EDUARDO I,. FERME Selective Revision
SVEN QVE HANSSON

Abstract. We introduce a constructive model of selective belief revision in which it is
possible to accept only a part of the input information. A selective revision operator e
is defined by the equality K o o = K * f(«), where * is an AGM revision operator and
f a function, typically with the property b @ — f(a). Axiomatic characterizations are
provided for three variants of selective revision.
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1. Introduction

In standard accounts of belief revision [1, 9], the new information is always
accepted. This is an unrealistic feature, since actual epistemic agents, when
confronted with information that contradicts previcus beliefs, often reject
it altogether or accept only parts of it. Recently, several models of belief
revision have bheen developed that allow for two options: either the new
information is fully accepted or it is completely rejected (4, 6, 7, 10, 11].
In this paper we introduce a model that also allows a third possibility: to
accept parts of the new information and reject the rest of it.

'The following example illustrates the practical relevance of this third
option: One day when you return back from work, your son tells you, as
soon as you see him: “A dinosaur has broken grandma’s vase in the living-
room”. You probably accept one part of the information, namely that the
vase has been broken, while rejecting the part of it that refers to a dinosaur.

The AGM model is briefly introduced in Section 2, together with some
formal preliminaries. In Section 3, postulates for selective revision are pro-
posed, and in Section 4 a constructive model for selective revision is intro-
duced. The construction is very simple: Selective revision (o) is constructed
out of AGM revision (*) through the relationship Ko« = K = f{«a), where f
is a function that, intuitively speaking, selects the credible part out of every
sentence . Three versions of this model are axiomatically characterized.
All proofs can be found in the Appendix.
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2. Background

Just as in the AGM model we will assume that the beliefs of a rational
agent are represented by a belief set K, a set of sentences in a language L.
K is closed under logical consequence Cn, where Cn satisfies: A C Cn(A),
Cn(Cn{A)} C Cn(A), and Cn(A) C Cn(B) it A C B. We assume that
Cn includes classical logical consequence, satisfies the rule of introduction of
disjunction into premises and is compact. - o is an alternative notation for
o € Cn(0), L is the falsity constant and K| the inconsistent belief set. K+a
denotes the expansion of K by « and is defined by K + o = Cn(K U {a}).

Partial meet revision, the revision operator of AGM theory, is defined as
follows:

DEFINTTION 2.1. ([2]) Let A be a set of sentences and a a sentence. The set
A | o is the set of sets such that B € A L « if and only if:

W) BCA
(i) o & Cn(B)
(ili) There is no set B’ such that B ¢ B' C A and o € Cn(B’).

DerINITION 2.2. ([1]) Let A be a set of sentences. A selection function for
A is a function v such that for all sentences a:

(i) If A L o is non-empty, then y(A L @) is a non-empty subset of A L «.
(ii) If A L « is empty, then y(A L o) = {A}.
The selection function v is relational if and only if there is a relation T such
that for all sentences «, if A | « is non-empty, then

y(Ala)={BeALla|CCBfralCeAlal

The selection function -y is transitively relational if and only if this hold for
some transitive relation C.

DEFINITION 2.3. ([1]) Let A be a set of sentences and - a selection function
for A. The partial meet contraction on A that is generated by <y is the
operation ~ such that for all sentence a:

Ar~ya=NvALa)

An operation — on A is a partial meet contraction if and only if there is a
selection function -y for A such that for all sentences ov: A —a = A~ .

Furthermore, — is (transitively) relational if and only if it can be gener-
ated from a (transitively) relational selection function.
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DEFINITION 2.4. ([1]) The operator * on a belief set K is an operator of
partial meet revision if and only if there is some operator — of partial meet
contraction on K such that for all sentences o

Kxa=(K—--a)+a«a (the Levi identity)

Furthermore, * is (transitively) relational if and only if this hold for some —
that is (transitively) relational.

One of the major achievements of AGM theory is the characterization of
partial meet revision, and its transitively relational variant, in terms of a set
of intuitively reasonable postulates [1]. The six basic AGM postulates for
revision are:

(Kx1) K ¢ is a belief set. (Closure)
(Kx2) Kxxalo (Success)
(K%3) KxaCK+oa {Inclusion)
(K+«4) HKF-o,then K+aCKx*a (Vacuity)
(K*5) IfF —ethen Ko # K| (Consistency)
(K+6) TfFa+ g, then Kxa=Kx*f3 {Extensionality)
The supplementary AGM postulates are as follows:
(Kx7) Kx{aAp)C(Kxa)+pj (Superexpansion)

(K+8) HKxakF -8 then (K*xa)+FC Kx*{aAf) (Subexpansion)

OBSERVATION 2.5. ({1]) Let K be a belief set. An operator x on K is a par-
tial meet revision function if and only if * satisfies closure, success, inclusion,
vacuity, consistency, and extensionality.

It is o transitively relational partial meet revision function if and only if
also satisfles superexpansion and subexpansion.

The following postulates will be useful in the following sections.
(K+a)N(K«8) CTK=*(aV) (Disjunctive overlap)
If K+ {aVp)¥# -a then K x{aV () C K +a (Disjunctive inclusion)
Either K+(aVf) = K*a, or Kx(aV3) = K,
or K x(aV )= (K*a)N{K *f)
OBSERVATION 2.6. ([5]) Let K be a belief set and * be an operator for K
that satisfies closure, success, inclusion, vacuity, consistency, and extension-
ality. Then:
1. * satisfies disjuntive overlap if and only if it satisfies superexpansion.
2. x satisfies disjuntive inclusion if and only if it satisfies subexpansion.

3. x satisfies both disjuntive overlap and disjunctive inclusion, if and only
if it satisfies disjunctive factoring.

(Disjunctive factoring)
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3. Postulates for selective revision

Four of the six AGM postulates are equally plausible for selective revision as
for standard revision. These are closure, inclusion, consistency, and exten-
stonality. The vacuity postulate is more debatable. It has been questioned
even in a non-selective framework [9], and the reasons to do so are stronger
in a framework for selective revision. It may be argued that even if the input
sentence o does not logically contradict K, there may be non-logical reasons
for not accepting it completely, so that vacuity should not hold.

The success postulate should clearly not hold for selective revision, but it
is of interest to investigate weakened versions of it. The following postulate,
introduced in [7], ensures that an input is accepted if it is consistent with
the original belief set:

If KF¥ —a,then Koat « (Weak success)

Weak success follows logically from vacuity.

Another way to weaken success is to require that revision should take the
form of accepting and fully incorporating some part of the input information.
That part then acts as a proxy for the input:

There is a sentence 3, such that K o a + g,
Fao— g, and Koa=Kof

There is an obvious way to weaken this postulate:

There is a sentence /3, such that Koo+
and Koa=Keof

Prozy success and its weak variant are unusual among belief change postu-
lates due to their existential nature. {On the use of existential conditions,
see [12, p. 16])

The following postulate captures the intuition that previous beliefs are
given up only if this is required to avoid inconsistency.

(Proxy success)

(Weak proxy success)

FKZKoathen KU(Koa)l L {Consistent expansion)

This postulate is a direct consequence of success and vacusty:

OBSERVATION 3.1. If o satisfies vacuily and success then it sotisfies con-
sistent expansion.

OBSERVATION 3.2. Consistent expansion does not follow from closure, in-
clusion, vacuity, consistency, end extensionality.
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As was pointed to us by an anonymous referee for this journal, consistent
ezpansion is also a weakening of:

Ifge K\(Koa)then Koat —g (Tenacity)

that has been used as a characteristic postulate of maxichoice revision in
AGM theory [3] [5, p. 58-59] [8].

4. Constructing selective revision

In this section we provide a constructive model for selective revision that
makes use of the power of the AGM apparatus. We also provide the corre-
sponding representation theorems.

DEFINITION 4.1. Let K be a belief set, * a partial meet revision for K and
f a function from £ to £. The selective revision o, based on * and [, is the
operation such that for all sentences o

Koa=K * f(a)
f is the transformation function on which o is based.

The following is a list of properties that the transformation function may
satisfy:

Fa— fla) (implication)
If K¥ —a, then - a — f(a) {weak implication)
Ff(fla)) +» fla) (idempotence)
Fofla) - f(-a) internalized negation)
F f(ma) = - f(a) (externalized negation)
If - a— S then - f(a) = f(B5) (monotony)
Ift+ o« fthen k- f(a) & f(5) (extensionality)
If ¥ —a, then ¥ — f(a) (consistency preservation)
¥ f(a) (consistency)
F flav B} e fla) Vv F(5) (disjunctive distribution)
0E;t|]_1e; (; {/(g)\/f) f{(z)f \(/O;z (%r) = JavE) & 1B) (disjunctive factoring)
FflanB) « fla)A f(B) (conjunctive distribution)
Ffla) e a (maximality)
If K ¥ -, then - f(a) ¢ « {weak maximality)

Either - f(a) ¢+ a or F f(-a) & - (disjunctive maximality)
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Some interrelations among properties of the transformation function are
listed in the following observation:

OBSERVATION 4.2. (1) If f satisfies implication, then it satisfies internalized
negation.

(2} If f satisfies implication and ezternalized negation then it satisfies
mazimality.

(3) If f satisfies extensionality and disjunctive distribution then it satis-
fies monotony.

(4) If f satisfies weak mazimality with respect to K and K # K |, then
J satisfles disjunctive mazimality.

B fK ¥ L and K ¢ LLL (ie.,, K is consistent but not a mazi-
mal consistent subset of the language) then f cennot satisfy simultaneously
monotony, consistency, und weak mazimalily with respect to K.

The following two observations show how these properties of the trans-
formation function give rise to properties of the selective revision function.

OBSERVATION 4.3. Let K be a belief set in @ language L, * a revision oper-
ator for K thal satisfies the siz bosic AGM postulates, and f o transforma-
tion function. Let o be the selective revision function on K generated from x
and f. Then:

1. o satisfies closure and consistent expansion.

2. If f satisfies extensionalily then o sotisfies extensionality.

3. If f satisfies weak implication then o satisfies inclusion.

4. If f satisfies weak mazximality then o satisfies inclusion aend vacuity.

5. If f satisfies consistency preservation then o safisfies consistency.

6. If f satisfies mazimality then o saotisfles success.

7. If f satisfies implication then o safisfies consistency.

8. If [ satisfies idempotence, then o satisfies weak proxy success.

9. If f satisfies idempotence and implication, then o satisfies proxy success.

In the limiting case when f satisfies maximality, o is a partial meet
revision function.

It should be noted that weak implication and weak mazimality differ
from the rest of the listed properties of f by referring to a belief set K. It
is no surprise that these properties can be used to obtain the postulates of
inclusion and vecuity, the only basic AGM revision postulates that refer to
the belief set K.

OBSERVATION 4.4. Let K be a belief set in a languoge L, * a revision oper-
ator for K that satisfies the eight basic and supplementary AGM postulates,
and f a transformation function. Let o be the selective revision function on
K generated from x and f. Then:
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]

. If f satisfies implication and conjunctive distribution, then o satisfies

superexpansion.

. f [ satisfies disjunctive distribution, then o satisfies disjunctive overlap.
. If f satisfies disjunctive factoring, then o satisfies disjunctive factoring.
. If f satisfies implication and disjunctive distribution, then o safisfies

disjunctive inclusion.

The following representation theorems have been obtained for three classes
of selective revision fumctions.

THEOREM 4.5. Let L be a finite language, K o belief set in L and o an
operator on K. Then the following conditions are equivaleni:

1.

2.

o satisfies closure, inclusion, vacuity, consistency, extensionality, and
congistent expansion.

There exists a revision function * for K that satisfies the siz basic AGM
postulates, and o transformation function f that satisfies extensionalify,
consistency preservation, and week mazimality, such that Koa = K *

fla) for all a.

THEOREM 4.6. Let £ be a finite language, K a belief set in L and o an
operator on K. Then the following conditions are equivalent:

1.

o satisfies closure, inclusion, vacuity, consistency, extensionality, consis-
tent expansion, and weak proxy success.

There exists a revision function x for K thaot satisfies the siz basic AGM
postulates, and a transformation function f that satisfies extensionality,
consistency preservation, weak mazimalily, and idempotence, such that
Koa=K x fla) for all a.

THEOREM 4.7. Let £ be a finite language, K o belief set in L and o an
operator on K. Then the following two conditions are equivalent:

1.

o satisfies closure, inclusion, vacuity, consistency, extensionality, consis-
tent expansion, and proxy success.

There exists a revision function x for K that satisfies the siz basic AGM
postulates, and a transformation function f that satisfies extensionality,
consistency preservation, weak mazimelity, idempotence, and implica-
tion, such that K oa = K * f(a) for all .

The (1) to (2) direction of Theorem 4.5 can be proved with a construction

such that, in the principal case when « is inconsistent with K, f(«) is taken
to be equivalent with the whole of K oo and K * ¢ is taken to be equivalent
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with « itself. Refinements of this construction can be used for Theorems 4.6
and 4.7. For details, the reader is referred to the Appendix.

The postulates for selective revision referred to in Theorems 4.5-4.7 are,
in addition to five of the six AGM postulates: consistent expansion that fol-
lows form the AGM postulates necuity and sueccess; and weak prozy success
and prozy success that both follow from success. Hence, these operations of
selective revision are weakened variants of AGM revision.

The representation theorems indicate that these constructions provide a
fairly faithful extension of the AGM framework to allow for less than total
acceptance of new information.

Appendix: Proofs

PROOF OF OBSERVATION 3.1. Let K ¢ K oa. It follows from vacuity that
K F -« and from suecess that K oa b a. Hence, K U (K xa) - L. =

Proor OF OBSERVATION 3.2. (The idea for this proof was provided by
David Makinson.) Let
{ K+o KK«
K *q =

Cn(0) otherwise

It is trivial to prove that * satisfies closure, inclusion, vacuity, consistency,
and eztensionality. However it does not satisfies consistent ezpansion: Let
a be such that V¥ o and ¥ - and let K = Cn({-a}). Then K xa = Cn(0),
so K ¢ K+ abut KU(K *a) = Cn({~a})U Cn(d) ¥ L. [

PrOOF OF OBSERVATION 4.2, Part 1: It follows from implication that
Fo— f(a) and - e — f{—a). From this it follows truth-functionally that
- f(@) - f(-e).

Part 2: From implication we obtain F -a — f(-a) and from exter-
nalized negation - f(-a) -+ - f(a). Hence - —a — —f(a) or equivalently
F f{a) — «. Since implication also yields F o — f(a) we can conclude that
Ffla) < a.

Part 3: Letba — 8. Then - 8 & oV 3, and it follows from extension-
ality that - f{aV 8) < f{B). We can combine this with - f(a) — f(aV ),
that follows from disjunctive distribution, and obtain - f{a) — f(5).

Part 4: Tt follows from K # K, that K ¥ « or K ¥ -, so by weak
maximality - f(a) ¢ a or F f(—a) <+ -

Part 5: Since K € £1 1, there is some 3 such that K ¥ Sand K ¥ =8. Tt
follows from monotony that - f(3A—8) = f(8) and = f(BA~8) = f(—5),
and from weak maximality that - f(3) «» 8 and F f{-8) <+ -3. Hence
F f(BA-8) = (8 A~pS), which contradicts consistency. ||
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PrROOF or OBSERVATION 4.3. Par{ I: Trivial, since by Observations 2.5
and 3.1 = satisfies closure and consisteni expansion.

Part 2: Let b« « 8. Then, by f-extensionality - f(a) +> f(8), and by
x-extensionalilty K * f(a) = K * f(8), or equivalently K c o = K o 3.

Part 3: We prove by cases: (a) K - - then K ++ o = K|, so that
Koo CK+a. (b) KF-a,then Koca= K= f(a), K* f(a) C K+ f(a)
(x-inclusion), K + f(a) C K + « (weak implication), hence Koo C K +c.

Poart 4: Inclusion follows from part 3 since weak maximallity implies
weak implication. For wacuity, suppose that K ¥ —a. Then by weak maxi-
mality, - e < f{a) so that Koa = K *a, and by *-vacuity K+a C Koa.

Part 5: Suppose that ¥ —a. Then by consistency preservation ¥ —f{a),
hence by *-consistency K * f(a} ¥ L, hence Koa ¥ L.

Part 6: Trivial, since by definition * satisfies success and by maximality
Koa=K+*aqa.

Part 7: From part 5, since implication implies consistency preservation.

Part §: By Definition 4.1 and idempotence K o a = K * f{a) = K *
f(fle)) = Ko f(a). Since K * f(a) b f(a) we therefore have K o a =
Ko f{a) and Koat f(a), which is sufficient to prove that o satisfies prozy
success.

Part 9: This follows from the proof of part 8 since f satisfies implication.

||

PROOF OF OBSERVATION 4.4. Part 1: Ko(aAf) = Kx* f{aAS3) (definition
of o) = K * (f(a) A f(5)) (conjunctive distribution and x-extensionality)
C K x f(a)}) + f(B) (since * satisfies superezpansion) C (K * f{a)) + 8
(implication) = (K o a) + 3.

Part 2. (Koa)N(Kof) = (K« f(a))N(K+f(8)) C K *(f(a) V £(8))
(disjuntive overlap for x) = K x f(a V 8) (disjunctive distribution and *-
extensionality) = K o (e V 3).

Part 3: By f-disjunctive factoring and *-extensionality

K x f(a), or

K+ f(aVp) = {K*f(ﬁ), or
K+ (f(a) V £(8)

By observation 2.6, * satisfies disjunctive factoring, thus

K « f{a), or
K * (fla) vV £(B)) = {K*f(ﬁ), or
K« fla) N K« f(8)
Part 4: Let Ko(aVF)F -a. Then: Ko(aV @) ¥ -f(«) (implication),
then K * (f(a) V f(8) ¥ —f(e) (disjunctive distribution, *-extensionality),
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Kx(f(a)vf(B)) C Kxf(a) (x-disjunctive inclusion), Kxf(aV) C Kxf(a)
(digjunctive distribution), K o (a V 8) C K o « (definition of o). [ ]

PROOF OF THEOREM 4.5. (1) implies (2): We first define f and *: Let e
be any function such that for any two sentences o and 8 if - a < § then
e{a) = e{8) and F a + e(a).

o Jelw) if K¥F-a
flo) = {e(&(K o)) otherwise

K+p if K ¥ -3
K«p = { Cn({B}) otherwise

We need to show (a) that f satisfies the properties, (b) that % is a partial
meet revision and {¢) that K o o = K * f() for all a.

(a) It follows directly that f satisfies extensionality (since o satisfies
extensionality) and weak maximality. To show that it satisfies consistency
preservation we need to consider the two clauses of the definition of f. First,
if K ¥ —qa, then « is consistent. Secondly, since o satisfies consisiency,
&(K o ) is consistent if ¥ —a.

(b) To show that * is a partial meet revision, we need to prove that it
satisfies the six AGM postulates. It follows directly from the definition that
closure, success, inclusion, vacuity, and extensionality are satisfied. To show
that it satisfies consisiency, let ¥ —g. If K ¥ —F then it follows from our
definition of = that K+ = K + 3, and hence K *§ is consistent. If K F -,
then K x 8 = Cn({8}), and since ¥ -3, K * 3 is consistent.

(c) Finally, we need to prove that K o ¢ = K * f(a). There are two
major cases, according to whether or not K implies —a:

(c1) f K ¥ -, then - f(a) « a sothat K ¥ -f(a). Hence K = f{a) =
K + f{e) = K + a and since o satisfies vacuity K o = K + a.

(c2) If K b —¢v, then f(a) = e(&{K o)). We have two subcases. First,
if K+ —f(a) then K= f(a) = Cn({f(e)}) = Koa. Seccondly if K ¥ —f(a)
or equivalently K ¥ —e(&(K o «)), then we can use consistent expansion to
obtain K C Koa, hence K+ f(a) = K+ f(a) = K+e(&(Koa)) = Koa.

(2) implies (1): This direction of the proof follows from Observation 4.3.

[ |

PROOF OF THEOREM 4.6. (1) implies (2): We first define f and *:

Q if K ¥ -«

fla) = otherwise, where r is a function such that
r{a) for all @ and &, r{e) =r(¢/), KoaF r(a),
and Koa=Kor(a)

This definition is possible since o satisfies weak prozy success.
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K+3 otherwise, where ' is any operation that

Koff #Kophs;
Kx*xj3= {
satisfies the six bagic AGM postulates.

We need to show (a) that f satisfies the properties, (b) that = is a partial
meet, revision and (¢) that K o o = K * f(e) for all a.

(a) That f satisfies weak maximality follows directly from the definition
of f. To show that f satisfies consistency preservation let ¥ —e: If K ¥
—¢, then f(a) = « is consistent. If K F —q, then F f(a) & r{a) and
Koat r(a). Since « is consistent so is K o, thus r(c) is consistent, hence
f(a) is consistent. To show that f satisfies extensionality, let - o < :
If K ¥ —a, then K ¥ -y, and we have f(a) = a and f(v) = ~, hence
F fla) & f(y). If K F —a, then f(a) = r(a). Since K - -y we also
have f(v) == r(y). By o-extensionality K o @ = K oy, from which follows
that r{a) = r(y), hence f(o) = f(v). Finally we show that f satisfies
idempotence. If K ¥ —a then f(f(a)) = f() follows directly. Let K F —a
then f(a) = r{a). If K ¥ —r(a), then f(f(e)) = r(a). If K ¥ —r(a), then
f(f(a)) = r(r{a)). By definition K o r(r(a)) = K o r(a}, from which it
follows that r{a) = r(r(a)). Hence f(f(a)) = r(a) = f(a).

(b) That * satisfies closure, inclusion, vacuity, extensionality and con-
sistency is trivial, since o and %' both satisfy these five postulates. That *
satisfies success also follows directly from the definition.

(c) We need to prove that K o = K = f{a). If K ¥ —q, then f(a) =«
and K o f(a) = K o « follows directly. By o-vacuity K o f(a) F f(a). By
the definition of *, K * f{a) = K o f(a). Hence K * f(a) = K o a.

If K + —e, then it follows from the definitions of f and r, and o-
extensionality that Koot f(a) and Ko fla) = Ko a.

Hence K = f(a) = Ko a.

(2) implies (1): This part of the proof follows from Observation 4.3. m

Proor OF THEOREM 4.7. This proof is quite similar to that of Theorem 4.6.
To show (1) i#mplies (2), we define f to be a function such that for all «,
Koal fla},F o —+ f(a), and K oa = K o f(a) and that if F & ¢ o,
then f(a) = f(a'). The existence of such function follows from prozy suc-
cess. The proof that f satisfies extensionality, consistency preservation, weak
maximality, and idempotence are essentially the same, and the implication
property follows trivially. To show that (2) émplies (1) we only have to add
a proof of proxy success. This follows from Observation 4.3. u
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