor (S,4) are such that they
contain open subsets where their respective Riemann tensors vanish.

In local coordinates this can be translated as follows; for any my € M one can
find an open neighbourhood W of myg in M and a null tetrad (I,n,z,y) on W such
that the distributions defined on W by m +— span(a.,, ym) and m — span(in,, n,,)
are integrable; one can then take for S and 7" their respective integral submanifolds
through mg, ¢ and j being then the metrics induced by g on S and 7.

One has then:

tab = 2l(anp);
and
Jab = TaZy + Yol

One can then (by restricting W if necessary) choose coordinates (s,t,u,v) in W
adapted to the above decomposition (i.e. with (s,?) coordinates in T, and (u,v)

coordinates in S). In these coordinates the metric then has a matrix of the form:

311(31t) 212('51t) 0 0
ig1(s,t)  daa(s, ) 0 0
0 0 J33(1,v)  Jaalu,v)
0 0 Jaz(u,v)  Jaglu,v)

If then one denotes by F,; anf (7,; the bivectors 2lrany) and 22[4ys); & simple

calculation shows the existence of functions @ and # on W such that {44]:
Raped = alupFog + BGopGeas (5.2.1)

where the functions & and # do not vanish on open subsets of W. Furthermore

{44], « does not depend on u,v and S does not depend on s,f. This can be
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translated into:
wbay = ylay = 1B, = nbB, = 0. (5.2.2)

The vector fields [, n are recurrent; we denote the recurrent vector by g, so that

[44]:

la'b - lea
’ (5.2.3)

Ng.b = ~Fp7N,-

As for z and y, one can prove the existence of a 1-form p on W such that [44]:

La:b = PbYa (P 5 4)
J.en

Yap = —DpTq-
NOTE.5.2.1.The vector fields p, g satisfy ip, = nbp, = 2bq, = ybqy = 0 [44].

Using these relations on proves easily that F' and ( are both covariantly
constant bivectors; the tensor fields ¢ and j are also covariantly constant. One

has therefore:
Rabcd;e - Q’;eFachd + JB;eGachd- (5'2-5)

Let us assume then that (M, g) admits a proper curvature collineation X so that
relation (5.1.2) holds on M. In the open neighbourhood W above, a contraction
of (5.1.2) with I'nk gives:

Xma;kaj -+ C!.Xm;ijm -+ aXm;hnh'lka,- - Q’Xm;iliankj - an;mij = 0.

(5.2.6)
As F*zi = 0, contracting this relation with 27 we get:
aX™m 2l F¥ = 0. (5.2.7)
Similarly, contracting (5.2.4) with y7 gives:
aX™ i FE =0, (5.2.8)
Contracting these last two relations with /. and n; we get:
X2l = X™ ain, = X™ yil, = X™ yin, =0, (5.2.9)

since, by assumption, & does not vanish on open subsets of W (otherwise (W, gpw)

is not strictly 24-2-decomposable). Using then (5.2.3) and (5.2.4) one gets:

2 (1 X™),; = P (InX™) 5 = 2l (np X™),; = W (npX™).; = 0. (5.2.10)
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Starting again from (5.1.2) but contracting now with z*y"* and then with I/ (nJ) we
easily obtain, by the same method (and since 3 does not vanish on open subsets
of W):

HzpX™),; = nd (2, X™).; = B(ymX™).; = n3 (Y X™),; = 0. (5.2.11)

These relations mean that if one sets A = n,, X™, B = [, X™ C =z, X™ and
D = y,X™, then, in the above described coordinate system, the functions A,
B do not depend on u,v and the functions C, D do not depend on s,t. In other
words (cf. §1.3) X is projectable with respect to the decomposition {(T, ), (S,1)}.

Define then Y¢ = j2, Xb and Z® = i%,X? (so that ¥ = Cz + Dy and Z =
Al+ Bn). Then Y € D{(S) and Z € Dy(T). Furthermore, let

"Rped = akgy Frg, (5.2.12)
and
"Raped = BGaGeq- (5.2.13)

IR (resp ?R) can be identified to the Riemann tensor of (T, j) (resp. (S,7)).
As X = Z +Y, we have, using (5.2.5):

XPRY jpin = "RE i Y™+ IRY 0 2,

since we have :

IRkjhi;mYm = 2Rkjhi;mzm = 0.
Similar calculations show that (5.1.2) reduces to an expression of the form:
AFjhi + B¥ i = 0,

where AF i (resp. B¥jp;) is relation (5.1.2) with Y (resp. Z) in the place of X
and 2R (resp. 1R) in the place of R. As A¥;;; (resp. B¥;3;) only contains terms

in r and y (resp. ! and n), one concludes that:
A¥jpi = By = 0.
Thus, we have:

THEOREM 5.2.1.Let (M, g) be a space-time in class (I), m € M, and let L =
{{T,7},(8,4)} beits local decomposition around m. Then for every X € K(M, g):

(a). X\ is projectable;
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(b). The projection Y (resp. Z) of X over S (resp. T') is a curvature collineation
of (5,1) (resp. (T,7)).

(c).The Lie algebra K(W,gpw) is isomorphic to the product of the Lie algebras
K(T,7) and K(S,1).

The importance of this theorem lies in the fact that it reduces the study of cur-
vature collineations in class (I) space-times to the study of curvature collineations

of 2-dimensional pseudo-riemannian manifolds.
Curvature collineations in 2-dimensional pseudo-riemannian manifolds

The main result for this type of manifolds is the following, due to Katzin et
al. [52]:

THEOREM 5.2.2.Let (V,j) be a 2-dimensional pseudo-riemannian manifold
whose Riemann tensor does not vanish on open subsets of V and let X be a vector
field on V. Then X is a curvature collineation if and only if :

(a). It is a conformal vector field of (V, ) and,

(b). ¢ being its conformal function, it satisfies the equation LxR + 2¢R = 0.

Proof. We analyse first the riemannian case. Let p € V and let U be an open
neighbourhood of p in V sufficiently small for an orthonormal basis (z,y) of vector

fields to exist on it. A simple calculation shows then that in U:

1

Rabcd = §R(jacjbd - jadjbc)' (5‘2'14)

As 2,2y, 27(,ys) and Y.y, span the space of (0,2) symmetric tensor fields on U,
one has (cf. (5.1.3)):

hap = A2,z + 202(a sy + 6Ya¥s, (5.2.15)

where A, i, § are differentiable functions on U.

The equation in T.5.1.1.(a), when contracted with 2°y? reduces to:

2(A = 8)z(ayp) + 21(Yas — zo2) = 0,

and this shows that jt = X — 6 = 0 in U, thus that X is conformal. There exists,

therefore a differentiable function ¢ on M such that:

Lxj=2¢j.
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Now, as the Lie derivative commutes with contractions, one has:
Ly Ricet = 0, (5.2.16)
so, as R = j*R,;, we have:
(LxR) = Ry (L x5,
where j' is the tensor with components j2¢. Thus:
LxR + 2R = 0.

Reciprocally, suppose X is conformal and that it satisfies the above equation.

Using then (5.2.14), on finds that:

2LxR)* g = (LxRN7® doa — 7%dse) + R(ALx T )pa ~ 6°a(Lx)pe = 0.

This establishes the theorem for the riemannian case. The proof is virtually

the same for the lorentzian case M

NOTE.5.2.2. A different proof of the conformallity of X' can be given by adapt-
ing the method described by Hall in [35]. This immediately gives the:

COROLLARY 5.2.3.If (V,7) is such that R is constant and non-zero, every

curvature collineation of (V,7) is a Killing vector field,

Using now the notion of K-regularity of the preceding section, we have:

THEOREM 5.2.4.Let (V, j) be a K-regular 2-dimensional pseudo-riemannian
manifold whose Riemann tensor never vanishes. Then for every p € V there
exists an open connected neighbourhood W of p in V such that K{W,jyw) is

finite dimensional, its dimension being at most 3.

NOTE.5.2.3. As mentioned in §.1.9, the Lie algebra of conformal vector fields

of a 2-dimensional pseudo-riemannian manifold is infinite dimensional.

Proof. Let p, € V. If R(p,) = 0 then, due to the K-regularity of V, R is

identically zero in some open neighbourhood of p, and there is nothing to prove.

If R(p,) = 1, we can choose an open connected neighbourhood U of p, in V'
such that R = 1 in U. Let then U’ be a regular neighbourhood of p, {(cf. §.5.1);
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as R(p,) = 1 there exists then X € K(U',jiy) such that X, # 0. Let then W
be the connected component of p, in U N U'. Restricting W if necessary, we can
assume, due to the continuity of X, that X does not vanish in W.

Y is any other curvature collineation , it follows from our assumption on R

that there exists a differentiable function A on W such that ¥ = AX. This gives:
Yo = A X4 AX%,. (%)

From T.5.2.2. and our assumptions on the Riemann tensor of (V, j),we know that
both X and Y are conformal; thus, there exist differentiable functions ¢ and #

on W such that A¥ = ¢j and AY = 4. (x) gives, therefore:
AaXpy + M Xy = 2(0 — Ad)jap (%x)

In the riemannian case, as X2 X # 0, we can find a vector field Z on W (restricting
again W if necessary) which is orthogonal to X and linearly independent of X,
Contracting then (xx) with Z¢ we get Z2)A X} = 2(¢ — Ad)Z;, and this shows
that Z2A, = ¢ — A¢ = 0. Thus, as (X, Z) span the tangent space at each point
of W, one deduces that A, is parallel to X,. (**) shows then that A, = 0; since
W is connected, this shows that A is constant.

In the lorentzian case the same argument holds if X is non-null. So, let us
assume that X = [ is null and let n be another null vector field on W such that
[*n, = 1. Using (*) and the fact that both X and Y are curvature collineations
(5.1.2) gives

Ly Riemann — AL x Riemann = 0,

80

)\blmRamcd + /\clmRabmd + )‘dlmRabcm - /\mlaRmbcd = 0.

Since in this case we have Ry = a(l®n; — {,n®)(I;ng — l4n.), for some function
a on W (which does not vanish on open subsets of W), we find that, contracting
with I nb:

Ay — Agle =0,
and this shows that A, is parallel to I. Replacing in {*x), and considering the

rank of each side, we see that A, = 0; since W is connected, this shows that A is

constant.

Consider now the case when R(p,) = 2.
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In this case we can find a regular neighbourhood W of p, in V such that R = 2
in W.

We analyse separately the two possible cases.
The riemannian case

Restricting W if necessary, there exists then X € K (W, 7jw) such that it never
vanishes in W. Restricting again W, if necessary, we can then choose coordinates
(u#,v) in W such that X = 8,. As X is conformal, one has Lyj = 247 for some
differentiable function ¢ on W. This gives, if j,, are the components of j with
respect to the above coordinates, 8,7,, = 2¢j,5- Let then @ be a differentiable

function on W such that 9,® = 4. Then the above equation shows that one has

. 9
Jab = cuq)pabs

where the functions p,; depend only on the variable v. Thus, in the above coor-

dinates j has the form:

= (50 8)

Since j is positive definite, the functions a, ¢ never vanish on W. This allows us

to define B = a/vac — b and C = ~bB/a. The vector field Z = C38, + BY, is
then orthogonal to X and satisfies j(Z,7) = a and {X, Z] = 0. This last relation
shows that there exists a coordinate system {u,w) on W such that X = 8, and

Z = 0,,. Thus, we may assume from the start that b = 0 and ¢ == 4. j becomes

then:
) 1 0
— p2(®+A)
= (0 1),

where 2A = Log a (notice that as we are in the riemannian case, a > 0). A simple

calculation shows that one has then:
R = —2¢~22+A)(324 + AD), (5.2.17)

where:

AR =820 + 020, (5.2.18)
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As X is a curvature collineation , we have Ly R 4+ 2¢R = 0. But, since X = 0,
we have, from (5.2.17}), as 8,4 = 0:

LxR =g,R = (-28,9)R - 2e-24+2)5 A,
so that, as 3,9 = ¢:
LxR +2¢R = -2~ A4+2)5 AP,

Thus, we have:

8,A% = 0. (5.2.19)

Let now ¥ = ad, + 5, be another curvature collineation . Since Y is conformal,
we have in W, Lyj = 2¢7, for some differentiable function % on W. This gives,

after some simple calculations:
Ly + BO,A+ 00 =1
0uB+ 0y =10, (5.2.20)
dya-3,8=0

Since Y is a curvature collineation , we have (cf. T.5.2.2) Ly R 4+ 2¢R = 0. Let
us set:

A= =2e7A(02A + AD), (5.2.21)

so that R = Ae~?®. The equation LyR + 2¢R = 0 gives then:
LyA—=2ALy® + 29A = 0. (5.2.22)
Combining this with the first equation in (5.2.20) we get:
LyA+2A80,A+2A0,a = 0,
and since d,A = 0 (from (5.2.19) and (5.2.21)), this can be written as:
B,A + 2AB8,A + 248, = 0. (5.2.23)
Using then the third relation in (5.2.20) one gets

B(8,A +2A0,A) +2A8,8 = 0. (5.2.24)

Let then v = $%Ae?A. Using the above relation, one easily proves that 8,7 = 0.
This result and the definition of v show then that 8 has the form f(u,v) =
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C(u)D{v). This gives then, since the second and third equations in (5.2.20) show
that 2 is harmonic:

d*C d?D
3 D4 'g;@"c = 0.

As f does not vanish and the functions C and D do not depend on the same

variables, we must have:

d2C i
- = KC; (5.2.25)
and
d*D .
'"d"'{;é" = —I\ D, (5.2.26)

for some real constant i\,
Notice that D is not an arbitrary function, it depends on the metric 7 only,

and so it determines a unique value for the real number K. In fact (5.2.24) gives
C(D(0,A + 2A0,A) + 2A0,D) = 0,

and this shows that D is uniquely determined (up to a multiplicative constant)
by j

K being fixed, consider then the equation on €. This is a second order
ordinary linear differential equation; consequently its set of solutions (S) is a 2-
dimensional real vector space.

Notice that, by (5.2.20), « is, up to an additive constant, uniquely determined
by B. However, this last constant accounts for the curvature collineation X we
started with.

This shows that in the riemannian case, when R = 2, dim K(W, jjw ) = 3.

The lorentzian case

In this case, as we assume that R = 2 in W, for every point p € W there exists
a curvature collineation X of (W, jjw) such that X, # 0 and X*X,(p) < 0. By
continuity, and restricting W if necessary, we can therefore assume the existence
on W of a curvature collineation X which is everywhere timelike. Following then

a method similar to that of the preceding case, it is easy to prove the existence in

W (restricting again W if necessary) of coordinates (s,t) such that X = 8, and



i
S

UNIVERSIDZ
ST_K-\,'\(;Q)S =
—"_"_m__”_,_..——»——"_"
CHAPTER 5 116

. -1 0
— o2P+A)
jmawen (1),

where A is a differentiable function on W depending only on ¢ and @ is a solution
of the equation J,f = ¢, where ¢ is the conformal scalar of X.

A simple computation gives then:
R = —2¢"22+4) (924 + AD), (5:2.27)

where:
AD = -9%0 + 029. (5:2:28)

The condition that X is a curvature collineation implies then, as in the preceding

case, that
G AD =10, (5.2.31)
Let then Y = ad, + B0, be another curvature collineation in W. By a method
similar to that of the preceding case, we get the following system of equations:
Ly® + oA+ 0,a = 1,
-0+ 9,8 =0, (5.2.29)
d,a — 9,8 = 0.
If one defines then

A= —2"24(924 + AD),

using (5.2.31) we get
B(O,A +2A0,A) + 2A9,6 = 0.

This equation allows us to conclude, as in the preceding case, that 8 has the form
2 = C(8)DIx).

This then shows that the functions C' and D satisfy again the equations
(5.2.27) and (5.2.28), and so we are led to the same conclusions as in the rie-

mannian case.l
One deduces from this result that:

THEOREM 5.2.5.If (V,j) is a connected 2-dimensional pseudo-riemannian
manifold whose Riemann tensor does not vanish on open subsets of V, then the

Lie algebra K(V,j) is finite dimensional and its dimension is at most 3.
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Proof. I'rom our assumptions it follows that there exists an open subset W of V
such that for all p € W, R(p) # 0 (R is the curvature scalar). For each p € W
consider then the vector space K, (¢f. §.5.1). If for all p € W one has dim Ky =0,
then obviously K(W, jjw) = {0}; otherwise there exists at least a point p; in W
such that K, is not trivial. This leads to two possibilities: either for all p € W one
has dim K, = 1 or there exists py € W for which dimK,, = 2. Due to the upper
semicontinuity of the function R, it follows that there exists an open subset U/ of
V such that the 2-dimensional pseudo-riemannian manifold (U, Jju) is K-regular
and such that its Riemann tensor is nowhere zero. The preceding theorem tells
us then that K£(U, ;) is finite dimensional, its dimension being at most 3.

Let s+ K(V,j) — K(U,jy) be the map associating with X € K(V,j) its
restriction to /. This map is clearly linear over the reals. We prove now that it

is injective.

To prove this it is sufficient to prove that if X € K(V,7) is such that s(X) =0
then X is identically zero in V. Let then ¢ be a point in V such that R{g) s 0, and
let r € U. Since V is connected, there exists a differentiable curve v: [0,1] — V
such that v(0) = 7, ¥(1} = ¢q. Now, as K = ~v({0,1]) is a compact subset of V,
we can find a finite open covering of K, (4y,....,A,) such that r € A}, ¢ € A,,
and, for every 1 <4 < (m — 1) A; N A;1, # &. Furthermore each of the 4;
can chosen to be the domain of an "isothermal” coordinate system [79], that is, a
coordinate system {u,v) with respect to which j takes the form j = fn where 5
is the pseudo-euclidean metric of the same signature as j and f is some positive

function on A;.

Consider then X| 4,; since the Riemann tensor does not vanish on open subsets
of A;, X|a, is a conformal vector field of (AiyJ)a;)- Thus, its components with
respect to the isothermal coordinates are harmonic functions of these coordinates.
Consequently, if these components vanish on some open subset of A; they vanish
everywhere in A;. The conditions imposed on the family (A;) and the fact that
A1 NU # & show then that X| 4, = 0 for all ¢, hence that X, = 0. Since the set of
zeros of the Riemann tensor of V does not contain open subsets of V it follows,

by continuity, that X vanishes everywhere.

Thus, s is injective, and since it is linear over the reals, it follows that K(V, 5)

is isomorphic to its image by s. This proves the theorem M
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EXAMPLES.I-The riemannian case

One can use the preceding calculations to find some examples. We describe
here a family of 2-dimensional riemannian manifolds (V, j)for which the Lie alge-
bra K(V,j) is 3-dimensional.

Let us consider an open subset V' of R? together with coordinates (u,v). Let
¢,d € R (¢ # 0) be such that cv + d is strictly positive at all points of V.

Let @ : V — R be a harmonic function.

Define:

j = e2b(u) ((CU +d)& o )
0 {cv -+ )&

A simple computation gives as the only significant components of the Riemann

tensor:

1
Rly, = —RYy, = ,
232 112 2(CU+C£)2
whilst the Ricci tensor has components:
Ry =Ry = !
S 2(cv + d)?

This gives for the Ricci scalar:

R = e~2%(cv + )" (cv + d) -2,
So:
D(v) = ecv +4d,

thus, K = 0 in (5.2.28). Consequently, one has :

Blu,v) = (cv + d)(Aju + Ay),

where A; and A, are real constants. Using then (5.2.20) we get:

A
&, v) = L (u? = v?) + ey — dAw + Ay,
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where Az is a real constant. Thus; the following curvature collineations span

K(V, 1)

X; = au;
Xy = [5(u? = %) = o]0, + u(ev + ),
X3 = cud, + {cv + d)0,.

EXAMPLES.II-The lorentzian case
Consider an open subset U of R? with coordinates (s,t) and let ¢,d be real

numbers such that ¢ — ¢t + d is strictly positive at all points of U.
Let @ : U — R be such that A¢ = 0. Then the metric j defined on U by

jzem(“(“*dﬁ’ 0 )
0 (ct+d)= )’

has a 3-dimensional Lie algebra of curvature coilineations; this Lie algebra is
spanned by the following vector fields:

Xy =9,

Xy = [5(32 +12) + )0, + s(ct + d)d, .

X3 = es9; + (ct + d) 0

EXAMPLES.IIL. From the above examples we get the following space-time
(M, g), where M is an open subset of R* with coordinates (¢,s,u,v) such that
t#£0 and v#£0in M, and g is given by

—te?st 0 0 0
0 text 9 0
=1 ¢ 0 welw 0

0 0 0 peluy

The vector fields

Xy =0,

X, = (s* ; tg)é)s + stdy,
X5 =80, + 10,

Xy =0y,

X5 = ‘(“tﬁ%ﬂau + uvd,,

Xg = udy + vd,,
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form a basis of (M, g). The Riemann tensor of this space-time is given by

1
Rys = Ryy = 57

and so it has Segre type {(1,1){11)}. Thus, it may represent a non-null electro-

magnetic field (cf. Ch.2, p.51). Since its Weyl tensor is non-zero, its Petrov type
is D (see TABLE at the end of Ch.2).

As a corollary of T.5.2.5 and 1.1.8.9, we have

THEOREM 5.2.6.If (M, g) is connected, simply connected and geodesicallv
complete class (I} space-time, the Lie-algebra K{M,g) is finite-dimensional and

its dimension is at most 6.
5.3.Space-times of class II{a).

In this section, we consider space-times (M, g) with the property that there
exists an open dense subset O of M such that for every p € O the set of solutions

of the equation given at p by:
Rabcdvd = 0, (5.3.1)

is a 1-dimensional non-null subspace of T,(M). We denote by V, this subspace.
In all that follows we make the assumption that the distribution p — V, is in
fact defined in the whole of M, is differentiable and, furthermore, that there exists
a nowhere null, nowhere zero, vector field u on M such that for every p € M Up
spans V,. We assume u scaled in such a way that vy, = ¢ = +1.
A space-time satisfying these conditions will be called a class 1I{a) space-time

in the sequel.
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General observations

The following result is due to Collinson, [11}:

THEOREM 5.3.1. If (M, g) is a class II{a) space-time and v is the solution of
(5.3.1) described above, then u Is a geodesic vector feld.

Proof. One has R%4u, = 0, consequentely:
Rabcd;k”a + Rabcd“a;k =0

This gives
Ry ta + B eatagp) = 0,

and the Bianchi identities give, therefore:
Byca)ta;p) = 0.
Contracting with u* we get:
R peq(ugput) = 0,

and this proves that u,zuf = (v, for some function ¢ on M. In fact if at some
point p of M w, ;u is not parallel to u then this holds in some open neighbourhood
of p. Now in this neighbourhood either the Riemann tensor is zero or its rank
is at most 1. This contradicts our assumptions about the rank of the Riemann
tensor.

As u has constant length one hasin fact ( =0 W

THEOREM 5.3.2. Let (M, g) be a class II{a) space-time, u the vector field on
M defined at the beginning of this §. Then if XeK(M,g) there exist functions
%", p" in M such that the following relations hold (cf. §.5.1):

(a).h" s = 0" gap + 9" ugup;

(b).f" b = Xbugy

(e)fu, X] = (" +¢p" Ju.,

Except when confusion may arise, we shall drop the superscript X in the

objects defined above.
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Proof . Relation (a) follows from T.2.3.1.(b). Now, if C denotes contraction one

has C(u ® Riemann) = . Hence,
L x{C{u ® Riemann)) = 0.
As Lie derivation commutes with contractions, this gives
C(Lxu ® Riemann) + C(u® L x Riemann) = 0.
Since X is a curvature collineation it follows that :
C{Lyu® Riemann) = 0,
so one has, for some differentiable function o : M — R:
Lyu=ou.

Now one has,
[0, X} = ~oug = WXy — Xbuyy =
W (W gap + prauy + fop) = Xbugy =
(¥ + ep)ug + fapud — XPugy,
Contracting this with 4® and using udug = fuub = 0, we deduce that ~o =
¥ + ep; this proves (c); (b) follows immediately M |

We deduce from this that:

THEOREM 5.3.3. Let (M, g) be a class Il(a) space-time, uthe vector field on M
defined at the beginning of this §. For XeK(M,g) define o™ = cut X, (€ = utu,),
Z=X-a u, sothat u*Z, = 0.Then

(a).uba: = +ep;

(b).[u,Z] = 0.

Again, the superscript X in o will be dropped whenever no confusion is

possible.
Proof. As u is geodesic, we have :
(" +ep”) = utlu, X], = ut(ubX - XPugy) =

wlub(ayu, + Uy + Zoy) = cubay + u“ubZa;b =
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eubay, — 7.t”2"“ua;;J = eubay,.

This proves (a). Using (a) and T.5.3.2.(c) we have
[w, Z] = [u, X — ou] = [u, X] — [u,aqu] = 0,
and the proposition follows B
It follows that:

THEOREM 5.3.4. Let (M, g) be a class 1I(a) space-time. If XeK(M,g) then :
(a).eay, = (If)x + pr Jum + Z%(Ugym — Uppsa)-

(b).Either ¢ + ep™ is constant or the vector field u is hypersurface orthogonal .
Proof. We have X, = au, + Z,, hence:
ATy = oqu™ -+ au™y + Z™ .

Now, as X" is a curvature collineation , contracting (5.1.2) with », we get, using
(5.3.1):

XmuaRabcd;m - uaXa;mRmbcd = (.

Now we have, using the above decomposition for X:
(cu™ + Z™ Mg R i — gl u® + au®,, + Z% ) R ™eq = 0,

that is :
~ €0y ™ yoq — aug U R pog — g 2% 0 R™ g + au™uy RO g+ 2™ g Rbegm = 0.
The second term in this expression vanishes as u,u®,,, = 0, so it becomes:

~ e R peq — g 2% B ™ poq + au™u, R%eg.m + ZmuaRabcd;m = (. (5.3.2)
Consider separately the last three terms of this expression :

—U L% R pea = £y B e

as utZ, = 0 gives u, 2%, + Z%Ug.;m = 0. From u R%.p = 0 we get ug,,m R%eq +

Ug F%d.m = 0, 50 the second term becomes:

aum(uaRabcd;m) - “aumua;mRabcd =0,
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as u™ug.n, = 0. Again using the relation above we have:
2™ Ry oam = —Z™ U B4,
and so replacing in (5.3.2) we get :
=€ B yed + Z%Ugmn R pod — £™ g Rcq = 0.

Interchanging a and m in the last term this gives:

(—eam + Z%(ugm = tmia)) B ™pea = 0.
Consequentely, there exists a function ¢ : M — R such that

— €0+ Z%(Ugm — Umsa) = — (U

Since ear,u™ = ¢ we deduce that ¢ = (¥ + ¢p). This proves (a).
It follows that :

X x
CQpp = (¢ +ep )pum + (wX + pr)um;p + Za;p(ucz;m - um;a) -+ Za(ua;mp - um;ap)'

Contracting this relation with u™, doing the same for €y, and substracting we

get:
e(v,[;x . epx )p + umZ“ua;mp - umZ“um;aP — um(¢x + epx)mup — umZa;mua;p

+umZ“;mup;a - Z“umua;pm + Z“umup;am = (. ()

The second and fifth terms of (%) give:
U™ 2% (Ugmp = Uarpm) = 0,

since u contracts the Riemann tensor to zero. Therefore () reduces to:

R WY S e

~uMZ% gy + U 28 g, + 20U Uy, = 0. ()
The fifth term of (=) gives:

m a —_ m..a
UL Upg = LU U

since ju, 7] = 0. As u®u,,, = 0 we have :

pio

m7a - m,a —_ @, T
UL g = — LU Ui = = LU U g,
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so the fifth term cancels with the sixth in (). Similarly, using again u™u,, , = 0

and fu,Z] = 0, we prove that the second and the fourth term cancel each other.
{b) follows M

INOTE.5.3.1. This last result justifies a division in the study of this type of

space-times according to whether u is or not hypersurface orthogonal .

NOTE.5.3.2. T.5.3.4 is closely related to a similar result due to Collinson, {11},
which was, however, obtained in a different setting; in fact, Collinson proves that,
if, under the same conditions on u, ¥ g+ pu,uy is a metric with the same Riemann
tensor as g,; then either u is hypersurface orthogonal or the function ¥ 4 ¢p is

constant.

The case when there exists a curvature collineation solution of (5.3.1)

Lemma 5.3.5.Let (M, g) be a class II{a) space-time and u be the prefered vector
field defined at the beginning of this §. If there exists a differentiable function
At M — R such that MAueK(M,g), then u is hypersurface orthogonal.

Proof.. Setting X' = Au, we have o = A, Z = 0; so we have, from T.5.3.4(a):
A = €™ + €0 Vi, (5.3.3)

thus, either A is constant or u is hypersurface orthogonal .

Let us, therefore, analyse the case when X is constant. We set A = 1.

Consider the bivector of u, Fjp = u(,). F is simple since u contracts it to zero.
Therefore, there exists a vector field z orthogonal to u and such that F,2% = 0.
Let us assume there exists a point peM such that F does not vanish at p. In the
case when z is non-null we can then, in any sufficiently small open neighbourhood
U of pin M, choose an orthonormal basis of vector fields of the form (u,v,z,y)
where, setting z%z, = ¢, we have vy, = —e€, y%y, = 1. There exists then a
function g : U -+ R, which is nowhere zero and such that Fy = 2uvj,yy); thus,
we have ugy = ge + puguy + 2uvyy). Using this relation to compute w,q,
and then contracting ugp = 0 with zoub we get proudu,, = prouby,, = 0.
This, and 2%, = 2%y, = 0 prove that v%{u, z|, = y*{u,z], = 0 in U. Therefore,

p — span(u,, x,) is an integrable distribution.

|
|
]
3
\
|
)
1
;
»
|
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In the case when z = ! is null in U we can construct a null tetrad of the
form {u,{,n,y) (where n,! are the null vectors; u is necessarily spacelike in this
case). There exists then a function p : U/ — R which is nowhere zero and such
that Fop = 2uly), and this gives ugy = ¥ga + puyuy + 2ulyy)- Using this to

compute ugy, and contracting ug.p) = 0 with 1% we get :
—ubthy - + pleuby = 0.
Contracting ug e = 0 with ntuble we get:
—ubiy — epp? — publoy,, = 0.

Comparing these two relations we deduce that pleuby,, = 0. Thus, the distribu-
tion p — span{u,. z,) is again integrable.

Notice that, in both cases, [u, ] is parallel to z.

From the above results we deduce the existence in U/ (restricting U if neces-
sary) of a coordinate basis of vector fields of the form (u, S5, T, W), where § = Bz
,B being a solution of £, B = ¢. Considering then the function A = u2T, we prove
quite easily that, since {u,T] = 0, we have ub4, = 0; similarly, using [S,7]} = 0.
u®S, = 0 and F,;SP = 0, we prove that S*A, = 0. It follows that, if 7' = Au— 7.
then [u, '] = [S,7"] = 0 and u*T! = 0. Completing then (v, S,T") into a coordi-
nate basis, we see that we can assume from the start that A = 0 in U. Similarly.
we prove that the function C' = weW, satisfies uaC, = S¢C, = 0.

Denoting then by (r,s,t,w) the corresponding coordinates, ¢ has, in these

coordinates, the following form:

e 0 0 C
|0 ¢B2 D F
=Yoo D H L]

C F L M

where B, D,.., M are differentiable functions on U, C depending only on the vari-
ables ¢t,w. This gives, as u' = g(u,.) = edu + Cdw and h* = g+ pu' @ u':

0 0 0 0

0 ¢B2 D F
=41y p & I

0 F L —eC?4+ M

On the other hand, computing k% directly we get:
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0 0 0 0
0 2¢B25.B 0.D O,F
=121 " oD am oL
0 &F 8L oM

Comparing this two matrices and defining ¥ : U — R as being a solution of
0,V = 3, we find that B = e¥b, D = e2¥d, F = 2¥f, H = ¢2%h, L = €?¥] and
M = eC?+e2¥m, where the functions b,d, f, k,I,m do not depend on the variable
r.

Notice that, as follows from the above expression for «/, we have :
2F = (0,C)dt A dw.

As u is the fArst coordinate vector field, the conditon Ry 4u? = 0 translates, in
these coordinates, to R4, = 0.

In both cases (null, non-null) a simple computation gives:
Ry = —(92V 4 (9,9)?).
Using the fact that this must vanish, we get then, in the non-null case:
Rliyy = =02 Ce2¥(9,0)2/4A,

where A is the determinant of the matrix of g.

In the null case, we find that:
RP131 = —ede?¥ (9,0)2 44,

and
Ry = “ffew(atc)gMA-

It follows immediately that, in both cases, we must have 8,C = 0: this con-
tradicts the fact that the bivector F is non-zero and thus proves the lemma.(For
any simple bivector H on M denote by Ny the set of points of M where H is
non-zero, by Zy the interior of its complement; denote then by Iy the set of
points of M where H is non-null and by Ly the interior of its complement. Then
Iy ULy UZy is open dense in M . We have proved above that in the case of F,
both Ay and By are empty; by continuity F vanishes everywhere) W

We deduce that:
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THEOREM 5.3.6. Let (M, g) be a class II(a) space-time, u the prefered vector
field on M defined at the beginning of this §. If there exists XK (M,g) which is
parallel to u then:

(a).If u is a global gradient, K(M,g) is infinite dimensional over the reals;

(b).If the set of zeros of X has empty Interior, (M, g) is locally conformally equiv-

alent to a decomposable space-time.

Proof. By assumption, there exists a differentiable function A : M — R such
that X = Au. From L.5.3.5 we deduce that u is hypersurface orthogonal and from
T.5.3.4.(a) we deduce that A, is then parallel to u,y,, or A is constant.

Let ¢ € F(M) be such that ¢.,, is parallel to u,,. Consider then W = ¢Au;
we have

I/Va;b e qb;b)\u“ + QS(A’UQ);E,.

Replacing this for X in (5.1.2} and using (5.3.1) we see that W is a curvature
collineation . This proves that (A, g) is infinite dimensional. In fact, take the
function ¢ above and for every integer k consider the function ¢*; the gradient of
this function is still parallel to u and ¢*X is therefore a curvature collineation.
Now consider the vector subspace of F(M) spanned by the ¢*, for all integers
k. This vector subspace is infinite dimensional whenever ¢ is not constant. This

proves (a).

From the preceding lemma we know that u is locally a gradient. The above
argument can therefore be applied in the neighbourhood of every point of M.
Take then a point p in M such that X, # 0. Then, at p, the function A does not
vanish; consequently, in some open neighbourhood of p, u = (1/A) X is a curvature
collineation. Since this can be done for all points in an open dense subset of M
we see that u € KL(M,g). This implies that there exist ¢, p € F(M) such that, as
the bivector of u is identically zero (L.5.3.5):

Ugip = Ygap + PlgUp, (534)

and in fact we have ¢p = —) since utugy = 0. Computing then u,, and using

the fact that uy gy = 0, we get:

., = eubihyu, = —eppu,. {5.3.5)

Thus, v, is parallel to u,.
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Consider then the 1-form ¢ on M given by o, = —eyu,. The preceding result
on % shows that do = 0; the Poincaré lemma (cf. Ch.1) tells us then that for
every point p in M we can find an open connected neighbourhood U of p in M
and a function ¢ € 7(U) such that &, = o,.

Consider then the metric § on U given by:

g =e%yg.

If one denotes by " the Christoffel symbols of the Levi-Civita connection of g and
by I' those of the Levi-Civita connection of g, then we have, in U/, with respect to

every coordinate system:
Agc - —m!bucéab - €¢1Lb5ac + €¢uagbc + FabC'

Let then Y = e—%uy; denoting by n the covariant differentiation with respect to

the Levi-Civita connection of §, one has then:
e‘I’Y“,,b = epupu® + utyy = ehupu® + uty + u{-epu bty — erydt, + eulgy] = 0.

Thus, (U, §) admits a covariantly constant non-null vector field. From our
remarks at the beginning of Ch.4, we deduce that (U, §) is decomposable and this
proves (b) M

Keeping the same assumptions and the same notation as in the preceding
theorem, consider the vector field Y7 this vector field is covariantly constant with

respect to the metric §. Setting then f’a = ., Y?, the tensor field
koy = Gap — €Y, 1) = egé(gab - Cuaub) = ezq’kabu

is covariantly constant with respect to §. For every point p on U let ui)'- denote
the subspace of T,(M) orthogonal to u, and consider the distribution p uIJ; on
U; this distribution is integrable. Take then any point p, in U and denote by
V the integral manifold of this distribution through p,. Then for every p € V,
fcp is just the evaluation at p of the metric induced on V by §. Restricting U if
necessary we can then assume that (U, §y) is isometric to a product of the form
(I x V,i @ k), where (I,7) is a 1-dimensional pseudo-riemannian manifold of the
convenient signature.

Let now X € L(U,giy) and let ¢ = ", p = p; setting @ = eusX, and
Z = X — au, we have proved in T.5.3.3 that [u, Z] = 0. This means that X is
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projectable (cf. §.1.2) with respect to the above decomposition. On the other

hand, we have:
(CZk)ab = chab;c + Zc;akcb + Zc;bkac

= €Uy LUy — €ULL Upe + g — €UpULC g + Lo — €ULULZLC

Using then T.5.3.3.(b) and since ap = €(¢ + ep)uy (cf. T.5.3.4.(a)), this gives,

since @, 1s parallel to u,:

- A

Lok =26k

The above remarks on the projectability of X together with this relation show
therefore that Z is a conformal vector field of (V, k). Thus we have the following
theorem (part of which is due to Hall):

THEOREM 5.3.7. Let (M,g) be a space-time satisfying the conditions of the
preceding theorem. Then every curvature collineation of (M,g) is locally of the
form X = au + Z, where the function « has its gradient parallel tow and Z is a

conformal vector field of the pseudo-riemannian manifold (V, k).

Finally, let us consider the case when u is covariantly constant in (M, g). The
preceding results hold obviously, but now with g in the place of § and k in the
place of k.

Let then X € K{M,¢), and consider the vector field Z defined as above. Then
Z is a conformal vector field in (V) k). On the other hand, since o, is parallel to
u, and u is covariantly constant, the relation (5.1.2), when applied to X, reduces
to exactly the same relation but with Z in the place of X. Now as the Riemann
tensor of (M, g} can also be considered as the Riemann tensor of (V, k), this implies
that Z is a curvature collineation of (V, k).

This tells us that along the integral curves of Z the Riemann tensor of (V, k)
does not vary. However, this vector field is conformal with respect to this metric;
thus the metric £ is scalled along this same integral curves by the function ¢. Now
it has been proved by Hall [35] that under these circumstances, the gradient of ¢,
if non-zero at some point of V, must contract the Riemann tensor to zero in some
open connected neighbourhood of that point. Our assumptions on the Riemann

tensor tell us that this is only possible if the gradient of ¢ is zero (there are no

such vectors tangent to V).
Thus:




CHAPTER 5 131

THEOREM 5.3.8.If u is covariantly constant, every curvature collineation X
of (M, g) is locally of the form X = au+ Z, where the function « has its gradient
parallel to v and Z is a homothetic vector field of the pseudo-riemannian manifold
(V, k).

NOTE.5.3.3. If we start with a space-time satisfying the conditions of T.5.3.6,
with u covariantly constant, then our assumptions tell us that the only vector
fields satisfying (5.3.1) are parallel to u. When u is not covariantly constant we
can conformally scale the metric so that, with respect to the new metric §, u is
parallel to a covariantly constant vector field. However, it does not follow, now,
that the vector fields satisfying (5.3.1), with respect to §, are necessarily parallel
to u. To see this take an open connected subset M of R4 together with coordinates

{t,u,v,z), and consider the metric g defined on U/ by:

100 0
el | O 100
g=e" 0 0 f 0

0 00 f

where f : U — R is strictly positive and depends only on the variables v,z and
a,b are real constants (a # 0). A simple calculation shows that the non-identically

zero components of the Riemann tensor of ¢ are:
a?
Rigis=Rue = f eloutb),

and
elautb)

Rygq = — i (2f02f —2(0,f)2 +2f0%f — 2(8, f)* + a® f3).

This shows that, in general, the Riemann tensor of this metric has rank 3; conse-

quentely equation (5.3.1) has (in general), for this metric, at most one indepen-
dent solution. In fact, the above expressions for the Riemann tensor show that
if v satisfies (5.3.1) then necessarily v = ad,. Moreover, there are no covariantly
constant vectors for ¢g. In fact one such vector has to satisfy (5.3.1), so it has the
general form above; a simple computation shows then that in the above coordi-
nates vy, = —ace®®t/2 and this shows that v cannot be covariantly constant
unless if it 1s identically zero.

Notice now that the metric j = e~(0¥+blg is ?14142".decomposable (8; and

d, are both covariantly constant with respect to ).

The condition on u imposed in T.5.3.6.(a) is actually too strong a condition

ag we now prove:
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THEOREM 5.3.9. Let (M,g) be a class II{a) space-time, u be the prefered
vector field defined at the beginning of this §. Assume that (M,g) admits a
curvature collineation parallel to u. Then the Lie algebra K(M,g) is infinite
dimensional if and only if there exists a non constant function § € F(M) whose

gradient is everywhere parallel to u,.

NOTE.5.3.4. Notice that, as proved previously (L.5.3.5), a function such as ¢
always exists locally. The above statement on 6 is a statement about the global

properties of u.

Proof. By assumption, there exists X € (M, g) which is parallel to .

Assume first the existence of the function 8. Then for every integer & the
vector field 0¥ X is a globally defined curvature collineation (as follows from the
condition on the gradient of #) and the subspace of K (M, g) spanned by all such
elements when k runs through the integers is infinite dimensional (as follows from
the non constancy of §).

Conversely, assume that K(M,g) is infinite dimensional.

Let then Y = o’ u + Z be a curvature collineation .

Since the existence of X guarantees that u is hypersurface orthogonal (cf.
L.5.3.5), it follows that the gradient of o is everywhere parallel to u. Thus, if
this gradient does not vanish identically in M we set &' = 4.

Otherwise o is constant, since M is assumed connected. In particular the
vector field X defined above is a constant multiple of w.

The relations (5.3.4) and (5.3.5) (cf. Proof of T.5.3.6) show then that either
u is covariantly constant or the function 1 can be chosen to play the role of 8.

Thus, the only case that remains to be analysed is the case when u is covari-
antly constant and every curvature collineation is of the form ¥ = ru 4+ Z where

7 is a real constant and Z is orthogonal to u. In this case however, Z satisfies:
Lyh = 2¢h,

where hgp = ggp + €ugup, and we have proved in T.5.3.8 that ¢ is constant. This
shows that in this last case (M, g) is finite dimensional, thus contradicting our

initial assumption M

NOTE.5.3.5. The special case when u is covariantly constant has been consid-

ered by Katzin et al [54]. These authors noticed that for every function a whose
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gradient is parallel to u the vector field au is a curvature collineation. However,

these authors did not study the general case.
EXAMPLES.

Consider an open connected subset U/ of R* with coordinates (z1, 2%, 23, 2%)
and let ¢ be a metric on U for which the space of solutions of (5.3.1) is spanned
by u = 9.

The assumption that there exists X € K(U,g) parallel to u implies, by
T.5.3.6.(b), that (if we choose U/ small enough) we can assume the existence
of & € F(U) such that

g = e*Ph,

where % is a metric on U for which u is parallel to a covariantly constant vector
field. This implies the existence of functions h,g € F(U) such that dihyg = 0

and:

h = edz! @ dz! + hypdr® @ daf,

where o, 8 = 2,3,4. Now we can consider the hypersurfaces S, of U given by
zl = ¢, where ¢ € R, and, in them, the metric j = h,zda® @ dzf; since this is a
3-dimensional metric it is known that we can find coordinates in §, (restricting
S¢ if necessary) for which j is diagonal [68]. Thus, we may assume from the start

that the coordinates have been so chosen that:

h = edz! @ dat — eF(z®)dz? @ da? + G(2%)dz® @ dx® + H(z%)dz* ® dz*.

Hence:

g = e?®(edal @ da! — eFdz? @ dz? + Gdad ® da® + Hdzt ® dzt).

Since we assume that u spans the space of solutions of (5.3.1), T.5.3.1 tells

us that u is geodesic. Defining then v, = ugpub, v, is parallel to u,. A direct

computation gives in the above coordinates v; = €€?®9;® and 0 = v, = —¢e?2%9,d
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for @ = 2,3,4. This shows that ® depends only on zl. A simple computation

gives then:

9 2]
Ré1 =879

and so, as this component of the Riemann tensor vanishes by (5.3.1), we deduce

the existence of real constants a, b such that:

g = X' ) (edyl @ dal — eFde? @ da® + Gda® ® da’® + Hdzt @ dat).

This 1s, therefore, the general local form of a class 1I(a) metric which ad-
mits a curvature collineation which is a solution of (5.3.1). Any other curvature
collineation is of the form f(2!}0; + Z, where Z is a vector field on each hyper-

surface S, which is conformal with respect to the metric j defined above.

Recently [76} some attention has been paid to the particular case of spherically
symmetric metrics [57] which admit proper curvature collineations. When we ask
furthermore that such metrics belong to class [I(a) with the solutions to (5.3.1)
orthogonal to the orbits of the SO(3) group of motions, the above results tell us

that the general form of such a metric is:

g = €202 ) (edrl @ da! — ee® (=) dz2 @ dz? + 2405 ) (B @ df + sin? 0dp @ dp)). (%)

The metrics found by Tello-Llanos [76]:

g=—dt@dt+ (t +¢,)°r=2U%(r)(dr ® dr + r2(d0 @ df + sin® 8d¢ @ do)),

and

3

dv'?
g= __(r+ro)2U—2(t)-£? dt@dt+dr@dr+(r+r,)2V2(t)(d0®d0+sin® 8dp®dg)),

are obviously members of the family decribed by () (modulo a change of coordi-

nates). They contain in particular the Robertson-Walker models:

r2

1R

g=—=dt@dt — (14 Ct?)(1 + —=)(dr ® dr + r2(df @ df + sin’® 8dé ® d¢)).
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That the Einstein static model given by the above expression with C == 0 had

a proper curvature collineation was noticed by Katzin et al [53].

Having analysed the case of class Il{a) space-times for which there exists a
curvature collineation which satisfies (5.3.1), we have now to analyse the case of

class II(a) space-times for which no such curvature collineation exists.
The general case.

In what follows we shall split the study according to whether the vector field
u is or is not hypersurface orthogonal . Since some remarks and definitions are
common to both cases we start by introducing them.

In what follows we shall assume that the function R (defined in §.5.1) is
constant (see §.5.1).

Consider then a point p, € M and let R(p,) = r; let I/ be an open connected
neighbourhood of p, in M which is regular (cf. §.5.1). We can then find a
family X ,..., X, of curvature curvature collineations defined in U such that the
vectors X, span a r-dimensional subspace of T, (M). By continuity and by
the constancy of R, we deduce (restricting U if necessary) that every curvature
collineation defined in U is a linear combination of the above vector fields with
coefficients in the ring F(U).

Finaly, restricting again U if necessary, we may assume that there exists a
family of vector fields on U, of the form (u,v,z,y) which at every point p of U
defines an orthonormal basis of T,(M).

A regular open subset of M where the above constructions are possible will
be called a nice open set from now on.

Let then p, € M and let R(p,) = r. Let U be a nice neighbourhood of p,
and let 7 = {X,,..., X} be a family of curvature collineations in U/ with the
properties of the above family. We shall say that F is a K(U,g;y)-spanning
family (or simply a spanning family). Every curvature collineation on U is
then a linear combination of the elements of F with coeficients in the ring F(I/).
Thus, if ¥ € K(U, gji7), there exist unique functions AL e F(U),1 £I<rsuch
that

Y= AKX, (5.3.6)

157<r
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In what follows we shall keep this notation for the components of ¥ with respect
to the spanning family F; however, if no confusion is likely, we may drop the
subscript Y.

On the other hand, since each X, is an element of K(U,gy) we can find
., p, € F(U) such that (cf. T.5.3.2), setting &7 = h’, we have

!
hay = ¥ 9ab + P UaUp. (5.3.7)

Since U is a nice open set consider an orthonormal tetrad B = (u,v,z,y) on

U (cf. Ch.2). Then, we can find functions «,,3,,v,,8, € F(U), 1 <I < r, such
that

X, =a,u+fv+yz+8y. (5.3.8)

This allows us to define a map v : U — L(R",R*%), by defining for p € U, v(p) as

the linear map from R" to R4 given in the canonical basis of these spaces by the

matrix
O.’1 0’2 . . . Gy
Mol B BB
105 TS I £
b 6 . . . &,

where the functions «,, 3,,v,,6, have been evaluated at p.

Since the columns of this matrix are precisely the components of the X, with
respect to the basis (u,v,z,y), and since the family F has rank r at every point
of U, we see that v(p) is an injective linear map for all values of p (notice that
r < 4).

Let now y € K(U, gy}, and let the functions A;- be given by (5.3.6). We set
then

A;;b = A:ub + Afvb + Afa:b + A:yb. (5.3.9)

Define then, for 1 < j < 4 the map
Q(Y): U - R,

by setting for p € U:
V(I )p) = (4, A7),

prem Ay
where the functions A;j have been evaluated at p.

We can then consider, for 1 < 7 <4, the map

Aj 1 U x /'C(U,gw) — R4,
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given for pe U and Y € K(U, gjy) by

N (YY) = v() O (Y)(P)), (5.3.11)

In what follows we are going to study these maps in detail.

First notice that A7, I < j <4, depends both on the spanning family F and
on the orthonormal tetrad B. Let F and B be nother spanning family and or-
thonormal tetrad. Then we can in the same way define the maps A7 corresponding

to F and B. Writing B = (zy, 29, 23, 74) and B = (2, 2y, %3, &), we have, in U:

where the U/} are differentiable functions in U.

Define for Y € K(U, i), M(pY) = (01, ...,0%), Ai(p;Y) = (&%,...,6%)
and, setting F = {X1,..., X,}, let Ad(p; K1) = (ale, s ozj). Using these notations
one then proves easily that

Gii= " UlU (o = Y ATgbm), (5.3.12)

1<k, m<gd 1€L<r

I{Y € K(U,giy) and it F is a K(U, gjyy)-spanning family and B an orthonormal
tetrad in U, we have, with the preceding notation, for 1 < j < 4
MNpY)=(> ad”, 3 5,47, 3 74", 3 6,47). (5.3.13)
1<igr 157¢r 1gigr 1<I€r
Consider now the bivector Fyp = 2uf,4). We have shown (T.5.3.1) that this

bivector is either zero or simple at any given point of M. In what follows we shall

assume that if non-zero this bivector has the same type everywhere.

NOTE.5.3.6. These assumptions are somewhat justified by the fact that in any
case we can find a finite family of open submanifolds of M each of which has the

above properties and whose union is dense in M.

We start by considering the case when R == 1. We have the following result
due to Hall:

Lemma 5.3.10.Assume there exists X € K(M,g) whose set of zeros does not
contain open subsets of M and A € F{M) such that AX € K(M,g). Then either

A Is constant or X Is parallel to u.
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Proof.Since Y = AX we have:
20" gap + 20" gty = XX + Aa Xy + 207 gup + 200" up,
so we have:
2" — M )gap + 200" = A gty = M Ko + A X

At any given point p € U the tensor field on the left handside of this relation
has possible ranks 0,1,3 or 4; the tensor field on the right handside has possible
ranks 0,1 or 2. Thus either both have rank 0 or both have rank 1. In the first
case the gradient of A vanishes at the point in consideration; in the second case
X is necessarily parallel to « at the point under consideration. The conclusion of

the lemma is then immediate M

We assume from now on that R =r > 2.
The case when u is not hypersurface orthogonal

Here we assume that the set of points of M where the bivector F' does not
vanish is open dense in M. Recall that, as u is not hypersurface orthogonal , for
any given X € K(M, g) the function 9™ + ¢p™ is constant (cf. T.5.3.4.(b)).

Let then U be a nice subset of M and, keeping the preceding notation for the
spanning families, set ¢, =, + ¢p,. _

Let S(U) denote the set of those YeK(U, gjy) such that %" +ep =0. Then:

Lemma 5.3.11. S(U} is a Lie subalgebra of K(U,g1y), and dimS(U) > (r — 1)
(r =R) . Furthermore, if there exists Y K (U, gyr) such that %’ +ep’ #0, then
any other element W of K(U, g|i/) is of the form W = aY +bX, where a,beR, and
XeS(U).

Proof. From T.5.3.2.(b) we deduce that XeS(U) if and only if [u, X] = 0. This
immediately shows that S(U) is a vector subspace of K(U, giir); the Jacobi identity
proves that if X,YeS(U), then [u,[X,Y]] = 0, so S(U) is a Lie sub-algebra of
KU, gp)-

Suppose that dimS(U) < (r — 1). Then, for pel, the subspace S, of K,

spanned by the elements of S(U) evaluated at p has at most dimension (r — 1);
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consequently, at least one of the constants ¢,, 1 < [ < ¢ is non-zero. Reordering

the X,, we can assume that ¢, # 0. For 1 £ 7 < (r — 1) define then:

- -
Y, =¢X, —¢X,.

The family Y,,..,Y, _,,, X, is then a K(U, gyr)-spanning family and [u, Y]] = 0 for

LIS B O DY

1<I<(r-1}.

For WeK(U, gy}, define

X=@" +ep )W (¢ +e )Y,

then XeS(U), and this proves the lemma W

This lemma allows us to assume from now on that ¢, =0for 1 <7 < (r —1).
It also shows that K(U,g)y) is finite dimensional if and only if S(U) is finite

dimensional.

Define now, for p € U, &, as the vector subspace of T,(M) spanned by all
the elements of S(U) evaluated at p. S, is a vector subspace of K, by definition
and we have, by the above result, dimS, = r or r — 1. In the first case it is clear
that the spanning family F can be chosen such that ¢, = 0 as well, so that, in
particular dim &, = r for all ¢ € U. This shows that the dimension of &, is the
same at every point of /. If this dimension is r — 1, the spanning family F chosen
above (with ¢; = ... = ¢,y = 0) is such that the elements of S{U) are linear

combinations of the r — 1 first elements of F with coeflicients in F(U).

"To account for these two possibilities let s be defined as s = 0 if dimS, =r
and s = 1 if dimS, = r — 1. Then the family 7’ = {Xy,..., X,_,} is a spanning
family of S(U).

We can then construct, as precedingly, the maps v, /(Y and A7, but using
now the Lie algebra S(U) instead of K(U,g).
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A - The case when F is non-null.

In this case, we can choose the orthonormal tetrad 8 = (u,v,,y) in such a
way that v,y span the blade of F'. To account for the type of F' and as usu, = ¢,
weset 2%z, = ¢ and vov, = —e€, y?y, = 1. there exists then a function u € F(U)
such that

Fup = 20,y (5.3.14)

Choose then a spanning family 7 = { X}, ..., X,} as above (i.e. so that the the
family 7' = {X1, .., X(;_¢)} is a spanning family for S(U)). Take then Y € S(U},
so that we have

Y= > AX, (5.3.15)
1€Ig(r—s)

From (5.3.14) and (5.3.8) one deduces that:

o,y = C, —epd vy — €y, (5.3.16)

where ¢, = e, + p,. We have then

Lemma 5.3.12.Let YeS(U). Then:
(a).
!
Z *'P Ym malimAY;p) :O’
1LTE(r

(b).For every Y € K(U, |U) there exists a differentiable function P, : U — R
such that Al(p;Y) = A3(p;Y) = 0, A%(p;Y) = (0,0,0,-P,) and Ad(p;Y) =
(0,7,,0,0).
Proof. We have (¢f. §.5.1):
Y A, (5.3.17)
1S7E(r-s)
Differentiating this relation using (5.3.16) and comparing with the value of a.p,
given by T.5.3.4.(a), we get
Y Ay =0. (5.3.18)
1€Ig(r—2s)

Taking again covariant deriveatives and antisymmetrising this leads to (a).
Define then

> BAL. (5.3.19)

1<7€(r3)
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If no confusion is possible, we shall denote this function simply by P.

Since:

2¢Ygab + pruaub = Z (Ai,;bX.ra + A;;anb) +2 Z A;(Wb;gab + pfuaub)a

127¢(r—3) 1<7g(r—9)

we have:

Z (A;;bea + A;;abe) = 2Oygab + 2Nyuaub; (5320)
1<I€(rms)
where the functions O, , N, are given by

O,=v"— > A,

1</ <(r=3)

N, =p - Z ALXI.
1<7<r

Contracting this relation in all possible ways with the elements of the or-
thonormal basis and combining the resulting relations with those that result from

(a) in the same manner, we get (b) (for the detailed computations, see Appendix
51

Let X{,...,X; be another K(U, gy7)-spanning family, and (u,v',z,y’) be an-
other orthonormal basis under the same conditions as the basis (u,v,z,y), so
that there exist differentiable functions b,d,7,t on U such that v/ = bv 4 dy and
y' = rv+ty. If YeK(U,gy), then denoting by B’ the components of Y with re-
spect to the new spanning family, we find , after a lengthy but simple calculation,
that, with respect to the new spanning family and the new orthonormal basis we
have, using (5.3.12)

P =Y B'P, - P,]/(dr - tb),

where P, = Px,-
This shows that, despite the fact that P, depends on the orthonormal basis
and the spannning family chosen, the following assertions ,where p,elU, do not

depend on such a choice:

(A).There exists at least one YeK(U, gy} such that P, (p,) # 0;
(B).There exists an open neighbourhood V' of py in U such that if Y is any

curvature collineation on U, then the restriction of P, to V' is identically zero.
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In fact the above formula shows that if (B) is true with respect to some choice
of orthonormal basis and spanning family, then it remains true for any other such
choice; on the other hand, it is obvious that if (A} is true for some choice of

spanning family and orthonormal basis, then for no other can (B) be true.

A point peM is called regular if and only if it satisfies either condition {A)
or condition (B) above. The set of regular points of M is dense in M. In fact let
p € M be non regular, U be a nice neighbourhood of p and F a K(U, gy }-spanning
family. For all YK (U, gy) one has then P, (p) = 0, otherwise p would satisfy
(A); however there exists at least one YeK(U, g;y) such that P, is not identically
zero in U, otherwise p would satisfy (B); this shows that there exists at least a

point in U satisfying (A).

This leads to the:

THEOREM 5.3.13..Let (M, g) be a class [1{a) space-time for which the vector
field u is not hypersurface orthogonal, its bivector being non-null and assume that
R is constant, with R =r > 2. If p, is a regular point of M then :
(a). If p, satisfies (A), there exists a nice neighbourhood U of p, in M such that
K(U, g ) is finite dimensional. Moreover, dimK(U, gy} = r+2 or r+1, according
to whether or not there exists Y eK(U, giy) such that B +ep #0;
(b). If p, satisfies (B) there exists a nice neighbourhood U of p, in M such that
K{U,g9\v) is finite dimensional. Moreover, dimK(U,gy) = r + 1 or r, according
to whether or not there exists Y eK(U, ¢yiy) such that " +ep’ #0.

Proof.Let U be a nice neighbourhood of p, in M, (v, v, z,y) the orthonormal basis
defined above and F = (X} be a K(U, giy)-spanning family. In case (b}, choosing
U to coincide with the neighbourhood V of p, whose existence is guaranteed by
(B), we see that we have, for all YeK(U, gyy) (cf. L.5.3.12)

AM(pY)=0.

The definition of A7 gives then v(p)(Q(Y)(p)) = 0, and since v(p) is injective, we
deduce that /(Y) = 0 for 1 € 7 < 4. The definition of Q¥ and (5.3.9) show then
that A;;b = (0 hence that the A; are constants and this proves (b).

In case (a), let ¥,eK(U, gy} be such that P, (p,) # 0.
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Restricting the U if neccessary, we can assume that P, (which we denote
from now on by P,)} never vanishes on /. Setting A; = A,,I, QJY = 0,7, we
deduce from 1.5.3.12 that:

NM(pY) = AN (p Y,),

where A =P, /P,.
Using the definition of A7 and both the linearity and injectivity of v(p), we

deduce from this relation that we have:
QJ(Y) = ’\Qj(Yo)a
for all j. The definition of the (M gives then

AL = Moy, (%)

v:h =
and, taking covariant derivatives and antisymmetrising, this gives:
I I
/\;aAo b A;I}’A"o e = 0. (**)

It is clear from the preceding lemma that v(p)(2%(Y,)(p) — Q4(Y,)(p)) # 0.
and this proves that the two elements of RU=%) Q2(Y,)(p) and Q4(Y,)(p), are

linearly independent at all points of /. Using their definition one deduces that

12 (r—s)2
P = (ﬁ); : : : j(r—aﬂ )
has rank 2 at all points of U/. This in turn shows that given any point p in U we

can find indices J,L in {1,...,(r — s)} such that the gradients of A; and A;’ are

the matrix:

independent at p. The relation (#+) shows then that the gradient of A must vanish
at p. As p is arbitrary this shows that A is constant. From (x) one concludes then

the existence of real constants CI, 1 <1< (r—s)such that
I I I
A = )\Ao +(,

and this proves (a) M.

B - The case when F is null.

In this case, placing ourselves in a nice open set U of M, we consider again a

K{U, gy )-spanning family F = {Xj,.., X,} such that 7' = {X1,..., X;_q} is a
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spanning family for S(U). However, as F' is null it is now more appropriate to use
a null tetrad B = (n,l,z,y) (where [,n are the null vectors) such that I, v span
the blade of F'. There exists then a function 8 € F(U) such that

Fap = 2011,vy. (5.3.21)
With respect to this new tetrad each X, can be written
X, =rn+{l+aou+yv, (5.3.22)

where 7,,(,, «,, 7, are differentiable functions in U.

Using then (5.3.21) and T.5.3.4.(a) we get, for 1 <] < r — st
apy = 0rup — 0y, (5.3.23)

As for the previous case, given then Y &€ S(U), there exist unique Ai e F(U)
such that YV =Y ALXI; we define then the functions A" € F(U) by:

1£1€(r=s)
Ay = Alng + ATl + Al uy + Al (5.3.24)
The result of L.5.3.12.(a), as well as (5.3.18} and (5.3.20) being still valid

in this case we get, after some computations similar to those in the proof of
1.5.3.12.(b) {cf. Appendix 5.II), at the following:

Lemma 5.3.14..For every Y € K(U, gy) there exist differentiable functions, O,
and T, on U such that

Alp,Y) =(-0,,0,0,T,)
A*(p,Y) =(0,0,,0,0)
A3(p,Y) = (0,0,0,0)
Ap,Y) =(0,-7,,0,0,)

TT T2 . . . T(,.__s)

M = Cl 42 e e C(r-—-s) .
Gy Qo ... CY(,._S)
Tt T2 o o o V(r—s)

and the functions O, and 7, are given by:

O,=9% - > A,

1<I<(r-9)
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Ty= > 1A

1<I<(r-3)

Let p, ba a point in M, U a nice neighbourhood of p,, * a spanning family
in U and B a null tetrad in .

A simple but lengthy calculation using (5.3.12) shows that the following state-
ments do not depend on the choices of 7 and B, provided such choices are re-
stricted to satisfy the conditions imposed on F and B:

(A). There exists an open neighbourhood V of p, in M such that for every
YeK(M,g) O, and T, are identically zero in V;

(B). There exists an open neighbourhood V of p, in M and Y,eAX (M, g) such
that, given any other YeK (M, g):

0,7, -7,0,,

is identically zero in V;

(C).There exist Y,, Y, eC(M, g) such that :

(Oyl TYQ = OYOTYI )(po) # 0.

Define a point peM as being regular if and only if it satisfies one of the above

conditions. The set of regular points of M is, as in the preceding case, open dense
in M.

THEOREM 5.3.15.Let (M, g) be a class Il(a) space-time for which the vector
field u is not hypersurface orthogonal , its bivector being null and assume that R
is constant and such that R = r > 2. If p, is a regular point of M then :

(a). If p, satisfies (A), there exists a regular neighbourhood U of p, in M such that
K(U,gr) is finite dimensional; moreover, dim K(U, gy) =7+ 1 or r according to
whether or not there exists Y eK(U, gy} such that b 4 ep #0;

(b). Ifp, satisfies (B), there exists a regular neighbourhood U of p, in M such that
KU, gy) is finite dimensional;moreover, diim K(U, gjy) = v+ 2 or v +1 according
to whether or not there exists YeK(U, gji) such that " +ep’ #0;

(c). If p, satisfies (C), there exists a regular neighbourhood U of p, in M such that

KU, g\v) is finite dimensional; moreover, dim K(U, g|y) = r 43 or r +2 according
to whether or not there exists YeK(U, gy) such that P +ep’ # 0.
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Proof. The proof in cases (a) and {b) is similar to the proof of T.5.3.13. In
case (¢}, as p, 1s regular, we can choose a nice neighbourhood U of p, in M, a
spanning family 7 and an orthonormal family 5 such that there exist Y, and Y}
in K(U, gi7) satislying {c) at p,. By continuity, and restricting U if necessary, we
may assume that (¢) is satisfied by ¥, and Y} at all points of U. It follows from the
fact that v(p) is an injective linear map that, given any Y'eK(U, g1p), there exist |
differentiable functions @,b on some open neighbourhood (which we can assume

to be U) of py such that:
QIY) = afV(Y,) + QI (Y)),

This obviously gives:

I I I
AL =ad,)  +bA,

where Y, == Z:AOIX‘r and ¥, =% AIIX‘,. Differentiating and antisymmetrising
this relation we deduce that:

I 1 ! J
a;PAO im QQmAa P + b;PAz mo b;mAx P 0.

Contracting this relation in all possible ways with the elements of the null tetrad
and using the result of L.5.5.14, we prove then quite easily that a and b are

constants (see Appendix 5.11I) M

NOTE.5.3.8. These results tell us that if u is not hypersurface orthogonal then
"locally” the Lie algebra of curvature collineations is finite dimensional. The
question of whether this result is true for the global Lie algebra has not been
solved. One sees from the above results themselves that finite dimensionality
will be the case for space-times in this class which are themselves nice open sets.
If such a strong condition is not imposed then it may happen that K(M,g) is
infinite dimensional. The reason for this assertion is that, as remarked by Hall
[42], a global curvature collineation is in general not determined by its values on
an open subset of the manifold where it is defined (two vector fields of Minkwoski
space may coincide on some open set without being equal globally; however both
are curvature collineations).

Notice also that the above results show that in the analytic case £(M,g) is

finite dimensional (assuming all curvature collineations to be analytic).

NOTE.5.3.9. Unfortunately we have not been able to find examples of space-

times satisfying the conditions of this sub-section.

=
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The case when u is hypersurface orthogonal

We keep unchanged the notions of nice set of M and of generating family. We
recall that it is assumed that R =r > 2 in M.

Let U be a regular subset of M, (u,v,z,y) an orthonormal family of vector
fields and F = {X1,..., X,} a K(U, gjy)-generating family. Using the same nota-
tion as in the non hypersurface orthogonal case with F non-null, and a similar

method of proof we get (see Appendix 5.1V):

Lemma 5.8.16. Given YeK(U,gy) there exist differentiable functions O, N,..
T,,V, and W, on U such that, for 1 <j <4

A(p;Y) = 0/,

where the vectors @J are given by:

0l = (W, +¢0,,0,0,0),
0? = (0, -¢0,,7,,V,),

0% = (0,-7,,0,,W,),
0t = (0,-V,,-W,,0,).

NOTE.5.3.10. The functions defined above are given by:

O, =9 — > Ay,

1€I<r

Ny=p" = > A X,

1<i<r

T, = Z ')Q,Af,
1$I$r

\ Iz

v, = }: 8,A,
147 <r

ia

W, =Y §A.

181gr

This lemma shows that one can, at most, find five elements Y} of K(U, 9|7

giving independent functions O, etc. - in the sense that, given any other curvature
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collineation , the functions that it defines through 1.5.3.16, are functional linear

combinations of the functions defined by the Y;. In other words, defining

given any other YeK(U,gy), there exist differentiable functions a® on M such
that:
A=Y @, ;. (5.3.25)

Yb
1<agm

(where m is the maximum number of ¥; in the above sense).

Taking covariant derivatives and antisymmetrising the above relation we get:

I !
Z (aa;P(I)a;k - aan(I)a;p) = 0.

1<a<m
Contracting this relation with uPu*, ..., yPy*, taking each of the relations thus
obtained, multiplying it, in turn, by «,, 3,,7,,6, and then summing over [ we get

the following system (where we have set O, = O, etc.} (cf. Appendix 5.V):
Z(Eob + .A«fb)ab?' = 0,

b
> Opab! =0,
b
Z’I{)abl =0,
b

Z Veab! =0,
b

Z(Eob -+ J\fb)aw = 0,

b
Z Wbabl = 0,
b
> (—e0yab? + Tab?) = 0,
b

> (T ~ 0yat?) =0,

b
Z(VbabS - Wbab2) = 0,

b

Z(—e@bab'i + Vyab?) = 0,
b

z:('Tbat>4 + Wbabz) = 0,
b

S (Vyabt - Opat?) = 0,
b
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S (= Tyadt + Vyab®) = 0,

b
Z(Obab4 + Wbab:;) = 0,
b
Y (Wyabtt — Oyab?) = 0.
b

Suppose now that there exists Wek(U, gy) which is not a linear combination
of the X, with constant coeflicients; then, for every point p, in U, we can find

real numbers A%, A, ..., A" such that:

W= 0w+ Y X,

.'lSISr

satisfies:

o

Wpo = 0.
Writing
W= u'x,

1€igr

this gives:

o' (po) + 4" =0,

for 1 £ I <. A simple computation shows that one has then -

w!

¥ (o) = A0, (po).

This leads to the consideration of two cases:

(A). For all WeK(U, g1r), O

w 18 identically zero;

(B). For every p, € U there exists Wek(U, gjyy) such that O, (py)} # 0.

NOTE.5.3.11. [ am indebted to my supervisor, Dr. G. 8. Hall, for suggesting
the consideration of the fixed point case which ultimately lead to the analysis in

separate of the above two cases.
Case (A)

In this case, we have O, = 0 in U for all a; using the relations in the previous
page we deduce then that the functions ab, 1 < b < m have their gradients parallel
to u (see Appendix 5.VI)
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Let us consider then for Y € K(U, ;) and 1 £ I < r, the functions
n=A - abd). (5.3.26)
Taking covariant derivatives, and using (5.3.25), we get

I I
kT Z By aby,
b

s0, as the gradients of the ab are parallel to u, there exists functions p' € F(U)
such that:
n_fk = g (5.3.26)

Suppose then that U is sufficiently small for a coordinate system (r,s, ¢, w)
such that &, = u to exist on U (recall that » is hypersurface orthogonal and so
that its bivector is zero, as has been shown before).

Forl <7 <rlet Z, = X, — a,u. We analyse separately the following two

cases:
(Al). The Z, are linearly independent at every point of U;

(A2). The rank of the family {Z,...,Z,} is < r.
Case (Al)

In this case, if ¥ =}, AIX, € K(U,gjy), we have

Z:Ywayu-—_ZAIZI.
I
From T.5.3.3.(b) we deduce that:

0=[uZ]=) (£,A)Z,

I
hence that for 1 < I < r
LA =0. (5.3.27)

Thus, the functions A” do not depend on r. Similarly, the functions (I>; do not

depend on r. One has then, in the above coordinate system

n'(r) = A'(s,t,w) Zab r)@ (s,t,w). (5.3.28)
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Let us introduce a definition.

Let I be an open interval of the real line, f1,..., f¥ differentiable functions
from I to R. We assume that one at least of the f is not identically zero.

For any integer ! with 1 < I < k, any family ¢1,...,%; € {1,..,k} and any

family rq, ..., € I we define:

f‘:‘(?"l) - f’:‘(’i"l)

o filr) ... fi(ry)
M(fo, o for, )= | o

fi(m) ... fim)

We say that the family (f1,..., f*) has rank m, if and only if m, is the max-
imum value of [ for which there exists one of the above matrices with non-zero
determinant.

Notice that a family of functions such as (f1,..., f¥) always has a rank {
this can be easily seen by induction). Furthermore, assume that (f!, ..., f*) has
rank {. Then, reordering the f* we can assume that there exist ry,..,r; € I
such that det M(f1,..., f5ry,...,7y) # 0. Then, for 1 < p < (k —[) the matrix
M(fY, .., fl fi42;7y, . 7, 7) has zero determinant for all values of » € I. As the
first { columns are independent, this means that the last column of this matrix is
a linear combination of the other columns; thus we have:

fre(ry = " CPfi(ry),
1<i<l

for 1 <45 <, and

fre)y = > CTfir),

1<i!
and a classical argument shows that the C? are real constants. Thus, if a family
(f1,..., f¥) has rank I < k, then there exists a subfamily of (f1, ..., f¥} such that
every other element of the family is a linear combination of the elements of the
sub-family with constant coefficients.

This notion together with (5.3.28) allows us to prove the

THEOREM 5.3.17.In case (Al) K{U,gy) is finite dimensional and we have
dimK(U,gw) =r+m<8.

NOTE.5.3.12. As we assume that the Z, are all linearly independent we have
r < 3, since the Z, are orthogonal to u. As the maximum number of Y, is m < 5,

this gives the above bound on dim K(U, g;y).
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Proof. It is sufficient to prove that if Y € K(U, gjy), there exist real constants
k',1<I<r, and Db, 1 <b < m such that:

Y=Y KX +) Dby,
I b

Consider then the maps ab given by (5.3.25).
Let n be the rank of the family (al,...,a™). Reordering the ¥}, we can therefore

assume that for 1 < b <m — n the function a®*?b is of the form

attb = >: Cba,

I<i<n
where the CP are real constants for 1 < b < (m—n) and 1 << n. (5.3.28) gives
then, after some computations
p=A - 6@ - Y Ceal,). (5.3.29)
1<in 1<e<(m=n)
Consider then the family (1,a?, ..., a"). If this family has rank n + 1 we can find

T, Tp1 Such that
det M(1,al,...,a% 7y, .,rpyy) # 0.
Denoting this matrix by M and setting, for 1 < T < r:

ﬁ:(T1)
, 7 (r2)

and

------

‘I> (s,t,w) —~ ZCe@n+

5,0 w)

we get, from the expression for n', M.V’ = L', Since M is invertible this gives

vi= M—IL{; since L' and M are constants, we deduce that the A are constants.
Otherwise the family (1,4?,...,a") has rank n (the rank cannot be smaller

than n). This implies that 1 is a linear combination of al,..,a” with constant

coefficients:
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Replacing in the expression for 5’, (5.3.29), we get

p= Y d(BAT -9 - Y el ). (5.3.30)

1<i<n 1geg(n—m)

il

Since the family o has rank n this shows, by the same process as in the preceding
case, that for every 1 <i<n and every 1 <71 < r, there exists a real constant kif

such that:
I I i I
A8 S Crel =i
1<e<m—n

Since not all the £, are zero, choose an index a such that E, £ 0. Then we have

1 i Ce I ]. I
A= =0 Zap —k
a + 1<€<(men) Ea n+te + E,a i

and this proves the proposition i
Case (A2)

In this case, as the Z, are not all independent, we can, by reordering them

assume that there exist functions © on U such that
Z,= Y 0z, (5.3.31)
1gIg(r-1)

Furthermore, as the family {X,,..., X, } spanns at each point in U a r-dimensional
subspace of the tangent space, we see that the Zy,..., Z,_; are independent.

Let now Y € K(U, i), so that we have, using the above relations

Z=Y-au=Y Az, = 5 (4A+0'4az, (5.3.32)

1<1%r 151<(r—1)

From T.5.3.3, we deduce that

0=[u,Z]= ) (LA +0'4")Z,

1€1g(r=1)

so that, for 1 <7 < (r — 1), we have
L (A +0 AT) = 0. (5.3.33)

Define then
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D'=A"+0"A",1<I<(r-1)
L _ (5.3.34)
D.=¢ +0¢,1<I<(r-1),1<i<m.

Then the functions D', D; do not depend on r. From (5.3.26) we have then,

for 1 <7< (r-1}
n =D -0 AT~ > (D] -0'er)
1<i<m
Using again (5.3.26) with I = r, we get, from the above expression, for 1 < I <
(r—1)
n' =D -0y~ 3 dD). (5.3.35)
1gism

(5.3.31) together with T.5.3.3 and the fact that the Z, (1 < I < (r—1) are linearly
independent, give

i

£,0" =0 (5.3.36)

Consequently, we have from (5.3.35), for 1 <7 < (r — 1)

n'(r)=D'(s,t,w) = O'(s,t,w)y’(r) = > ai(r)D|(s,t,w). (5.3.37)
1<i<m

Using then the same kind of argument as in case (A2} we can prove that in this

case either K(U, gy} is finite dimensional or there exists a curvature collineation

parallel to u (see Appendix 5.VII for a complete proof).
Thus:

THEOREM 5.3.18. In case (A2) if there does not exist a curvature collineation

parallel to u the Lie algebra K(U,g)y) is finite dimensional and its dimension is
<9,

Case (B)

In this case, for every point p € U there exists a curvature collineation W
such that W, =0 and %" (p) # 0.

Let us then consider the Riemann tensor as a linear endomorphism of the
space of bivectors. As the Riemann tensor has at most rank 3 and at least rank 2,

and as the space of bivectors is 6-dimensional, we deduce that the Riemann tensor
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has at least 3 real eigenvalues ( = 0); since complex eigenvalues always come in
pairs, we deduce the existence of a fourth real eigenvalue. Denoting by G, this

eigenbivector we have

Ry G = AG s,
for some real function A on M. Contracting this relation with u?, we see that
G‘abub = 0.

Thus, G is a simpie bivector whose blade is orthogonal to u.
Consider now the Ricci tensor. Since this tensor is obtained from the Riemann

tensor by contraction it is clear that if W is a curvature collineation then
Ly Ricer = 0.
This translates locally into
WeRp e + W, R+ WeR,, = 0.
Some simple computations using the form of R reduce this expression to
WeR g + 20" Ry + f, Ry + fGR,c = 0, (5.3.38)

where f is the bivector of W.
Thus, if W, = 0 and %" (p,) # 0, we have at p,

Qd)w(po)Rab(po) + fca(po)Rcb(po) + fcb(po)Rac(po) = 0. (5339)

Using this relation we can prove that

Lemma 5.3.19.Case {(B) can occur only when u is spacelike and the Riemann

tensor has a null eigenbivector with non-zero eigenvalue.

Proof. In the remaining cases the bivector G described above is non-null. This
allows us to choose an orthonormal basis (u,v,z,y) in such a way that G, =
2vjpy. Defining Hyy = 2vyy) and Loy = 2z[,yp), and using the fact that u
satisfies (5.3.1) and the fact that G is an eigenbivector, it is easy to prove that
there exist functions A, B,C, D € F(U) such that

Roped = AGyGog + BHyHey + C{Hpy Leg + HegLgy) + DLgyLeg. (5.3.40)
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One can then compute the Ricci tensor from the above expression. Replacing
in (5.3.39) one proves then that the Riemann tensor has at most rank 1, which
contradicts the fact that (M, g) is a class (II) space-time (see the Appendix VIII
to this chapter for the detailed computations)

Finally we consider the case when u is spacelike and the Riemann tensor has
a null eigenbivector whose blade is orthogonal to u.

Choose then a null tetrad (I, n,u,v) in such a way that G p = 2y

Setting Hyp = 2npvy and Ly = 2n[4ly), we have the following general form

for the Riemann tensor

Rabcd - AGachd + B(Gabhrcd + chhrub) + C(Gachd + chLab) + DLachd-
(5.3.41)

This gives for the Ricel tensor
Ry = Al l +2(B - D)l(bnd) + QCl(bvd) + 2Buv4. (5.3.42)

Using this relation and contracting (5.3.39) with 2n(2/%) and defining ¢ =
faplovt, we get

20" (96) B(Po) = 29" (p)D(Po) — ((P0)C(po) = 0.

Contracting (5.3.39) with vav® we get

20" (9,) B(po) + (2o)C(p) = 0.

Summing we get 2B(p,) = D(p,); since in fact the point p, is arbitrary, we deduce
that 2B = D in U.

On the other hand, a contraction of (5.3.39) with 2/{evb) gives ((p,)(B +
D)(p,) = 0; using 2B = D this gives {(p,)B(p,) = 0. Assume that B(p,) # 0.
Then one has ((p,) = 0 and the first of the relations above gives then %" (p,) = 0,
which is absurd (cf. p.45). Consequently, we have B = D = 0 in U. Thus the

Ricci tensor reduces to

Rab = Alafb -+ QCl(an}, (5343)

(and, in particular, it has Segre type {(211)}). As B = D = 0 in U, we have,
from (5.3.41)
Raped = AGopGea + C(Gaplca + Gealas). (5-3.44)
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Now let w be such that Rgw? = 0. From (5.3.43) we deduce that w = au + bl for
some a,b € F(U). In particular, since R /% = 0, given a curvature collineation

X in U we have, as £ y Ricct = 0:
Lyl =au+b, (5.3.45)

for some a,b € F(U).
Contracting (5.3.43) with v® and with n® we get
Rt =Cl,,

{5.3.46)
Rabnb = A!a + C”Ua.
Let then ¢,...,m € F(U) be given by
Lxv=cu+dv+en+ fl,
(5.3.47)

Lxn =hu+in+ jl+ mo.
Taking the Lie derivative of R,v? along X and using (5.3.45) and (5.3.46) we
get, after some simple computations
LyC+Cb-d)+eA=0,
aC =0, (5.3.48)
eC'=0,
Suppose that a(p) # 0 for some p € U. Then C vanishes in some open neighbour-
hood V of pin U. (5.3.44) shows then that in V the rank of the Riemann tensor
is at most 1. This contradicts our assumption on the rank of the Riemann tensor
made at the beginning of this §. Thus a (and e) vanishes identically in U.

Similarly, if we compute the Lie derivative of Ryn® along X and we use
(5.3.45) and (5.3.46), we get

LxA+Ab—-)4+C(f—m)=0,
LxCH+Cld-1)=0, (5.3.49)
cC =10,
Hence, ¢ vanishes identically in U.

Going now back to (5.3.44), we get
Re ncld = ~CGey. (5.3.50)

Using the above relations for Ly! and Lxw, we get, as (Lxg)ap = 29" gap +

2pxuaub

Lxly= (20" +b)ly,
Lxvy = (29" +dywy + fl;.
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Taking then the Lie derivative of (5.3.50) along X and using the above rela-
tions we get

LxC+C2¢" +d~1)=0.

Comparing this relation with the second relation in (5.3.49) we get ¥ C = 0.
This shows that 1™ is identically zero in U. As X is arbitrary this must, in
particular, hold for the curvature collineation W we started with. Thus, we get a
contradiction since we assumed that 3" was not identically zero.

We conclude therefore that space-times in class (B) do not exist.

NOTE.5.3.13. The advantages of the non-vanishing of ¥" at the fixed point
of W were pointed out to me by my supervisor, Dr. G. S. Hall. The techniques

used here are similar to those employed by Hall in the study of fixed points of
homotheties [38].

EXAMPLES. Let M be a connected open subset of R* and (r, s,¢, w) coordinates
on M. Let m,p,q € F(M) be such that m depends only on s,w and p,q depend
only on t. Furthermore, assume that m and 2pr + ¢ are strictly positive in M.

Consider then the metric g defined on M by:

1 0 0 0
{0 0 0 rim
I=10 0 (2rp+g)?2/dp 0O

0 rim 0 0

A simple computation shows that the components of the Riemann tensor

which are not identically zero are the following (taking into account the symme-

tries)
md,dym — dy;md,m + md
Rigpy = — 'nig = ;
2pr + g
R2323 = 9 s
Ri,p, = — 2rpm .
2pr +¢q

The covariant Riemann tensor has then as its only non-zero components

mr{2pr + q)

Ryg3q = 5

r2(md,d,m — dy;md,m + m?)
Ryyo4 = -

mr(2pr + q)
Rigos = “—(“‘—“—

2
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Our assumptions show that the first of these components is never zero; the Rie-
mann tensor has therefore, at least rank 2 everywhere (the rank being 3 whenever
the second of these components is non-zero).

This shows that in this case the dimension of the space of solutions of (5.3.1)
is at most 1; since obviously u = J, is a solution of this equation, we see that
(M, g) is a class (II) space-time. (that &, is a solution of {5.3.1) follows from the
fact that in none of the above components of the Riemann tensor figures the index
1).

We study now the Lie algebra K(MM,g).

Let X = Ad, + Bd, + Cd, + D8, € K(M,g).

We have then ¢ = A and Z = B, +C8,+ Dd,. Thus, from T.5.3.3.(b) and
T.5.3.4.(a) we deduce that A depends only on r and B, C, D do not depend on r.

Since h.:b = g+ p ugly, we get, using the above form of the metric (and

noticing that u is spacelike)

W 4" 0 0 0

W 0 0 L0 v rim
B 0 O ¢ @rtgdp 0
0 »orim 0 0

On the other hand, a direct computation gives
hll = arAv

h22 = mrz(;’sD,
(2pr + ¢)20,C + 4mprid, D

h’23 = ) )
D
hos = r(mr(0,B 4+ 0,D) + rBd,;m + rD8,m + 2Am)
24— ) 2 y
hsy = 57
oy = (2pr + )20,C + 4mpr?d, B
8p ’

h44 = mrzawB,
where
v =2p(2pr + ¢)29,C + (4p*r? — ¢*)COyp + 2(2pr + q)pCH,Q + 8AP*r + 44p2q).

Comparing these expressions we see that 8,0 = 0 (from h4;) and that 3,8 =0

(from hyy).
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Now computing (£ x Riemann)?,,, we get, denoting by §%4, the components

of the tensor £y Riemann

G2 o ((4pr? + 2¢gr)0,C + 2Cr20p + Cridyq — Aq)
323 = 577 :

This shows that if ¢ # 0 and B = C = D = 0, X cannot be a curvature

collineation. In fact in such case we have S?;53 = Ag/2r? # 0. Hence, if ¢ £ 0
there are no curvature collineations parallel to u.

Computing now 5%,43 we get after some simplifications
[4p28,C + 4pmd, D]r® + [4pgd,C)r + ¢*9,C = 0.

Since the expressions in bracketts do not depend on r we deduce that they have
to be identically zero. Assuming ¢ # 0, we deduce that 8,C = 6,D = 0.

Similarly, computing 5?43, we get, using a similar argument, 8,5 = 8,,C = 0
(these relations can in fact be obtained directly from hgy).

After some lengthy but simple computations the remaining S$%,, give
A(r) = ar? 4 fr,
4pd,C +2COp ~ ag = 0,
2q8,C + Cdyq - Bg =0, (%)
2p[8,(mB) + 3,(mD)] + amg = 0,
m([0sB + 0y D) + (mdy( — 2¢8,m)D + (mdy( — 2¢8,m)B = 0,
where «, 8 are real constants and ( is given by
( = md,0,m — d,md,m + m3.

The fourth equation in (%) shows that if p,q are independent functions of ¢
then we must have 0,(mB) + J,(mD) = am = 0. Thus, we must have o = 0,

hence A(r) == fr. Now this gives
hog = Amr = fBmr?,

thus ™ = 8. Since hyy = B = ¢~ + o’ , we deduce that p* = 0, and so, when the

family {p, ¢} has rank 2 every curvature collineation is a homothetic vector field.

SUMMARY. In this section we have analysed class 1I{a) space-times. In the

first part we studied the case when there exists (at least) a curvature collineation
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which contracts the Riemann tensor to zero and we have proved that, in this
case, the vector field u (defined at the beginning of this section) is hypersurface
orthogonal (L.5.3.5). Locally, this fact leads to an infinite-dimensional Lie algebra
of curvature collineations (T.5.3.6.(a)). This result can in fact be extended to a
global result when a supplementary (global) condition is imposed on u (T.5.3.9).
A (local) characterization of this type of space-times (T.5.3.6.(b)) as well as a
(local) characterization of all curvature collineations was also obtained (T.5.3.7.
and T.5.3.8).

We then analysed the general case, that is without assuming the existence of
a curvature collineation parallel to u. To proceed we have been forced to impose
some further regularity conditions on (M,g). These concerned the constancy of
the function R {defined in §.5.1) and, in the case when we assumed u non hyper-
surface orthogonal , the type of its bivector (assumed to be the same everywhere).
In these cases no global results where obtained but we have proved that, locally, ei-

ther (M, g) is finite -dimensional or there exists a curvature collineation parallel
to u (T.5.3.13, T.5.3.15, T.5.3.17 and T.5.3.18).

5.4.Space-times in class (III)(a)

In this section, we consider space-times (M, g) with the property that there
exists an open dense subset O of M such that for every p € O the set of solutions

of the equation given at p by:
R%qv? = 0, (5.3.1)

is a 2-dimensional non-null subspace of T,(M). We denote this subspace by V,.
In all that follows we make the assumption that the distribution V : p — V),
is in fact globally defined and differentiable. Furthermore, we assume that there
exist nowhere null, nowhere zero, vector fields u and v on M such that for every
p € M (uy,v,) spans V,. We assume u and v scaled in such a way that utu, =1,
voy, = ¢ = %1 and usy, = 0.
A space-time satisfying these conditions will be called a class 11I(a) space-

timein the sequel.

In this section we keep the notation of the preceding one.
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General observations

Lemma 5.4.1. There exist functions w,0 € F(M) such that wbu,p = ov,,

vbu,y = 7oy, vbugy = —eru, and ubvgy = —eou,.

Proof. From u,R%, ., = 0 we get, taking covariant derivatives, antisymmetrising

and using Bianchi’s identities
ua;kRabcd + ua;dRabkc + ua;cRabdk = 0.

Contracting with uf we get uFu, Re,., = 0, and this shows that wfu,,; lies in
the plane spanned by u and v. As u®u, is constant this vector is orthogonal to ,
thus it is parallel to v.

The remaining of the proof is similarll

Using the results of Ch.2, T.2.3.1.(d}, and a method of proof similar to that
of T.5.3.2, we get

THEOREM 5.4.2. If XcK(M, g) there exist functions ¥, p*, \*, 1™ in M such
that the following relations hold (cf. §.5.1):

(a).h” o = ¥ gop + P gy + N (g vp + 1y0,) + 17 w05
(b).[u, X} = au + bu;
(¢).[v,X] = cu + dv,
where the functions a, b, ¢, d are given by
a=9" +p°,
b= A"+ efapubv® — X800y ,,
c= el + fabvbu‘l - Xbuava;b,

dngx—i—e,ux.

It follows then that

THEOREM 5.4.3.Let XekX(M,qg) and define o = ut X, g = ev® X, and
Z=X~a"u— 6X-v, so that u¢Z, = v¢Z, = 0.Then

X
(a)uba, =a+ e, vbﬁ: =d—a"n;




CHAPTER 5 163

(b).u, Z] = (b~ ubﬁbx + 78 v, [v, 2] = (c - vba; —ea” o )u.

Again the subscript X in o, etc., will be dropped whenever no confusion is
possible.

Recalling that the function R was defined in §.5.1, we consider first
The case R = 1.

We get here a result similar to that of the preceding §

THEOREM 5.4.4. Let (M,g) be a class (III)(a) space-time such that R =1
in M. Then for every p € M there exists a nice neighbourhood U of p in M
such that, either K(U,gw) is finite dimensional, and its dimension is 1, or it is
infinite dimensional. This latter case occurs only when there exists a curvature
collineation which at every point p of U lies in the subspace of T,(M) spanned by

Up and Uy

Proof. Let p&@ M. As R =1 we can find X € K(M, g) which does not vanish at
p. By continuity X does not vanish in some open connected neighbourhood U of
pin M. Let then Y € K(U, gy). Again because K = 1, Y is at every point of U
parallel to X, and so there exists § € F(U) such that ¥ = 6X.

Since both ¥ and X are curvature collineations, it follows (cf. T.5.4.2) that

we have

hxab = @bxgab + quaub + )\X(uavb + upt,) + #‘X'UAvb;
and a similar expression for Y. On the other hand, since ¥ = 80X, we have
2hy =0, X, +0,X, + 200,
Combining these expressions we get
0, Xp + 0, X, =

2" = 007 )gap +2p" — 00" Yuquy + 4N — 0N Yuggugy + 20" — 0" Jugu.
(5.4.4)
Now we can write (5.1.2) for both X and Y. Using these expressions we get, from

Ly Riemann — 0L y Riemann = 0,

O X™mR2 g + 0. X™R g + 4R e — 0 XCR™p g = 0. (5.4.5)
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Contracting this last relation with u, we get (v, X%)0, R™;.; = 0. Thus, we

are led to consider the two possibilities

(1). 0., does not lie in the {u,v)-plane;

(ii). 8y, lies in the (u,v)-plane.

Notice that the first of these statements if it holds at some point, then it holds

in some opexn neighbourhood of that point.
Case (i)

In this case, we deduce that 6, R™, # 0, and so we have u, X¢ = . Simi-
larly, a contraction of (5.4.5) with v, shows that we also have v, X@ = 0.

Contracting then (5.4.4) with u® we get (A" — #A%) = 0 and (" — 09" ) +
(0" ~0p")=0.

Contracting (5.4.4) with v¢ we get (" — 09" ) + e2(p” — 9" ) = 0.

This shows that, setting I' = (1,[}y - 9¢X), we have

gaXb + nga = 2r(xa$b - Eyayb)' (546)

This relation shows immediately that whenever —¢ = 1 (that is, whenever the
plane (u,v) is timelike) we must have 8,,, = 0. In the case when (u,v) is spacelike,
this relation shows that 8, and X, are both null and non-orthogonal. Thus, in

this case, setting {, = (23 — y3)/v2 and ny = (z; + y3)/v/2, we have
X = S,

and

Oy = T'ny,
for some S, T € F(U). Now as u, v are solutions of (5.4.1), there exists @ € F(U)
such that

Rabcd = 4Ql[anb]l[cnd]' (5.4.7)

Using this relation and contracting (5.4.5) with [;n®n? we get QST = 0 in
/. Since § does not vanish on open subsets of U/ and since S never vanishes we

deduce again that 8 is constant.
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Case (ii).

In this case we have 250, = y*f, = 0. Contracting then (5.4.4) with zb we get,
using these relations

(8 X3)0, = 2(¢" — 8™ )z,

and this shows that either 8 is constant or 22X, = 0. Similarly, a contraction

of (5.4.4) with y* shows that either 8§ is constant or y?X; = 0. Thus, if 4 is not

for every integer k. 0% X is also a curvature collineation. Thus K (U, g|y) is infinite

dimensional M

|
|
|
|
V
]
constant, then X lies in the {u,v) plane at all points of U. Clearly in such case 1l
l
%
|
|
The cases R > 2. |

|

We assume from now on that (M, g) is regular (in the sense of §.5.1.) and we ' |
consider a K(U, gy-)-generating family F = {X ,..., X, } (U being a nice subset of |
M) and we let (u,v,z,y) be an orthonormal family. We set, as in the preceding |
section |

X, =au+Bv+7y,2+8y, (5.4.8)

and
! -
oy = 0 9ab + Pttty + 22 U Uy + 1,040 (5.4.9)

Given then ¥ € K(U, gpy), we have

A process similar to that used in the preceding section shows that the compo-

nents of the gradients of the functions A; with respect to the orthonormal family

above satisfy

Y=> A X, (5.4.10)
1<igr
We set then . ;
O, =% - A, ;
1€7<r i
y ! |
Ry=p = Y Ap, %
1<I<r
== (5.4.11) |
Ly=X =) AlX, {
1<i<r i
Y I
SY = - Z Aylu.r
1€igr }
]
]
|
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Al(p;Yy=(R,,A,,0,0),
A p;Y) = (2C A.,S,,0,0),
oo (5.4.12)
A(pY) = (0,0,0,F,),
A (pY) = (0,0,-F,,0).
where
Fo= Y 84,
1<igr
and
A, = > BA)
1< Hagr

This shows that there exist at most five curvature collineations Y, of (U, g/
giving independent functions R, etc. - in the sense that, given any other cur-
vature collineation Y, the functions R, L., S,, F, and A, , that it defines, are

functional linear combinations of the functions defined by the ¥,. In other words,

defining
Y,= Y X, | (5.4.13)

given any other YeK(U, giiy), there exist unique differentiable functions a® on U
such that:
I I
A, = Y. a'd, . (5.4.14)
t€<€m
(where m is the maximum number of Y, in the above sense). Taking covariant

derivatives and antisymmetrising the above relation we get:

! 7
Z (aa;P(I)a;k - aa;kq)a;p) = 0.
1<a<m
Contracting this relation with wPuf, .., yPy*, taking each of the relations thus
obtained, multiplying it, in turn, by «,, 8,,7,,6, and then summing over I we get

the following system, where we have set R, = R,, etc. :

Z abka = 0,

b
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whenever k = 3,4 and Cy = Ly, Ry, S, Ay or Fy, and

Y (ab1(2Ly — Ay) — aP?R,) =0,
b

Y (P18, — ab?A,) =0,
b

(5.4.15)
Z ablfb = 0,
b
Zabsz = 0.
b
These relations show that @b = ab4 =0 for 1 < I < m, that 1s
zab = ycab = 0. (5.4.16)

An immediate conclusion is

THEOREM 5.4.5.If there is no hypersurface orthogonal vector field in the dis-
tribution span(u,v), K(U, giy) is finite dimensional and its dimension is bounded
by 9.

Proof. In fact each @b lies in span(u,v). The above condition implies that ab =0
so that the ab are constants. (5.4.6) shows then that the Ai, satisfy

Ai - Zab@; +o,
b

I
where the ¢° are constants M

NOTE.5.4.1. The fact that span(u,v) is integrable does not imply by itself that
this distribution contains hypersurface orthogonal vector fields. In fact it may
contain none or just one (in the sense that every other one is parallel to this one).
As examples of these facts take an open connected subset U/ of R* with coordinates
(r,s,t,w) and a let A, B be differentiable functions in U which depend only on s

and r respectively; assume furthermore that B2 < 1. Then the metric g given on

U by

10 0 A
o 1 B O
=l o B 1t 0|
A 0 0 1

has signature (3,1), When A(s) = s? and B(r) = r2 one can prove that there are

no hypersurface orthogonal vector fields in the distribution span(,,d8,). When
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A(s) = 8% and B(r) = r? one can prove that there are no hypersurface orthogonal
vector fields in the distribution span(d,,d,). When A(s) = s? and B = 0 one can
prove that all hypersurface orthogonal vector fields which belong to span(d,, 8,)
are parallel to d,.

In fact, as it was pointed out to me by my supervisor, Dr. G. S. Hall, there ex-
ists more than one independent hypersurface orthogonal vector field in span(u,v)
if and only if the distribution defined by the orthogonal complement of span(u,v)
1s itself integrable.

Define now for 1 <7 < r (the X, being the elements of the spanning family),

Z,=X,-a,u—-p. (5.4.17)
Then

Lemma 5.4.6.Assume the Z, independent. If for every p € U/ the subspace of
T,(M) spanned by the Z, at p has dimension v, K{U,gy) Is finite-dimensional
and dim K(U, gy) = r +m < 3.

Proof. f Y e K(U,giy) and Z =Y — o u— /Byv, then we have

Z=Y A7,

1€igr

This gives
[, 2] = > (L A)NZ, + > A [u,2,],
I

I

As [u, Z] and the [u, Z,} lie in the (u,v)-plane (cf. T.5.4.3.(b)) and as the Z, are
independent and orthogonal to this plane, this proves that

LA, =0. (5.4.18)
for all 1. Similarly, we have

L,A] =0. (5.4.19)
This shows that At = Af = 0 for all ¥ € K(U,g)yy) and all I, and so that for all
Ywehave R, = A, =8, =L, =0 (cf. (54.12)). It follows that in (5.4.12) the
maximum number of independent functions is 1. If this number is 0 then 7, = 0
and so (5.4.14) shows that the A‘; are constants. Since the maximum for r is in
this case 2, we see that K(U, g;7) has at most dimension 2 (notice that r is the
dimension of the subspace spanned by the Z, and the maximum dimension this
subspace can have is 2. If the maximum number of independent functions is 1
then we can, for every p € U find Y, € K(U, gjyy) such that F, (p) % 0. We apply

then the same type of argument as in the preceding section R
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The case when span(u,v) contains hypersurface orthogonal vector fields.

Here we can assume that the family Z, has at most rank r — 1 (the case when
this rank is r has been dealt with in the preceding lemma). Using then arguments
in all aspects similar to those used in the study of the hypersurface orthogonal

case in the last section it is not difficult to prove that

THEOREM 5.4.7, Let (M,g) be a class Ill(a) space-time span(u,v) be the
distribution defined at the beginning of this section. Let U be a nice open set of
M. Then K{U,gy) is infinite dimensional if and only if span(u,v) contains at

least a hypersurface orthogonal vector field and a curvature collineation .

This case contains in particular the case when one (or both) of u, v is covari-
antly constant.

When both u, v are covariantly constant one proves quite easily that every
curvature collineation X is locally a vector field projectable with respect to the
decomposition of M defined by u and v (cf. Ch.4) and the component Z of X
orthogonal to span(u,v) is a curvature collineation of the leaves of the decompo-
sition orthogonal to span{u,v). The results of §.5.2. tell us then that Z is in fact

a conformal vector field of these manifolds. Thus, we have the following result,
due to Hall '

THEOREM 5.4.8.Let (M, g) be a strictly 1+1+2-decomposable space-time, u,
v be the covariantly constant vector fields of M. Then every curvature collineation
X of M is locally of the form

X =au+ pv+ 72,

where the functions « and 3 have their gradients tangent to span{u,v) and Z is a
curvature collineation of the integral manifolds of the distribution orthogonal to

span{u,v).

Proof. To see this take a point p in M and choose a sufficiently small open
neighbourhood U of p such that (U, g)y) is isometric to (I x J x V,i® j & f),
where I,.J are open intervals of the real line and V is a 2-dimensional manifold,
1,7, f their respective metrics. We choose coordinates (r, s,t,w) in U and ¢, j with

the appropriate signature so as to identify the integral curves of u (resp. v) with

the manifolds I {resp. J).
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Now if X = au+Bv+ Z is a curvature collineation, then we have, from (5.1.2)
and (5.3.1)
(aum + ﬁvm + Zm)Rabcd;m + Zm;bRamcd

+Z™ Reypg + Z™ g R% e — (@ u® + Bv® + 2%, ) R™yeq = 0. ()
Contracting this relation with u, we get
amR™Mpeq = 0.
Similarly, contracting with v, we get
BmR™peq = 0.

These relations show that the gradients of o and 8 lie in the (u,v) plane. On the
other hand we have from T.5.4.3.(b), as v and v are covariantiy constant (see also
L.5.4.1)

[, Z) = (b —u?B,)v.

Now, we have

Xap = atiq + Bovp + Zgy,
and (T.5.4.2.(a))
Xagp = Vgab + puatts + 2A(u(qvp)) + pvevp + fap.
Contracting both expressions with v?ub we get
wWBy = X+ efpvtub

From T.5.4.2.(c) we deduce then that b —u¢8, = 0, that is [u, Z] = 0. Similarly,
we get (v, Z] = 0. This shows that X is projectable.

Since Ry ut = 0, we get, taking covariant derivatives
Rabcd;eud = 0.
Using then the Bianchi identities this shows that we have
Rpg.0uf = 0.

Using these results, we see that in (x) the only terms that remain are those with Z
and this shows then (5.1.2) holds for Z. As Z can be considered as a vector field

in the manifold V and as R can be considered as the Riemann tensor of (V, f)
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we deduce that Z is a curvature collineation of this last manifold. We can then

apply the results of section §.5.2. W

EXAMPLES. Given a space-time (M, g), a special conformal vector field of M

is a conformal vector field X whose conformal scalar ¢ (cf. §.1.9) satisfies

¢;ch = 0.

These vector fields appear in Katzin et al. [52}. It has been remarked by Katzin
et al. [52], Hall {37} and McIntosh [63] that such vector fields are curvature
collineations.

Recently some attention has been paid to this type of vector fields by Coley
and Tupper [10], Hall [37] and Carot [8]. Hall, in particular, has made a thorough
analysis in the cases when ¢., is non-null. Noticing that ¢., defines a covariantly
constant vector field we see that such space-times are decomposable. Define then

a new vector field ¥, on M by setting
d)a = Fba(}sba

where Fy, = (Xg4 — X3, )/2 is the bivector of the special conformal vector field
X. Hall [37] has proved that this new vector field is in fact a global gradient, is

not parallel to ¢, and that it satisfies
R%cq9% = 0.

This together with the fact that ¢, is covariantly constant shows that if a space-
time admits a special conformal vector field which is not a homothety, then (M, g)
is a class [II space-time (it should be noticed that ¢, is the unique covariantly
constant 1-form on M (up to constant multiples). A complete analysis of such
space-times can be found in {37]. A complete description of the metrics of this
type which are physically significant (in the sense that they satisfy the energy
conditions of Ch.2} can be found in [10], [8].

Thus, the work of the above authors provides us with examples of class I1I{a)
space-times which admit proper curvature collineations,

As an example, take an open subset U of R* with coordinates (f,z.y, 2).

Consider the metric on U given in these coordinates by

-1 0 0 0
{0 1 0 0
I=1 0 o0 =22 0 ’
0 0 0 22f(y,z)
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where f is a differentiable function of y, z only. A simple computation shows that
the only non-identically zero component of the covariant Riemann tensor in these
coordinates is

T2(2f62] — (8,1)? +4f7)

3434 — — 4f .

Thus (U, ¢) is a class 11I{a) space-time. This example is due to Coley and
Tupper [10]. They showed that the vector field given by
--:E2 - t2

X = g, - tat,

is a special conformal vector field.

Using the results and examples of §.5.2 and the remarks in the preceding
theorem we can construct examples in the case when both « and v are covariantly
constant. For instance if M is an open connected subset of R* with coordinates

{(z,y,s,1), the metric defined in M by

e¥(cr + d)E 0 0 0

4= 0 e2(cz+d)F 0 0
0 0 1 0}’

0 0 0 -1

is a "1+1+2"-decomposable metric (span{u,v) = span(d,, d;) is timelike in this
case). The vector fields X7, X; and X3 defined in EXAMPLES.I of §.5.2 together
with the vector fields

Y = f(s,8)0, + (s, )3,

wher f, h are arbitrary functions of s,t in M span the Lie algebra K{M, g) (in the
sense that every other curvature collineation is a linear combination of the above

ones with coeficients in the ring F(M)).
5.5.The null cases.

This last section is concerned with the cases when the distribution spanned by
the vector fields that contract the Riemann tensor to zero is null. Mainly because
in this case there is no well defined projection operator over this distribution, the

methods of the preceding sections do not apply and general results seem therefore

much harder to obtain.
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Several authors have analysed in the past these cases in some special situa-
tions. We mention now some of their results.

Collinson [12] in his analysis of the problem of the existence of proper curva-
ture collineations in empty space-times proved that these can only exist when the
space-time in question is of Petrov type N. As for vacuum the Riemann and the
Weyl tensors coincide, such space-times belong to class II(b), sihce there exists a
null vector field [ such that

R%;.40¢ = 0,

Aichelburg (1}, [2] studied the problem for generalised pp-waves. A complete
list of all curvature collineations for several special classes of such space-times can
be found in [1]. In these cases the null vector field ! is covariantly constant and it
follows from the work of Aichelburg that (M, ¢) is infinite dimensional.

Class 1I{b) empty space-times of the Robinson-Trautmann class have been
analysed by Collinson and Vaz [14], [78]. Under the assumption that the space-
times in consideration admitted at least one curvature collineation, these authors
obtained canonical forms for the functions characterizing such space-times. In
particular thay showed that in some particular cases {78] the Lie algebra K(M, g)
can be finite-dimensional (see also [77]).

Vaz and Collinson [78] and Hall [35] have also shown that type-N empty space-
times with twisting geodesic rays do not admit proper curvature collineations.

The general study of curvature collineations of non-expanding and twist free

vacuum type N metrics has been made by Halford et al [27). These authors have

shown that for some cases in this class the Lie algebra X(M,g) can be infinite-

dimensional.




APPENDIX TO CHAPTER 5.
I. Proof of 1..5.3.12

From (a) we have:

1€7€(res)
Contracting this with u™ we get
I
Z AY Crp T 0.
1IS(r—s)

Contracting successively with v?, zP and y? we get

Y AlB =0, (1.1)
1€1<(r—s}

oAl =0 (1.2)
1<I€(r—g)

Contracting with v™ we get

I2 I
Z (eA e, + J‘L‘S:Ay;p) = 0.
1SI(rms)
Contracting successively with the remaining elements of the orthonormal basis
we get

Y Als =0, (1.3)

1SI<(r~)

7 (—edAVB, + ATS) =0, (1.4)

1€1<(rms)

Y AUB =0 (1.5)

1<I<{r—1)

Now we consider relation (5.3.20)

I I
Z (Ay;ﬁXm + Ay;abe) = O, gap + N, uguy.

17<(r=9)

Contracting this relation with u% we get

Y. (e AL, +eAlX,) =20, + e, .

1€TL(rws)
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Contracting successively with ub, vt 2% and yb, we get

Y. Ala, =0, +eN,), (1.6)
1<I<(r=s)

> (Ala +A78,) =0, (1.7)
1€1<(r=s9)

Y (Ale,+Ay,) =0, (1.8)
1<I<(r=3)

Y. (Afe, +A6,)=0. (1.9)
1<I<(r—a)

Contracting with v, we get

Z (—ee'ﬁIAi_;b - ee’Afij) = 20, v

1<I<(r—3)

Contracting successively with the remaining elements of the orthonormal basis

we get
Z A‘:B, = -ed0,, (1.10)
1<I<(r=3)
Z (AI:/B; +Af'7:) =0, (I']-]-)
1S1S(r~2)
Y (A8 +AS)=0. (1.12)
1<7<(r—9)

Contracting with z¢ we get

D (€A, +EATX,) =20,

1£IL(r=39)

Contracting with the z?,y® we get

Y. Ay, =0, (1.13)
1€1€(r=s)
Y (€AY, +€A0S) =0 (1.14)
y 11 y 1/ )
1<1<(r=3)

Finnaly, contracting with y@ we get

Do (54, +AX,) =20,y

1<1<(r=9)

Contracting with yb

Y, AVS, =0, (1.15)

127<(r=9)




APPENDIX TO CH.5 Ap. 3

(I.1) and (1.7) show that

!
S Aa= ¥ A0
tgI<{r—1) 1€1<(r—3)
Similarly, {1.2) and (1.9) show that

Y Ala,= Y AlS =0

1<I<{r—s) 1<I<(r—1)

Considering (1.3) and (I.14) and then (1.5) and (I.11) we prove that

S A= T A= Y A= Y AT =0

1€I<f{r—9} 1€I<(r—3) 1€7<(r—s) VEIg(r—g)

(1.10), (1.15) and (I.4) show that we have O, = 0. This leads then to
Y, Ae+Aly)= Y ATy, = Y Al = S AVB =
1T <(rms} 1</ €(r—5) 1Ig{rmas) 1€I<{r—s)
Finnaly, using {5.3.18) we get
I3 I
Yo Ala,= Y Ala,= Y Aly =0,
I€I<(r—s) 1€I<(r—9) 1L7<(r—~9)

and this proves the lemma.

I1.Proof of 1..5.3.14

Keeping the notation of the text, we have

X =rn+(l+aoutyv

and
Ay=Aln+ A1+ Alu+ AL,
Now, if ¥ € S(U), we have, with ¥ = Z15I5(r—s) ALX,, and using the general
form for k"
Do (A X+ AL X,y) =20, 00 + 2N, ueu. (%)

1STE(res)

Contracting this relation with u® we get

Y (AL e+ ATX,) =20, + N, )u

1S75(r—3)
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Contracting this relation in turn with ub, v*, ¥ and n® we get

Yo Al =(0, +N,),

1SI€(r-3)

Z (A:af + Af%) =0,

1€1€(r—3)

Z (A;zar + Af'r,) =0,

1575(r—s)

Y (Ale,+ADC) =0,

1€7i{rws)

Contracting (=) with v® we get

Do (A + ALK, =200,

1€Ig{r~2)

Contracting this relation in turn with v*, /* and n? we get

2. A1 =0y

LT €(r—3)
ST (Al + AT =0,
1515(r~)
I I
Z (A, +A,¢)=0.
1€IL(r—s)

Contracting (=) with {* we get
1 12 .,
Do (AT A X ) =20,
1<Ig(rars)
Contracting this relation in turn with 5 and nb we get

Z TIAf =0,

1€7<(r—3)

> (Al + AL =20,

187¢(r—2)

Finally, contracting (%) with nonb, we get
Il
Z A ¢ =0
1€I<{r—1)

As in the preceding case, we have here

ZafAi;m =0,
r

Ap. 4

(11.6)

(I1.7)

(11.8)

(11.9)

(I1.10)
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and this gives
YAl =Y A =Y oA =Y oA =0, (I1.11).
I I 1 I
(xx) gives, taking covariant derivatives and antisymmetrising

I I
z (af:PAy;m - af;mAy;p) =0 (3 = )

151<(r—2)

ontracting this relation in all possible ways with the elements of the null tetrad we

get using (5.3.23)

Y Al =0, (11.12)
1€ (r—s)

Y Ay, =0, (11.13)
1<I<{r—s}

Y (Aly, +AT) =0, (11.14)

151 {ras)

Y 1Al =0, (I1.15)

LEIE(res)

Combining these equations we get the result of L.5.3.14.

ITI.Proof of T.5.3.15.(c).

Starting from

we get, by contraction in all possible ways with the elements of the null tetrad

A" —ata,” A" —na” =, (I11.1)
B34, —a?A,” 104" — A" =0, (I11.2)
B3A, —at A+ A" A =0, (I11.3)
a4, - aA" A" - A" =0, (I11.4)
at4,” A 4 ptA” A =0, (I11.5)

24, ~alA" 484" —na” =0, (I11.6)

[
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Since A%(p,Y) = (0,0,0,0), it follows from the injectivity of v that we have

I

A, - A, " = 0. Thus the first three of these relations reduce to
T4 I4
adA, +B8A =0, (I111.7)
4, +84," =0, (I11.8)
B4 +14, =0 (I11.9)

If one of a3, 8% is non-zero at some point of U then these relations show that in
p

some open neighbourhood of the point in question in U/ Ay and A, are parallel.

m

This contradicts our assumption that we are in case (C).
Consider now relation (IIL.4). Multiplying it by +,, summing over [ and using the

fact that 3 71A,-m = 0 (proved in the previous section), we get
a0, +50, =0.

Performing similar computations with the remaining relations and using again
the fact that we are in case (C), we prove that @ and b are constants.
This shows that
Al =ad +b4 40,

for every I, where o is a real constant. This proves the theorem.
IV.Proof of Lemima 5.3.186.

Let Y = 3 A X, € K(U,gy). Then we have,
o = Z aIA;,
I .
s0, using T.5.3.4.(a} and the fact that u is hypersurface orthogonal , we get
YAl =", Al =Y a4l =0 (Iv.1)
I I I
Using now the relation (5.3.20)

Z(A;;bea T Ai’;aXIb) =20, gas + 2N ugu, (*)
!
we get, contracting with u®

Z(ea,A‘;;a +eA X,,) =20, + eN, Ju,.

I
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Contracting then with u%, v®, 2% and y% we get, using (IV.1)

Z A:a, =¢0, + N,,

1€1€(r—s)
D A8 =0,
1
Z A:% =0,
I
Y AL, =0.
Y

Contracting with v® we get
D (BAL  +AX,,) =20,u,
T

Contracting then with v?, 2% and yb we get
12 ,
Z Ayﬂf = _GOY’
I

Z(Afﬁ! + A;271) =0,

I

D (AB +AE)=0.

Contracting with z¢ we get

I 3.,
DA, = AX,,) =20,

I

Contracting with the 2%, y* we get
I3
Z AY = COY’
!

Z(Al:/},{ + Aiadr) = 0.

I

Finnaly, contracting with y2 we get

Z(éIA;;b + A X)) =20,y

I

Contracting with y?
I4
Z A6, =0,
I

These relations lead immediately to L.5.3.16.

Ap. T

(IV.2)

(IV3)
(TV.4)

(IV'5)

(1V5)

(IV.7)

(1V.8)

(IV.9)

(IV.10)

(IV.11)
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V.Proof of the relations in p.148.

Starting from

1<h<m

we get, by contracting with u?

> (eab1®;;k —aby® ) = 0.

1<b<m

Contracting then with vk, z* and y* we get

D (212 a9} =0, (V1)
1<b<m

Y (ab1®, - ab®®) = 0, (V.2)
1<b<m

Y (P10 —abtd) = 0, (1.3)
1<b<m

Contracting (=) with vP we get

Z (wab'-)(I);;k -+ ab;k@:) =0
1<bsm

Contracting then with z* and y* we get

Y (~ab?®, — ab30") =0, (V.4)
1<bgm

1 I -

Y (~ab?®,' — ab13) =0, (V.5)
1<b<m

Contracting (=) with z? we get

Contracting then with 2% and y* we get
I4 I3
Y (ab®' — ab40.’) = 0, (V.6)
1<h<m

Consider now (V.1); multiplying by «, and summing over I we get, using (IV.1)
and (1V.2)
Y (€0, + Ay )ab? = 0. (V.7)
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Similarly, multiplying by 8, and summing over ] we get, using (IV.3) and (IV.6)
Y Opad! = 0. (V.8)
b

The remaining relations can be obtained in the same way.
VI

From the relations in p.148 we get, in this case,

Z Npab? =0,
b
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Summing the last two we get S, (Woab? 4 Vo abd) = 0, and so, summing with

!.") ll') ,Jb l) h 3 é)
the one before we get 3, Vpab? = 0. This shows then that we have ), Wyab? =
Yp Tyab* = 0. The conclusion that ab? = ¢b® = @b = 0 follows then from the fact

that the matrix

M o.M,
B
M=\ 7 7 |

Wi Lo Wm

defines an injective linear map for every point of U/, and the above relations show
that we have Mab? = Mabd = Mabt = 0.

VI11.Proof of T.5.3.18.

Consider {5.3.37)

n'(r) = D'(s,t,w) = O'(s,t, W)y’ (r) = > ai(r)D/(s,%,w). (VII1)
1<i<m
Consider the family {n7,al,...,a”) and let m, be its rank. Then, reordering the
Y, if necessary, one of the following situations takes place
(i).(n7,al,...,a™o~1) has rank m,;

(i1).(al, ...,a™°) has rank m,.
Case (i)

In this case, we can, for each 1 <j < r—m, + 1, find real numbers =, C’j, where
1 <b<m,—1such that

e =i 4 Y Clab (VII2)
JSbg’m—o—l

Replacing in (VII.1) we get after some computations

PeD - Y w0l gr- Y e+ Y dpl )

1<jr—mo+1 1<iSma-1 1<)t
(VI1.3)

Consider then the family (1,77, al,...,a™e~1). If this family has rank m,+1 it fol-
lows from (VI1.3) that the functions D’ are constants. In fact in such case we can find
me+1 values ry,..., 1, 41 for r such that det M (1,97, al, ..., a™e= 1y, 7 51) # 0.

Evaluate then {VIL.3) at these points (keeping s, ¢, w arbitrary). We get then a system
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of equations whose matrix is precisely M(1,77, a1, ...,am—1;r, ., Tmo+1) and whose

second member is constant.

One has then, from (5.3.34)

Y= 3 (D -0'aX,+4X.= 3 DX +4a(X,- ¥ o'x)

1€I<r—1 1<€Igra 1€I<r—1

Since the D’ are constants, the above expression shows that

A(X, - Y e'x)),

1€i<r=1

is a curvature collineation . Notice that this vector field is everywhere parallel to u,
as follows from the definition of the ©" (cf. (5.3.31)).

If there is no curvature collineation parallel to u we are forced therefore to have
AT = 0. (5.3.34) shows then that the Ai_ are constants, and so Y is a constant linear

combination of the elements of the spanning family.

The remaining possibility is that (1,77, a!,...,a™e=1) has rank m,, in which case
there exist real constants 7, p,, 1 < b < m, — 1, such that
L=+ > b (VII4)
1<b<mo—1
Replacing in (VIL.3) we get after simplification

I

7?I _— [T‘DI _ Or _ Z ﬂ-ijo—1+j]nT
1€j<r~mo+1
~ D, dwD' =D/ - S b, .. (VIL5)
1<igmo—1 1<jremotl

By the same process as in the previous case, this shows that the functions

Fl=rD'~0"- % mD, (VI1.6)
1jSrmmo+]
and
H =wD' -D/- % Clp, .. (VILT)
1<jr—mo+1

are constants in U/,
If the p,, are all zero, it follows from (VIL.4) that 1 = 7, and so 7 # 0. One has
then, setting f' = F' /7

7 I I
+ ' Z ?Dmowlﬂ + f. (VII8)
1€)<r—mo+1

p=2
—’T
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From (5.3.34) we have then

Y= > (D' -0"A"X, +AX, =

1€7gr=1
1 / ! 7b !
r Z 0X, + Z X, + ‘ Z r Z Dmo—i+jX"+
1€Igr=1 1€7gr—1 1<b<r—m,+1 1€igr=1
AX, - Y e'x). (VII9)

1<I<r—3

Using the second relation in (5.3.34) we have
I e r - I o I
Yoerto = ) Dy 10X +0L (X, — 5 o'x,), (VI1.10)
1€r<r-t 1<I<rmt
Thus, replacing in (VIL9) we get after simplification

Y= Y %4 Y D

1€I<r—1 1<j<r—mo+1
1 % T r Wj g ! 7
- > OX, + (4 - _Z @)X - Yooe'x).  (viLi)
1€Igr=-1 1<igr—my+1 1€rgra1

Since both the f and the mi/r are constants, the first two expressions on the right

handside of this relation define curvature collineations. We deduce therefore that
1 Iy 7rj I , ;
W~ >N, Ha -~ Y )X - > 0'X,). (VII12)
1€1<rwl 1€j<r—my41 1€I<r—t
is a curvature collineation. Noticing that

X, - Y o'x,

1€rgr-1

is parallel to u (cf. definition of the ©' (5.3.31)), let us write
X, - Z BIXI = au.
1<Igr—1

Since we also have

Y 0'X,=bu+t 2z,

1€I<rat
we see that W has the form
b i 1
W= (= +a(A - > SN R

1<i<rmmot1
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Since T is constant we have then
1
W - -X, = Au,
T

where X has the obvious definition. Thus, this proves that if no curvature collineations

parallel to u exist, then we have

b 7 o,
- r_ r —) =
T + a(A Z my—1+] T ) T !
1Ljgr—meyt1
and
1 '
W=-X,
T

Replacing in (VIL11) we get

. Iy o b
D S TN SR
1< €r—1 1<€j<r—my+1]

and so Y is a linear combination of the X, and the ¥, with constant coeficients.

If the u, are not all zero we can find a b, such that ty,, 7 0. It follows from

(VIL7) that

T 1 i i r I
D'==—Di+ > CD, . +h, (VI1.13)

bo 1<jr—mot1

where the &' are real constants given by &' = H; /iy, One has then

, | .

Y= 3 (=—=Di+ Y CLD, .+k)X +Aay,
1€I<r=1 1<jr—m,+1

where a is defined as in the previous case. After simplification using (5.3.34),this

gives

1 .
Y= > KX+ b Yoot > C Yo 1ag+

7

1€7<€r-1 1€j<r—m,+1
or CJ
(- 0 oy e
Ho, ° Kb,

1<jgr—mot1

As the ', tp, and the Cf;o are constants, we deduce that

or CJ
W= [AT — —22 _ E e —2]au,

¢ mo=141y,

Hbo 1<j<r—me+1 bo

is a curvature collineation. Thus, if no curvature collineations parallel to u exist the

term in brackets is identically zero, and so we have

Ve ¥ HK K Y G

{ '
1€ gr-1 b, 1I€)<r—mot1
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thus proving that ¥ is a linear combinations of the X, and the Y, with constant

coeflicients.
Case (i)

In this case we can find constants =, 1 < i < m,, and CiJ, 1 €< r—m,,

1 € i< m such that

and
amet) = Z C;jai.
1<i<m,
Replacing in (5.3.37) we get, after simplification
n=D- Y [0 -D/- > cipl . (VII.14)
1gi<me 1€jgr—m,
If the family (1.a!,...,a™2) has rank m,+1 we conclude that the D' are constants
and this allows us to prove, as in the preceding case, that ¥ is a linear combinations
of the X, and the ¥} with constant coefficients.

Otherwise the above family has rank m,, and so there exist constants p; such

that
I = Z wal.

I<i<m,
Replacing in (VIL14), we get
I . I I i i I
N = ) alwD -m0 + D] + > CiD i)
1<i<m, 1€jgr—m,
and this shows that the function in brackets is constant for every i, /. Since one at
least of the y; is non-zero, taking it to be 1, we have
I 1 I C.lj)o I I

s !

D'=-20" - —p - > Zhep! 4
o iy Dbe I3 m—o+t)
bo bo ISJST—‘mo be

where the ¢ are real constants, 1 < 7 < r — 1. This gives, using again (5.3.32)

: 1 cl
Y = Z C X’.r — Yho —_ Z To‘Ymo+j 'i‘ W,
1<igr—t Hbo 1<j<rw—m, b,

where

1 b T
Walar =0 = 30 a7 )+ ey Tz,
bo

y’bo ISJST“‘mo /J'bo
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where a, b are defined as in the preceding case.
Since the cj,,ubo and the Cf;o/,ubo are constants we deduce that W is a curvature

collineation. Since
s .
W — '"“b“"')(r
e,

is parallel to u we deduce that, as no curvature collineations parallel to u exiss,

W= Zhox
s,

and so, after simplification, we get

7 1 Cj
Y = "X ey Ty oo 2V,
2 I+#bo "oy, 2 w, ot

1€I€r=1 1gj<r—~m,

and so ¥ is again a linear combination of the X and the ¥} with constant coefficients.

This proves T.5.3.18.
VIII.Lemma 5.3.19.

From (5.3.40) we get
Bap = (A + € B)ugvy + 2¢Couyy + €' (D — eA)z,ap + (D — €' By,
Write
fab = 2pupevy) + 2qupumy) + 2rugeyy + 2svpay + 2tueys + 2wz
Then contracting both the above expressions with y¢y? and using (5.3.39), we get
20" (po)(D — ¢ B)(p,) = 0.
As 9" (p,) # 0 and the point P, is arbitrary, this gives
D—¢e¢B=0.

Contracting (5.3.39) with v®v? and with 2%z}, we can prove, after some simplifications

that

w

P (po) =0,

and this gives
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in U, We can then go back to (5.3.40); it gives
Ropeg = BHHog + C(HppLog + Hegligy) + ¢ BLy Loy.
Contracting this relation with v¢ and with z9, we get
Ropeav® = e BHyy, + e C Ly,

and
Rtl.bcd‘rd = “C]{abyc - ‘EEIBLa&yc-

If (B2 +€!C?}{p,) # 0, then the above relations show that if (a, ) is a solutions
of eéaB — bC =0 and «C — b8 = 0, then

Rapealav? + bat) = 0.

In such case, again because p, is arbitrary, we sce that the Riemann tensor has at
most rank 1 in some open subset of U. This contradicts our assumptions. Thus we
must have B2 +¢d/C? = 0 in U. If ¢¢' = 1, this gives B = € = 0 and so the Riemann
tensor zero in some open subset of U/,

Otherwise, e¢ = —1, and so €' = £B. In this case, contracting (5.3.39) with

ved + vbze ) we get, using the above relations
w
2sB+2¢ C =0,
at p,. Contracting the same relation with vev? we get
~25C + 2" B = 0,

at p,. Since ¢W(p0) # 0 these relations show that the Riemann tensor is again zero

at p,. As p, is arbitrary, this contradicts our initial assumptions.
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